


PREFACE

A glance at the table of contents will reveal that this textbook treats topics in
analysis at the "Advanced Calculus" level. The aim has been to provide a develop-
ment of the subject which is honest, rigorous, up to date, and, at the same time,
not too pedantic. The book provides a transition from elementary calculus to
advanced courses in real and complex function theory, and it introduces the reader
to some of the abstract thinking that pervades modern analysis.

The second edition differs from the first in many respects. Point set topology
is developed in the setting of general metric spaces as well as in Euclidean n-space,
and two new chapters have been added on Lebesgue integration. The material on
line integrals, vector analysis, and surface integrals has been deleted. The order of
some chapters has been rearranged, many sections have been completely rewritten,
and several new exercises have been added.

The development of Lebesgue integration follows the Riesz-Nagy approach
which focuses directly on functions and their integrals and does not depend on
measure theory. The treatment here is simplified, spread out, and somewhat
rearranged for presentation at the undergraduate level.

The first edition has been used in mathematics courses at a variety of levels,
from first-year undergraduate to first-year graduate, both as a text and as supple-
mentary reference. The second edition preserves this flexibility. For example,
Chapters 1 through 5, 12, and 13 provide a course in differential calculus of func-
tions of one or more variables. Chapters 6 through 11, 14, and 15 provide a course
in integration theory. Many other combinations are possible; individual instructors
can choose topics to suit their needs by consulting the diagram on the next page,
which displays the logical interdependence of the chapters.

I would like to express my gratitude to the many people who have taken the
trouble to write me about the first edition. Their comments and suggestions
influenced the preparation of the second edition. Special thanks are due Dr.
Charalambos Aliprantis who carefully read the entire manuscript and made
numerous helpful suggestions. He also provided some of the new exercises.
Finally, I would like to acknowledge my debt to the undergraduate students of
Caltech whose enthusiasm for mathematics provided the original incentive for this
work.

Pasadena T.M.A.
September 1973
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CHAPTER 1

THE REAL AND
COMPLEX NUMBER SYSTEMS

1.1 INTRODUCTION

Mathematical analysis studies concepts related in some way to real numbers, so
we begin our study of analysis with a discussion of the real-number system.

Several methods are used to introduce real numbers. One method starts with
the positive integers 1, 2, 3, ... as undefined concepts and uses them to build a
larger system, the positive rational numbers (quotients of positive integers), their
negatives, and zero. The rational numbers, in turn, are then used to construct the
irrational numbers, real numbers like -,/2 and iv which are not rational. The rational
and irrational numbers together constitute the real-number system.

Although these matters are an important part of the foundations of math-
ematics, they will not be described in detail here. As a matter of fact, in most
phases of analysis it is only the properties of real numbers that concern us, rather
than the methods used to construct them. Therefore, we shall take the real numbers
themselves as undefined objects satisfying certain axioms from which further
properties will be derived. Since the reader is probably familiar with most of the
properties of real numbers discussed in the next few pages, the presentation will
be rather brief. Its purpose is to review the important features and persuade the
reader that, if it were necessary to do so, all the properties could be traced back
to the axioms. More detailed treatments can be found in the references at the end
of this chapter.

For convenience we use some elementary set notation and terminology. Let
S denote a set (a collection of objects). The notation x e S means that the object x
is in the set S, and we write x 0 S to indicate that x is not in S.

A set S is said to be a subset of T, and we write S s T, if every object in S is
also in T. A set is called nonempty if it contains at least one object.

We assume there exists a nonempty set R of objects, called real numbers,
which satisfy the ten axioms listed below. The axioms fall in a natural way into
three groups which we refer to as the field axioms, the order axioms, and the
completeness axiom (also called the least-upper-bound axiom or the axiom of
continuity).

1.2 THE FIELD AXIOMS

Along with the-set R of real numbers we assume the existence of two operations,
called addition and multiplication, such that for every pair of real numbers x and y

1
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the sum x + y and the product xy are real numbers uniquely determined by x
and y satisfying the following axioms. (In the axioms that appear below, x, y,
z represent arbitrary real numbers unless something is said to the contrary.)

Axiom 1. x + y = y + x, xy = yx (commutative laws).

Axiom 2. x + (y + z) = (x + y) + z, x(yz) _ (xy)z (associative laws).

Axiom 3. x(y + z) = xy + xz (distributive law).

Axiom 4. Given any two real numbers x and y, there exists a real number z such that
x + z = y. This z is denoted by y - x; the number x - x is denoted by 0. (It
can be proved that 0 is independent of x.) We write - x for 0 - x and call - x the
negative of x.

Axiom S. There exists at least one real number x 96 0. If x and y are two real
numbers with x 0, then there exists a real number z such that xz = y. This z is
denoted by y/x; the number x/x is denoted by 1 and can be shown to be independent of
x. We write x-1 for 1/x if x 0 and call x-1 the reciprocal of x.

From these axioms all the usual laws of arithmetic can be derived; for example,
-(-x)=x,(x-1)-1=x, -(x-y)=y-x,x-y=x+(-y),etc. (For

a more detailed explanation, see Reference 1.1.)

1.3 THE ORDER AXIOMS

We also assume the existence of a relation < which establishes an ordering among
the real numbers and which satisfies the following axioms:

Axiom 6. Exactly one of the relations x = y, x < y, x > y holds.

NOTE. x > y means the same as y < x.

Axiom 7. If x < y, then for every z we have x + z < y + z.

Axiom 8. If x > 0 and y > 0, then xy > 0.

Axiom 9. If x > y and y > z, then x > z.

NOTE. A real number x is called positive if x > 0, and negative if x < 0. We
denote by R+ the set of all positive real numbers, and by R- the set of all negative
real numbers.

From these axioms we can derive the usual rules for operating with inequalities.
For example, if we have x < y, then xz < yz if z is positive, whereas xz > yz if
z is negative. Also, if x > y and z > w where both y and w are positive, then
xz > yw. (For a complete discussion of these rules see Reference 1.1.)

NOTE. The symbolism x < y is used as an abbreviation for the statement:
46 x < y or Y .
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Thus we have 2 < 3 since 2 < 3; and 2 < 2 since 2 = 2. The symbol >- is
similarly used. A real number x is called nonnegative if x >- 0. A pair of simul-
taneous inequalities such as x < y, y < z is usually written more briefly as
x<y<z.

The following theorem, which is a simple consequence of the foregoing axioms,
is often used in proofs in analysis.

Theorem 1.1. Given real numbers a and b such that

a < b + e for every e > 0. (1)

Then a S b.

Proof. If b < a, then inequality (1) is violated for e = (a - b)/2 because

b+e=b+a-b=a+b<a+a=a
2 2 2

Therefore, by Axiom 6 we must have a < b.

Axiom 10, the completeness axiom, will be described in Section 1.11.

1.4 GEOMETRIC REPRESENTATION OF REAL NUMBERS

The real numbers are often represented geometrically as points on a line (called
the real line or the real axis). A point is selected to represent 0 and another to
represent 1, as shown in Fig. I.I. This choice determines the scale. Under an
appropriate set of axioms for Euclidean geometry, each point on the real line
corresponds to one and only one real number and, conversely, each real number
is represented by one and only one point on the line. It is customary to refer to
the point x rather than the point representing the real number x.

0 1 x y
Figure 1.1

The order relation has a simple geometric interpretation. If x < y, the point
x lies to the left of the point y, as shown in Fig. 1.1. Positive numbers lie to the
right of 0, and negative numbers to the left of 0. If a < b, a point x satisfies the
inequalities a < x < b if and only if x is between a and b.

1.5 INTERVALS

The set of all points between a and b is called an interval. Sometimes it is important
to distinguish between intervals which include their endpoints and intervals which
do not.

NOTATION. The notation {x: x satisfies P} will be used to designate the set of
all real numbers x which satisfy property P.
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Definition 1.2. Assume a < b. The open interval (a, b) is defined to be the set

(a, b) = {x : a < x < b}.

The closed interval [a, b] is the set {x: a < x < b}. The half-open intervals
(a, b] and [a, b) are similarly defined, using the inequalities a < x :!5; b and
a < x < b, respectively. Infinite intervals are defined as follows:

(a, + oo) = {x : x > a), [a, + oo) = {x : x a},

(- oo, a) = {x: x < a}, (- oo, a] = {x : x < a}.

The real line R is sometimes referred to as the open interval (- co, + co). A
single point is considered as a "degenerate" closed interval.

NOTE. The symbols + oo and - oo are used here purely for convenience in notation
and are not to be considered as being real numbers. Later we shall extend the
real-number system to include these two symbols, but until this is done, the reader
should understand that all real numbers are "finite."

1.6 INTEGERS

This section describes the integers, a special subset of R. Before we define the
integers it is convenient to introduce first the notion of an inductive set.

Definition 1.3. A set of real numbers is called an inductive set if it has the following
two properties:

a) The number 1 is in the set.

b) For every x in the set, the number x + 1 is also in the set.

For example, R is an inductive set. So is the set V. Now we shall define the
positive integers to be those real numbers which belong to every inductive set.

Definition 1.4. A real number is called a positive integer if it belongs to every
inductive set. The set of positive integers is denoted by V.

The set Z+ is itself an inductive set. It contains the number 1, the number
1 + 1 (denoted by 2), the number 2 + 1 (denoted by 3), and so on. Since Z' is a
subset of every inductive set, we refer to Z+ as the smallest inductive set. This
property of Z+ is sometimes called the principle of induction. We assume the
reader is familiar with proofs by induction which are based on this principle.
(See Reference 1.1.) Examples of such proofs are given in the next section.

The negatiyes of the positive integers are called the negative integers. The
positive integers, together with the negative integers and 0 (zero), form a set Z
which we call simply the set of integers.

1.7 THE UNIQUE FACTORIZATION THEOREM FOR INTEGERS

If n and d are integers and if n = cd for some integer c, we say d is a divisor of n,
or n is a multiple of d, and we write d In (read : d divides n). An integer n is called
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a prime if n > 1 and if the only positive divisors of n are 1 and n. If n > 1 and n
is not prime, then n is called composite. The integer 1 is neither prime nor composite.

This section derives some elementary results on factorization of integers,
culminating in the unique factorization theorem, also called the fundamental theorem
of arithmetic.

The fundamental theorem states that (1) every integer n > 1 can be represented
as a product of prime factors, and (2) this factorization can be done in only one
way, apart from the order of the factors. It is easy to prove part (1).

Theorem 1.5. Every integer n > 1 is either a prime or a product of primes.

Proof. We use induction on n. The theorem holds trivially for n = 2. Assume
it is true for every integer k with 1 < k < n. If n is not prime it has a positive
divisor d with 1 < d < n. Hence n = cd, where 1 < c < n. Since both c and
d are <n, each is a prime or a product of primes; hence n is a product of primes.

Before proving part (2), uniqueness of the factorization, we introduce some
further concepts.

If d l a and d 1 b we say d is a common divisor of a and b. The next theorem
shows that every pair of integers a and b has a common divisor which is a linear
combination of a and b.

Theorem 1.6. Every pair of integers a and b has a common divisor d of the form

d = ax + by

where x and y are integers. Moreover, every common divisor of a and b divides
this d.

Proof. First assume that a > 0, b > 0 and use induction on n = a + b. If
n = 0 then a = b = 0, and we can take d = 0 with x = y = 0. Assume, then,
that the theorem has been proved for 0, 1, 2, ... , n - 1. By symmetry, we can
assume a >- b. If b = 0 take d = a, x = 1, y = 0. If b >- 1 we can apply the
induction hypothesis to a - b and b, since their sum is a = n - b < n - 1.
Hence there is a common divisor d of a - b and b of the form d = (a - b)x + by.
This d also divides (a - b) + b = a, so d is a common divisor of a and b and
we have d = ax + (y - x)b, a linear combination of a and b. To complete the
proof we need to show that every common divisor divides d. Since a common
divisor divides a and b, it also divides the linear combination ax + (y - x)b = d.
This completes the proof if a >- 0 and b Z 0. If one or both of a and b is negative;
apply the result just proved to lal and obi.

NOTE. If d is a common divisor of a and b of the form d = ax + by, then - d is
also a divisor of the same form, -d = a(- x) + b(-y). Of these two common
divisors, the nonnegative one is called the greatest common divisor of a and b,
and is denoted by gcd(a, b) or, simply by (a, b). If (a, b) = I then a and b are
said to be relatively prime.

Theorem 1.7(Euclid's Lemma). If albc and (a, b) = 1, then alc.
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Proof. Since (a, b) = 1 we can write 1 = ax + by. Therefore c = acx + bcy.
But aiacx and ajbcy, so aic.

Theorem 1.8. If a prime p divides ab, then pia or pib. More generally, if a prime p,
divides a product a1 . ak, then p divides at least one of the factors.

Proof. Assume plab and that p does not divide a. If we prove that (p, a) = 1,
then Euclid's Lemma implies pib. Let d = (p, a). Then dip so d = I or d = p.
We cannot have d = p because dia but p does not divide a. Hence d = 1. To
prove the more general statement we use induction on k, the number of factors.
Details are left to the reader.

Theorem 1.9 (Unique factorization theorem). Every integer n > I can be repre-
sented as a product of prime factors in only one way, apart from the order of the
factors. .

Proof. We use induction on n. The theorem is true for n = 2. Assume, then,
that it is true for all integers greater than 1 and less than n. If n is prime there is
nothing more to prove. Therefore assume that n is composite and that n has two
factorizations into prime factors, say

n = PiP2 ' * *Ps = g1g2 "' qt (2)

We wish to show that s = t and that each p equals some q. Since pt divides the
product q 1 q 2 q, it divides at least one factor. Relabel the q's if necessary so
that p1l q 1. Then pt = q 1 since both pt and q 1 are primes. In (2) we cancel pt
on both sides to obtain

n-=P2...PS=g2"'gr
P1

Since n .is composite, 1 < n/p1 < n; so by the induction hypothesis the two
factorizations of n/p1 are identical, apart from the order of the factors. Therefore
the same is true in (2) and the proof is complete.

1.8 RATIONAL NUMBERS

Quotients of integers alb (where b : 0) are called rational numbers. For example,
1/2, - 7/5, and 6 are rational numbers. The set of rational numbers, which we
denote by Q, contains Z as a subset. The reader should note that all the field
axioms and the order axioms are satisfied by Q.

We assume that the reader is familiar with certain elementary properties of
rational numbers. For example, if a and b are rational, their average (a + b)/2 is
also rational and lies between a and b. Therefore between any two rational numbers
there are infinitely many rational numbers, which implies that if we are given a
certain rational number we cannot speak of the "next largest" rational number.
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1.9 IRRATIONAL NUMBERS

Real numbers that are not rational are called irrational. For example, the numbers
-,/2, e, ir and e" are irrational.

Ordinarily it is not too easy to prove that some particular number is irrational.
There is no simple proof, for example, of the irrationality of e. However, the
irrationality of certain numbers such as and 3 is not too difficult to establish
and, in fact, we easily prove the following :

Theorem 1.10. If n is a positive integer which is not a perfect square, then i is
irrational.

Proof Suppose first that n contains no square factor > 1. We assume that is
rational and obtain a contradiction. Let n = a/b, where a and b are integers
having no factor in common. Then nb2 = a2 and, since the left side of this equation
is a multiple of n, so too is a2. However, if a2 is a multiple of n, a itself must be a
multiple of n, since n has no square factors > 1. (This is easily seen by examining
the factorization of a into its prime factors.) This means that a = cn, where c is
some integer. Then the equation nb2 = a2 becomes nb2 = c2n2, or b2 = nc2.
The same argument shows that b must also be a multiple of n. Thus a and b are
both multiples of n, which contradicts the fact that they have no factor in common.
This completes the proof if n has no square factor > 1.

If n has a square factor, we can write n = m2k, where k > 1 and k has no
square factor > 1. Then = m,/k; and if '/n were rational, the number fk-
would also be rational, contradicting that which was just proved.

A different type of argument is needed to prove that the number e is irrational.
(We assume familiarity with the exponential e" from elementary calculus and its
representation as an infinite series.)

Theorem 1.11. If ex = 1 + x + x2/2! + x3/3! + + x"/n! + , then the
number e is irrational.

Proof. We shall prove that a-1 is irrational. The series for a-1 is an alternating
series with terms which decrease steadily in absolute value. In such an alternating
series the error made by stopping at the nth term has the algebraic sign of the first
neglected term and is less in absolute value than the first neglected term. Hence,
if s" = Ek=o (- 1)k/k!, we have the inequality

1-10 < e - s2k_1 <
(2k) ! '

from which we obtain

0 < (2k - 1)! (e-1 - s2k-1) <
2k 2' (3)

for any integer -k z 1. Now (2k - D! s2k _ 1 is always an integer. If e-' were
rational, then we could choose k so large that (2k - 1)! a-1 would also be an
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integer. Because of (3) the difference of these two integers would be a number
between 0 and 1, which is impossible. Thus a-1 cannot be rational, and hence e
cannot be rational.

NOTE. For a proof that iv is irrational, see Exercise 7.33.

The ancient Greeks were aware of the existence of irrational numbers as early
as 500 B.c. However, a satisfactory theory of such numbers was not developed
until late in the nineteenth century, at which time three different theories were.
introduced by Cantor, Dedekind, and Weierstrass. For an account of the theories
of Dedekind and Cantor and their equivalence, see Reference 1.6.

1.10 UPPER BOUNDS, MAXIMUM ELEMENT, LEAST UPPER BOUND
(SUPREMUM)

Irrational numbers arise in algebra when we try to solve certain quadratic equa-
tions. For example, it is desirable to have a real number x such that x2 = 2. From
the nine axioms listed above we cannot prove that such an x exists in R because
these nine axioms are also satisfied by Q and we have shown that there is no
rational number whose square is 2. The completeness axiom allows us to introduce
irrational numbers in the real-number system, and it gives the real-number system
a property of continuity that is fundamental to many theorems in analysis.

Before we describe the completeness axiom, it is convenient to introduce
additional terminology and notation.

Definition 1.12. Let S be a set of real numbers. If there is a real number b such
that x < b for every x in S, then b is called an upper bound for S and we say that
S is bounded above by b.

We say an upper bound because every number greater than b will also be an
upper bound. If an upper bound b is also a member of S, then b is called the
largest member or the maximum element of S. There can be at most one such b.
If it exists, we write

b = max S.

A set with no upper bound is said to be unbounded above.
Definitions of the terms lower bound, bounded below, smallest member (or

minimum element) can be similarly formulated. If S has a minimum element we
denote it by min S.

Examples

1. The set R+ = (0, + oo) is unbounded above. It has no upper bounds and no max-
imum element. It is bounded below by 0 but has no minimum element.

2. The closed interval S = [0, 1 ] is bounded above by 1 and is bounded below by 0.
In fact, max S = 1 and min S = 0.

3. The half-open interval S = [0, 1) is bounded above by 1 but it has no maximum
element. Its minimum element is 0.
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For sets like the one in Example 3, which are bounded above but have no
maximum element, there is a concept which takes the place of the maximum ele-
ment. It is called the least upper bound or supremum of the set and is defined as
follows :

Definition 1.13. Let S be a set of real numbers bounded above. A real number b is
called a least upper bound for S if it has the following two properties:

a) b is an upper bound for S.

b) No number less than b is an upper bound for S.

Examples. If S = [0, 1 ] the maximum element 1 is also a least upper bound for S. If
S = [0, 1) the number 1 is a least upper bound for S, even though S has no maximum
element.

It is an easy exercise to prove that a set cannot have two different least upper
bounds. Therefore, if there is a least upper bound for S, there is only one and we
can speak of the least upper bound.

It is common practice to refer to the least upper bound of a set by the more
concise term supremum, abbreviated sup. We shall adopt this convention and write

b = sup S
to indicate that b is the supremum of S. If S has a maximum element, then
max S = sup S.

The greatest lower bound, or infimum of S, denoted by inf S, is defined in an
analogous fashion.

1.11 THE COMPLETENESS AXIOM

Our final axiom for the real number system involves the notion of supremum.

Axiom 10. Every nonempty set S of real 'numbers which is bounded above has a
supremum; that is, there is a real number b such that b = sup S.

As a consequence of this axiom it follows that every nonempty set of real
numbers which is bounded below has an infimum.

1.12 SOME PROPERTIES OF THE SUPREMUM

This section discusses some fundamental properties of the supremum that will be
useful in this text. There is a corresponding set of properties of the infimum that
the reader should formulate for himself.

The first property shows that a set with a supremum contains numbers arbi-
trarily close to its supremum.

Theorem 1.14 (Approximation property). Let S be a nonempty set of real numbers
with a supremum, say b = sup S. Then for every a < b there is some x in S such
that

a<x<b.
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Proof. First of all, x < b for all x in S. If we had x < a for every x in S, then a
would be an upper bound for S smaller than the least upper bound. Therefore
x > a for at least one x in S.

Theorem 1.15 (Additive property). Given nonempty subsets A and B of R, let C
denote the set

C= {x + y:xc-A, yEB}.
If each of A and B has a supremum, then C has a supremum and

sup C = sup A + sup B.

Proof. Let a = sup A, b = sup B. If z e C then z = x + y, where x c- A,
y e B, so z = x + y <- a + b. Hence a + b is an upper bound for C, so C has a
supremum, say c = sup C, and c < a + b. We show next that a + b < c.
Choose any e > 0. By Theorem 1.14 there is an x in A and a y in B such that

a - E<x and b - E<y.
Adding these inequalities we find

a + b - 2E<x+y<c.
Thus, a + b < c + 2E for every e > 0 so, by Theorem 1.1, a + b < c.

The proof of the next theorem is left as an exercise for the reader.

Theorem 1.16 (Comparison property). Given nonempty subsets S and T of R such
that s <- t for every s in S and tin T. If T has a supremum then S has a supremum
and

sup S < sup T.

1.13 PROPERTIES OF THE INTEGERS DEDUCED FROM THE
COMPLETENESS AXIOM

Theorem 1.17. The set Z+ of positive integers 1, 2, 3, ... is unbounded above.

Proof. If Z+ were bounded above then Z+ would have a supremum, say a =
sup V. By Theorem 1.14 we would have a - 1 < n for some n in Z+. Then
n + 1 > a for this n. Since n + 1 e Z+ this contradicts the fact that a = sup Z+.

Theorem 1.18. For every real x there is a positive integer n such that n > x.

Proof. If this were not true, some x would be an upper bound for Z+, contra-
dicting Theorem 1.17. -

1.14 THE ARCHIMEDEAN PROPERTY OF THE REAL NUMBER SYSTEM

The next theorem describes the Archimedean property of the real number system.
Geometrically, it tells us that any line segment, no matter how long, can be
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covered by a finite number of line segments of a given positive length, no matter
how small.

Theorem 1.19. If x > 0 and if y is an arbitrary real number, there is a positive
integer n such that nx > y.

Proof. Apply Theorem 1.18 with x replaced by y/x.

1.15 RATIONAL NUMBERS WITH FINITE DECIMAL REPRESENTATION

A real number of the form

r=ao+++---+
10 102 10"

where ao is a nonnegative integer and al, ... , a are integers satisfying 0 < at < 9,
is usually written more briefly as follows:

r =

afinite decimal representation of r. For example,

1 __ 5 =0.5, 1 __ 2 =0.02, 29=7+ 2+ 5 =7.25.
2 10 50 102 4 10 102

Real numbers like these are necessarily rational and, in fact, they all have the form
r = a/10", where a is an integer. However, not all rational numbers can be ex-
pressed with finite decimal representations. For example, if } could be so expressed,
then we would have I = a/10" or 3a = 10" for some integer a. But this is im-
possible since 3 does not divide any power of 10.

1.16 FINITE DECIMAL APPROXIMATIONS TO REAL NUMBERS

This section uses the completeness axiom to show that real numbers can be
approximated to any desired degree of accuracy by rational numbers with finite
decimal representations.

Theorem 1.20. Assume x > 0. Then for every integer n >_ 1 there is a finite
decimal r" = ao. ala2 - - a" such that

1r"<x<r"+-.
Ion

Proof. Let S be the set of all nonnegative integers <x. Then S is nonempty,
since 0 e S, and S is bounded above by x. Therefore S has a supremum, say
ao = sup S. It is easily verified that ao e S, so ao is a nonnegative integer. We
call ao the greatest integer in x, and we write ao = [x]. Clearly, we have

ao<x<ao+1.
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Now let a1 = [lox - 10ao], the greatest integer in lOx - 10ao. Since
0 < lOx - 10ao = 10(x - ao) < 10, we have 0 < a1 5 9 and

a1<lox -l0ao<a1+l.
In other words, a1 is the largest integer satisfying the inequalities

ao+io_<<x<ao+a11+01

More generally, having chosen a1, ... , an_1 with 0 <- ai 5 9, let a" be the
largest integer satisfying the inequalities

am a"
< x < ao + a1 + + a"ao+0+...+10"o...

10"
(4)

Then 0 < a" < 9 and we have

,r"<x<r"+ion

where r" = ao. a1a2 a". This completes the proof. It is easy to verify that x is
actually the supremum of the set of rational numbers r1, r2, ... .

1.17 INFINITE DECIMAL REPRESENTATIONS OF REAL NUMBERS

The integers ao, a1, a2, ... obtained in the proof of Theorem 1.20 can be used to
define an infinite decimal representation of x. We write

x = ao. ala2 .. .

to mean that a" is the largest integer satisfying (4). For example, if x = } we find
ao = 0, a1 = 1, a2 = 2, a3 = 5, and a" = 0 for all n Z 4. Therefore we can
write

* = 0.125000
If we interchange the inequality signs S and < in (4), we obtain a slightly

different definition of decimal expansions. The finite decimals r,, satisfy r" < x <
r" + 10-" although the digits ao, a1, a2i ... need not be the same as those in (4).
For example, if we apply this second definition to x = } we find the infinite decimal
representation

* = 0.124999

The fact that a real number might have two different decimal representations is
merely a reflection of the fact that two different sets of real numbers can have the
same supremum.

1.18 ABSOLUTE VALUES AND THE TRIANGLE INEQUALITY

Calculations with inequalities arise quite frequently in analysis. They are of
particular importance in dealing with the notion of absolute value. If x is any real



Th. 1.22 Cauchy-Schwarz Inequality

number, the absolute value of x, denoted by lxj, is defined as follows:

Ixl
x, ifx 0,

-x, ifx50.

13

A fundamental inequality concerning absolute values is given in the following:

Theorem 1.21. If a >- 0, then we have the inequality Ixl 5 a if, and only if,
-a<xSa.
Proof. From the definition of Ixl, we have the inequality - Ixl 5 x < Ixl, since
x = Ixl or x = - lxl. If we assume that lxl 5 a, then we can write -a 5 - Ixl 5
x 5 lxl 5 a and thus half of the theorem is proved. Conversely, let us assume
-a 5 x 5 a. Then ifx >_ 0, we have lxl = x 5 a, whereas ifx < 0, we have
lxl = -x 5 a. In either case we have lxi 5 a and the theorem is proved.

We can use this theorem to prove the triangle inequality.

Theorem 1.22. For arbitrary real x and y we have

Ix + yl <- Ixl + IYI (the triangle inequality).

Proof. We have - lxl -< x 5 lxl and -I yj <- y <- l yl. Addition gives us
-(Ixl + IYI) <- x + y 5 lxl + lyl, and from Theorem 1.21 we conclude that
Ix + yl 5 lxl + l yl. This proves the theorem.

The triangle inequality is often used in other forms. For example, if we take
x = a - c and y = c - b in Theorem 1.22 we find

la-bl5 la - cl+lc - bl.
Also, from Theorem 1.22 we have Ixl >- Ix + yl - IYI Taking x = a + b,
y = - b, we obtain

Ia + bl z lal - lbl.

Interchanging a and b we also find J a + bl > I bI - j al = - (lal - Ibl), and
hence

la + bl z hlal - IbIl.

By induction we can also prove the generalizations

Ix1 + x2 + ... + x.l 5 Ix1l + Ixzl + ... +
and

Ixl + x2 + ... + x.l z Ix1l - Ix21 14-

1.19 THE CAUCHY-SCHWARZ INEQUALITY

We shall now derive another inequality which is often used in analysis.
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Theorem 1.23 (Cauchy-Schwarz inequality). If a1,.. . , an and b1i ... , bn are
arbitrary real numbers, we have

Ck = 1

akbkl2 - E a)(kr b k) .

Moreover, if some a. 0 equality holds if and only if there is a real x such that
akx + bk = 0 for each k = 1, 2,,, .. , n.

Proof. A sum of squares can never be negative. Hence we have

(akx + bk)2 > 0
k=1

for every real x, with equality if and only if each term is zero. This inequality can
be written in the form

where
Ax2+2Bx+C>-0,

n n
2A ak, B akbk,

k=1
k=11

n

C=Ebk.
k=1

If A > 0, put x = -B/A to obtain B2 - AC < 0, which is the desired inequality.
If A = 0, the proof is trivial.

NOTE. In vector notation the Cauchy-Schwarz inequality takes the form

(a b)2 < Ila11211b112,

where a = (a1, ... , an), b = (b1i ... , bn) are two n-dimensional vectors,

a b = akbk,
k=1

is their dot product, and Ilall = (a a)''2 is the length of a.

1.20 PLUS AND MINUS INFINITY AND THE EXTENDED REAL NUMBER
SYSTEM R*

Next we extend the real number system by adjoining two "ideal points" denoted
by the symbols + oo and - oo ("plus infinity" and "minus infinity").

Definition 1.24. By the extended real number system R* we shall mean the set of
real numbers R together with two symbols + co and - oo which satisfy the following
properties:

a) If x e R, then we have

x+(+oo)= +oo, x+(-co)= -oo,
x - (+00} = -oo, x - (-00) = +00,

x/(+oo)=x/(-co)=0.
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b) If x > 0, then we have

x(+ oo) = + oo,

c) If x < 0, then we have

x(+oo) = -oo,

X(- 00) = -oo.

X(- 00) = +oo.

d)-,k+ oo) + (+oo) = (+oo)(+oo) = (-oo)(-oo) = +oo,
(-co) + (-00) = (+c0)(-o0) = -oo.

e) If X E R, then we have - oo < x < + co.

15

NOTATION. We denote R by (- oo, + co) and R* by [ - oo, + oo]. The points in R
are called "finite" to distinguish them from the "infinite" points + oo and - oo.

The principal reason for introducing the symbols + oo and - oo is one of
convenience. For example, if we define + oo to be the sup of a set of real numbers
which is not bounded above, then every nonempty subset of R has a supremum
in R*. The sup is finite if the set is bounded above and infinite if it is not bounded
above. Similarly, we define - oo to be the inf of any set of real numbers which is
not bounded below. Then every nonempty subset of R has an inf in R*.

For some of the later work concerned with limits, it is also convenient to
introduce the following terminology.

Definition 1.25. Every open interval (a, + oo) is called a neighborhood of + 00 or
a ball with center + co. Every open interval (- oo, a) is called a neighborhood of
- o0 or a ball with center - oo.

1.21 COMPLEX NUMBERS

It follows from the axioms governing the relation < that the square of a real
number is never negative. Thus, for example, the elementary quadratic equation

2x = - I has no solution among the real numbers. New types of numbers, called
complex numbers, have been introduced to provide solutions to such equations. It
turns out that the introduction of complex numbers provides, at the same time,
solutions to general algebraic equations of the form

where the' coefficients ao, a,, ... , a" are arbitrary real numbers. (This fact is
known as the Fundamental Theorem of Algebra.)

We shall now define complex numbers and discuss them in further detail.

Definition 1.26. By a complex number we shall mean an ordered pair of real numbers
which we denote by (x,, x2). The first member, x,, is called the real part of the
complex number; the second member, x2, is called the imaginary part. Two complex
numbers x = (x,, x2) and y = (y,, y2) are called equal, and we write x = y, if,



16 Real and Complex Number Systems Th. 1.27

and only if, x1 = y1 and x2 = Y2. We define the sum x + y and the product xy by
the equations

x + y = (x1 + Y1, x2 + Y2), xY = (x1 Y1 - x2Y2, x1 Y2 + x2Y1)

NOTE-, The set of all complex numbers will be denoted by C.

Theorem 1.27. The operations of addition and multiplication just defined satisfy
the commutative, associative, and distributive laws.

Proof. We prove only the distributive law; proofs of the others are simpler. If
x = (x1, x2), y = (Y1, y2), and z = (z1, z2), then we have

x(Y + z) = (x1, x2)(Y1 + z1, Y2 + z2)
= (x1Y1 + x121 - x2Y2 - x222, x1Y2 + x122 + x2Y1 + x221)
= (x1Y1 - x2Y2, x1Y2 + x2Y1) + (x121 - x222, x122 + x221)
= xy + xz.

Theorem 1.28.

(x1, x2) + (0, 0) = (x1, x2), (x1, x2)(0, 0) _ (0, 0),

(x1, x2)(1, 0) = (x1, x2), (x1, x2) + (-x1, -x2) = (0, 0)
Proof. The proofs here are immediate from the definition, as are the proofs of
Theorems 1.29, 1.30, 1.32, and 1.33. '

Theorem 1.29. Given two complex numbers x = (x1, x2) and y = (y1, Y2), there
exists a complex number z such that x + z = y. In fact, z = (y1 - x1, Y2 - x2).
This z is denoted by y - x. The complex number (-x1, -x2) is denoted by -x.

Theorem 1.30. For any two complex numbers x and y, we have

(-x)Y = x(- Y) = -(xY) = (-1, 0)(xy)
Definition 1.31. If x = (x1i x2) # (0, 0) and y are complex numbers, we define
x' = [x1/(xi + xi), -x2/(xi + xz)], and y/x = yx-1.
Theorem 1.32. If x and y are complex numbers with x (0, 0), there exists a
complex number z such that xz = y, namely, z = yx-1.

Of special interest are operations with complex numbers whose imaginary
part is 0.

Theorem 1.33. (x 1, 0) + (y1, 0) = (x 1 + y 1p 0),

(x1, 0)(Y1, 0) = (x1 Y1, 0),

(x1, 0)/(Y1, 0) = (x1/Y1, 0), if Y1 # 0.
NOTE. It is evident from Theorem 1.33 that we can perform arithmetic operations
on complex numbers with zero imaginary part by performing the usual real-num-
ber operations on the real parts alone. Hence the complex numbers of the form
(x, 0) have the same arithmetic properties as the real numbers. For this reason it is
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convenient to think of the real number system as being a special case of the complex
number system, and we agree to identify the complex number (x, 0) and the real
number x. Therefore, we write x = (x, 0). In particular, 0 = (0, 0) and I = (1, 0).

1.22 GEOMETRIC REPRESENTATION OF COMPLEX NUMBERS

Just as real numbers are represented geometrically by points on a line, so complex
numbers are represented by points in a plane. The complex number x = (x1i x2)
can be thought of as the "point" with coordinates (x1, x2). When this is done, the

'definition of addition amounts to addition by the parallelogram law. (See Fig. 1.2.)

x+y=(x1+,1,x2+y2)

0 = (0, 0) X1 = (x1, 0) Figure 1.2

The idea of expressing complex numbers geometrically as points on a plane
was formulated by Gauss in his dissertation in 1799 and, independently, by Argand
in 1806. Gauss later coined the somewhat unfortunate phrase "complex number."
Other geometric interpretations of complex numbers are possible. Instead of
using points on a plane, we can use points on other surfaces. Riemann found the
sphere particularly convenient for this purpose. Points of the sphere are projected
from the North Pole onto the tangent plane at the South Pole and thus there
corresponds to each point of the plane a definite point of the sphere. With the
exception of the North Pole itself, each point of the sphere corresponds to exactly
one point of the plane. This correspondence is called a stereographic projection.
(See Fig. 1.3.)
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1.23 THE IMAGINARY UNIT

Def. 1.34

It is often convenient to think of the complex number (x1, x2) as a two-dimensional
vector with components x1 and x2. Adding two complex numbers by means of
Definition 1.26 is then the same as adding two vectors component by component.
The complex number l = (1, 0) plays the same role as a unit vector in the hori-
zontal direction. The analog of a unit vector in the vertical direction will now be
introduced.

Definition 1.34. The complex number (0, 1) is denoted by i and is called the imag-
inary unit.

Theorem 1.35. Every complex number x = (x1, x2) can be represented in the form
x = x1 + 'X2-

Proof. x1 = (x1, 0), ix2 = (0, 1)(x2i 0) = (0, x2),
x1 + ix2 = (x1, 0) + (0, x2) = (x1, x2).

The next theorem tells us that the complex number i provides us with a solution
to the equation x2 = -1.

Theorem 1.36. i 2 = -1.
Proof. i2 = (0, 1)(0, 1) = (-1, 0) _ -1.

1.24 ABSOLUTE VALUE OF A COMPLEX NUMBER

We now extend the concept of absolute value to the complex number system.

Definition 1.37. If x = (x1, x2), we define the modulus, or absolute value, of x to
be the nonnegative real number Ixl given by

IxI =v'x2+x2.
Theorem 1.38.

i) 1(0, 0)1 = Q, and IxI > 0 if x ; 0. ii) Ixyl = IxI IYI.
iii) 1x/y1 = Ixl/IYI, if y # 0. iv) I(xl, 0)1 = lxii.

Proof Statements (i) and (iv) are immediate. To prove (ii), we write x = x1 + ix2,
y = y1 + iy2, so that xy = x1 y1 - x2y2 + i(x1 y2 + x2 y1). Statement (ii)
follows from the relation

Ixy12 = xiyi + xiy2 + xiy2 + x2yi = (x1 + x2)(y1 + y2) = IxI21Y12

Equation (iii) can be derived from (ii) by writing it in the form IxI = IYI Ix/yl

Geometrically, IxI represents the length of the segment joining the origin to
the point x. More generally, lx - yl is the distance between the points x and y.
Using this geometric interpretation, the following theorem states that one side of
a triangle is less than the sum of the other two sides.
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Theorem 1.39. If x and y are complex numbers, then we have

Ix + y1 < Ixj + IyI (triangle inequality).

The proof is left as an exercise for the reader.
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.1.25 IMPOSSIBILITY OF ORDERING THE COMPLEX NUMBERS

As yet we have not defined a relation of the form x < y if x and y are arbitrary
complex numbers, for the reason that it is impossible to give a definition of < for
complex numbers which will have all the properties in Axioms 6 through 8. To
illustrate, suppose we were able to define an order relation < satisfying Axioms
6, 7, and 8. Then, since i # 0, we must have either i > 0 or i < 0, by Axiom 6.
Let us assume i > 0. Then taking, x = y = i in Axiom 8, we get i2 > 0, or
-1 > 0. Adding 1 to both sides (Axiom 7), we get 0 > 1. On the other hand,
applying Axiom 8 to -1 > 0 we find 1 > 0. Thus we have both 0 > 1 and
1 > 0, which, by Axiom 6, is impossible. Hence the assumption i > 0 leads us
to a contradiction. [Why was the inequality -1 > 0 not already a contradiction?]
A similar argument shows that we cannot have i < 0. Hence the complex numbers
cannot be ordered in such a way that Axioms 6, 7, and 8 will be satisfied.

1.26 COMPLEX EXPONENTIALS

The exponential ex (x real) was mentioned earlier. We now wish to define eZ when
z is a complex number in such a way that the principal properties of the real
exponential function will be preserved. The main properties of ex for x real are
the law of exponents, ex,ex2 = exl+X2, and the equation e° = 1. We shall give a
definition of eZ for complex z which preserves these properties and reduces to the
ordinary exponential when z is real.

If we write z = x + iy (x, y real), then for the law of exponents to hold we
want ex+'y = exe'y. It remains, therefore, to define what we shall mean by e'y.

Definition 1.40. If z = x + iy, we define e= = ex+'y to be the complex number
e= = ex (cos y + i sin y).

This definition* agrees with the real exponential function when z is real (that
is, y = 0). We prove next that the law of exponents still holds.

* Several arguments can be given to motivate the equation e'y = cos y + i sin y. For
example, let us write e'y = f (y) + ig(y) and try to determine the real-valued functions f
and g so that the usual rules of operating with real exponentials will also apply to complex
exponentials. Formal differentiation yields e'' = g'(y) - if'(y), if we assume that
(e'y)' = ie'y. Comparing the two expressions for e'y, we see that f and g must satisfy the
equations f (y) = g'(y), f'(y) = - g(y). Elimination of g yields fly) = - f"(y). Since
we want e° = 1, we must have f (O) = 1 and f'(0) = 0. It follows that fly) = cos y and
g(y) = -f'(y) = sin y. Of course, this argument proves nothing, but it strongly suggests
that the definition e'y = cos y + i sin y is reasonable.
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Theorem 1.41. If z1 = x1 + iy1 and z2 = x2 + 1Y2 are two complex numbers,
then we have

ez'ez2 = ez'+22.

Proof

ez' = ex'(cos y1 + i sin y1), ez2 = ex2(cos Y2 + i sin Y2),

ez'ez2 = ex'ex2[cos YI COS Y2 - sin y1 sin Y2

+ i(cos y1 sin Y2 + sin y1 cos Y2)].

Now ex'ex2 = ex'+x2, since xi1 and x2 are both real. Also,

cos y1 cos Y2 - sin y1 sin Y2 = cos (Y, + Y2)
and

cos y1 sin Y2 + sin y1 cos Y2 = sin (y1 + Y2),
and hence

ezieZ2 = ex'+x2[cos
(YI + Y2) + i sin (YI + Y2)] = ez'+Z2.

1.27 FURTHER PROPERTIES OF COMPLEX EXPONENTIALS

In the following theorems, z, z1, z2 denote complex numbers.

Theorem 1.42. ez is never zero.

Proof. eze-z = e° = 1. Hence ez cannot be zero.

Theorem 1.43. If x is real, then Ie'xI = 1.

Proof. Ie'ii2 = cost x + sin 2 x = 1, and I e'xi > 0.

Theorem 1.44. ez = 1 if, and only if, z is an integral multiple of 27ri.

Proof. If z = 2irin, where n is an integer, then

ez = cos (2irn) + i sin (21rn) = 1.

Conversely, suppose that ez = 1. This means that ex cos y = 1 and ex sin y = 0.
Since ex 0, we must have sin y = 0, y = k7r, where k is an integer. But
cos (k7r) = (- I)k. Hence ex = (-1)k, since ex cos (kir) = 1. Since ex > 0,
k must be even. Therefore ex = 1 and hence x = 0. This proves the theorem.

Theorem 1.45. ez' = eze if, and only if, z1 - z2 = 2irin (where n is an integer).

Proof. ez' = eze if, and only if, ez' `2 = 1.

1.28 THE ARGUMENT OF A COMPLEX NUMBER

If the point z -_ (x, y) = x + iy is represented by polar coordinates r and 0, we
can write x = r cos 0 and y = r sin 0, so that z = r cos 0 + it sin 0 = re'B
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The two numbers r and 0 uniquely determine z. Conversely, the positive number
r is uniquely determined by z; in fact, r = Iz I. However, z determines the angle 0
only up to multiples of 2n. There are infinitely many values of 0 which satisfy the
equations x = Iz I cos 0, y = Iz sin 0 but, of course, any two of them differ by
some multiple of 2n. Each such 0 is called an argument of z but one of these values
is singled out and is called the principal argument of z.

Definition 1.46. Let z = x + iy be a nonzero complex number. The unique real
number 0 which satisfies the conditions

x=1zIcos0, y=1zIsin0, -7r<0<-+n
is called the principal argument of z, denoted by 0 = arg (z).

The above discussion immediately yields the following theorem:

Theorem 1.47. Every complex number z 0 can be represented in the form
z = reie, where r = IzI and 0 = arg (z) + 2nn, n being any integer.

NOTE. This method of representing complex numbers is particularly useful in
connection with multiplication and division, since we have

t iO2 i(81+92) and e
=

rl ei(91-82)(rleiB)(rie ) = r1r2e and
r2efe2 r2

Theorem 1.48. If z1z2 0, then arg (z1z2) = arg (z1) + arg (z2) + 2irn(z1, z2),
where

0, f -n < arg (z1) + arg (z2) < +ir,
n(z1, z2) = + 1, if - 2n < arg (z1) + arg (z2) 5 - 7r,

-1, f it < arg (z1) + arg (z2) < 27r.

Proof. Write z1 = Iz11e`B', Z2 = I z21 e`02, where 01 = arg (z1) and 02 = arg (z2).
Then z1z2 = Iziz21ei(01+02) Since -n < 01 < +7t and -7r < 02 < +n, we
have -27t < 01 + 02 < 2n. Hence there is an integer n such that -7r < 01 +
02 + 2nn < it. This n is the same as the integer n(z1, z2) given in the theorem,
and for this n we have arg (z1z2) = 01 + 02 + 27rn. This proves the theorem.

1.29 INTEGRAL POWERS AND ROOTS OF COMPLEX NUMBERS

Definition 1.49. Given a complex number z and an integer n, we define the nth power
of z as follows:

z0 = 1, zn + 1 = ZnZ, if n 0,

z-"=(z-1)", ifz#Oand n>0.

Theorem 1.50, which states that the usual laws of exponents hold, can be proved
by mathematical induction. The proof is left as an exercise.
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Theorem 1.50. Given two integers m and n, we have, for z 0 0,
ZnZm = Zn+m and (Z1Z2)" = ZIZZ.

Theorem 1.51. If z 0, and if n is a positive integer, then there are exactly n
distinct complex numbers zo, z1, ... , zn_1 (called the nth roots of z), such that

zk = Z, for each k = 0, 1, 2, ... , n - 1.

Furthermore, these roots are given by the formulas

zk = Re'mk, where R = 1Z I 1 In,

and
arg (z) 2nkk= + (k=0, 1,2,...,n-1).

n n

NOTE. The n nth roots of z are equally spaced on the circle of radius R = IzI',",

center at the origin.

Proof. The n complex numbers Re'4k, 0 < k < n - 1, are distinct and each is
an nth root of z, since

(Re'mk)n = Rnei"4k = IzIe'[arg(z)+2,rk] = Z.

We must now show that there are no other nth roots of z. Suppose w = Ae" is
a complex number such that w" = z. Then I wI" = Iz I, and hence A" = Izi,
A = Iz I' I". Therefore, w" = z can be written e'"" = e'larg (0], which implies

na - arg (z) = 2nk for some integer k.

Hence a = [arg (z) + 27rk]/n. But when k runs through all integral values, w
takes only the distinct values z 0 , . . . , zn _ 1. (See Fig. 1.4.)

Figure 1.4

1.30 COMPLEX LOGARITHMS

By Theorem 1.42, ez is never zero. It is natural to ask if there are other values
that ez cannot assume. The next theorem shows that zero is the only exceptional
value.
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Theorem 1.52. If z is a complex number # 0, then there exist complex numbers w
such that ew = z. One such w is the complex number

log IzI + i arg (z),

and any other such w must have the form

log IzI + i arg (z) + 2mri,
where n is an integer.

Proof. Since elog Izl +i arg (z) = elog IzI ei arg (z) = Iz Iei arg (z) = Z, we see that w =

log IzI + i arg (z) is a solution of the equation ew = z. But if wl is any other
solution, then ew = ewi and hence w - wl = 2niri.

Definition 1.53. Let z 0 be a given complex number. If w is a complex number
such that ew = z, then w is called a logarithm of z. The particular value of w given
by

w = log IzI + i arg (z)

is called the principal logarithm of z, and for this w we write

w = Log z.

Examples

1. Since i l = 1 and arg (i) it/2, Log (f) = iir/2.
2. Since I - i l = 1 and arg (- i) _ - x/2, Log (- i) in/2.

3. Since -1 = 1 and arg (-1) = n, Log (-1) = in.
4. If x > 0, Log (x) = log x, since IxI = x and arg (x) = 0.
5. Since 11 + i I = I2 and arg (1 + i) = n/4, Log (1 + i) = log ,l2 + in/4.

Theorem 1.54. If zxz2 # 0, then

Log (zlz2) = Log zl + Log z2 + 27rin(zl, z2),

where n(zl, z2) is the integer defined in Theorem 1.48.

Proof.

Log (zlz2) = log IZ1z2I + i arg (ztz2)

= log IZ1I + log IZ2I + i [arg (z1) + arg (Z2) + 2irn(zl, Z2)]

1.31 COMPLEX POWERS

Using complex logarithms, we can now give a definition of complex powers of
complex numbers.

Definition 1.55. If z # 0 and if w is any complex number, we define
Zw = ewLogz
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Examples
1. i' = eiLogi = eUin/2) = e-rz/2

2. (-1)i = eiLog(-1) = ei(in) = e-n.

3. If n is an integer, then zi+1 = e(n+l)Logz = enLogzeLogz = znz, so Definition 1.55 does
not conflict with Definition 1.49.

The next two theorems give rules for calculating with complex powers:

Theorem 1.56. zwt ZW2 = Zwt+w2 if z 0.

Proof. Zwt+w2 = e(wt+w2)Logz = ew1Logzew2Logz = ZWIZW2.

Theorem 1.57. If z1z2 0, then
(zlz2)w = z1 2w we 2aiwn(z1,z2)

where n(zl, z2) is the integer defined in Theorem 1.48.

Proof. (z1Z2)w = ewLog(ztz2) = ew[Logzt+Logz2+2ain(zt,z2)]

1.32 COMPLEX SINES AND COSINES

Definition 1.58. Given a complex number z, we define

eiz + e-'z e'z - e- 1Zcos z = - --- ,
2

sin z =
2i

NOTE. When z is real, these equations agree with Definition 1.40.

Theorem 1.59. If z = x + iy, then we have

cos z = cos x cosh y - i sin x sinh y,
sin z = sin x cosh y + i cos x sinh y.

Proof.
2 cos z = e'z + e-1z

= e-'(cos x + i sin x) + ey(cos x - i sin x)
= cos x(ey + e-') - i sin x(ey - e-y)
= 2 cos x cosh y - 2i sin x sinh y.

The proof for sin z is similar.

Further properties of sines and cosines are given in the exercises.

1.33 INFINITY AND THE EXTENDED COMPLEX PLANE C*

Next we extend the complex number system by adjoining an ideal point denoted by
the symbol oo.

Definition 1.60. By the extended complex number system C* we shall mean the
complex plane C along with a symbol oo which satisfies the following properties:

a) If z e C, then we have z + oo = z - oo = oo, z/oo = 0.
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b) If z e C, but z 0, then z(oo) = oo and z/0 = oo.

c) co + oo = (co)(oo) = oo.

Definition 1.61. Every set in C of the form {z : Iz I > r > 0) is called a neighbor-
hood of oo, or a ball with center at oo.

The reader may wonder why two symbols, + oo and - oo, are adjoined to R
but only one symbol, oo, is adjoined to C. The answer lies in the fact that there is
an ordering relation < among the real numbers, but no such relation occurs
among the complex numbers. In order that certain properties of real numbers
involving the relation < hold without exception, we need two symbols, + oo and
- oo, as defined above. We have already mentioned that in R* every nonempty
set has a sup, for example.

In C it turns out to be more convenient to have just one ideal point. By way
of illustration, let us recall the stereographic projection which establishes a one-
to-one correspondence between the points of the complex plane and those points
on the surface of the sphere distinct from the North Pole. The apparent exception
at the North Pole can be removed by regarding it as the geometric representative
of the ideal point cc. We then get a one-to-one correspondence between the
extended complex plane C* and the total surface of the sphere. It is geometrically
evident that if the South Pole is placed on the origin of the complex plane, the
exterior of a "large" circle in the plane will correspond, by stereographic projection,
to a "small" spherical cap about the North Pole. This illustrates vividly why we
have defined a.neighborhood of cc by an inequality of the form Iz I > r.

EXERCISES

Integers

1.1 Prove that there is no largest prime. (A proof was known to Euclid.)

1.2 If n is a positive integer, prove the algebraic identity

n-1

an - b" = (a - b) E
akbn-l-k.

k=0

1.3 If 2" - I is prime, prove that n is prime. A prime of the form 2° - 1, where p is
prime, is called a Mersenne prime.

1.4 If 2" + 1 is prime, prove that n is a power of 2. A prime of the form 22"' + 1 is

called a Fermat prime. Hint. Use Exercise 1.2.

1.5 The Fibonacci numbers 1, 1, 2, 3, 5, 8, 13.... are defined by the recursion formula
xn+1 = x" + x"_1, with x1 = x2 = 1. Prove that (x", xn+1) = I and that x" _
(a" - bn)/(a - b), where a and bare the roots of the quadratic equation x2 - x - I = 0.
1.6 Prove that-every nonempty set of positive integers contains a smallest member.

This is called the well-ordering principle.
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Rational and irrational numbers

1.7 Find the rational number whose decimal expansion is 0.3344444.. .

1.8 Prove that the decimal expansion of x will end in zeros (or in nines) if, and only if,
x is a rational number whose denominator is of the form 2"5'", where m and n are non-
negative integers.

1.9 Prove that s2 + J3 is irrational.
1.10 If a, b, c, d are rational and if x is irrational, prove that (ax + b)l(cx + d) is usually
irrational. When do exceptions occur?

1.11 Given any real x > 0, prove that there is an irrational number between 0 and x.

1.12 If alb < c/d with b > 0, d > 0, prove that (a + c)l(b + d) lies between alb
and c/d.

1.13 Let a and b be positive integers. Prove that V2 always lies between the two fractions
alb and (a + 2b)l(a + b). Which fraction is closer to 2?
1.14 Prove that I n - 1 + jn + I is irrational for every integer n >- 1.

1.15 Given a real x and an integer N > 1, prove that there exist integers h and k with
0 < k < N such that jkx - hi < 1/N. Hint. Consider the N + 1 numbers tx - [tx]
for t = 0, 1, 2, ... , N and show that some pair differs by at most 1/N.

1.16 If x is irrational prove that there are infinitely many rational numbers h/k with
k > 0 such that Ix - h/kI < 1/k2. Hint. Assume there are only a finite number
h1/k1,..., hr/kr and obtain a contradiction by applying Exercise 1.15 with N > 1/6,
where 6 is the smallest of the numbers Ix - hi/kid.
1.17 Let x be a positive rational number of the form

0
X = E

ak a nonnegative integer with ak 5 k - I for k >- 2 and a" > 0. Let [x]
denote the greatest integer in x. Prove that al = [x ], that ak = [k! x ] - k [(k - 1) ! x ]
for k = 2, ... , n, and that n is the smallest integer such that n! x is an integer. Con-
versely, show that every positive rational number x can be expressed in this form in one
and only one way.

Upper bounds

1.18 Show that the sup and inf of a set are uniquely determined whenever they exist.

1.19 Find the sup and inf of each of the following sets of real numbers:

a) All numbers of the form 2-P + 3-q + 5-', where p, q, and r take on all positive
integer values.

b) S = [x: 3x2 - lOx + 3 < 0}.
c) S = {x: (x - a)(x - b)(x - c)(x - d) < 0), where a < b < c < d.

1.20 Prove the comparison property for suprema (Theorem 1.16).

1.21 Let A and B be two sets. of positive numbers bounded above, and let a = sup A,
b = sup B. Let C be the set of all products of the form xy, where x e A and y e B.
Prove that ab = sup C.
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1.22 Given x > 0 and an integer k >- 2. Let ao denote the largest integer <- x and,
assuming that ao, a1, ... , an_ 1 have been defined, let an denote the largest integer such
that

ao+A1+ a2+ ... +Q" <x.
k k2 k"

a) Prove that 0 5 al <- k - 1 for each i = 1, 2, .. .
b) Let r" = ao + a1k-' + a2k-2 + + a"k-" and show that x is the sup of the

set of rational numbers r1, r2, .. .

NOTE. When k = 10 the integers ao, a1, a2,... are the digits in a decimal representation
of x. For general k they provide a representation in the scale of k.

Inequalities

1.23 Prove Lagrange's identity for real numbers:

k=1 =1akbk)

2

= k ak) (k1 bk) l sk sn
(Rkb; - a;bk)2.

Note that this identity implies the Cauchy-Schwarz inequality.

1.24 Prove that for arbitrary real ak, bk, ck we have
n 4

( akbkCk) <k=1

1.25 Prove Minkowski's inequality:
k=1

Uo (ak
+ bk)2)1/2

<
R

ak)1/2
+

\k
bk)1/2

This is the triangle inequality Ira + bll <- IIall + IIbIj for n-dimensional vectors, where
a = (a1,..., an), b = (b1, ... , bn) and

IIaHH = (
ak

n 1/2

)k=1

1.26 If a1 >- a2 >- >- an and b1 >- b2 >_ >_ bn, prove that

k=1 ak)(k=1 bk)

Hint. X15Jsk5n (ak - aj)(bk - bj) >- 0.

5 n F akbk.
k=1

Complex numbers

1.27 Express the following complex numbers in the form a + bi.
a) (1 + i)3, b) (2 + 3i)/(3 - 4i),

c) is + i16, d) 4(1 + i)(1 + i-8).

bk)2(E
Ck)

1.28 In each case, determine all real x and y which satisfy the given relation.
100

a) x + iy = Ix - iyJ, b) x + iy = (x - iy)2, c) E ik = x + jy.
k=0
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1.29 If z = x + iy, x and y real, the complex conjugate of z is the complex number
z = x - iy. Prove that:

a) z1 + z2 = Z1 + z2, b) F, -z2 = f, Z2, C) ZZ = 1z12,

d) z + z = twice the real part of z,
e) (z - 27)/i = twice the imaginary part of z.

1.30 Describe geometrically the set of complex numbers z which satisfies each of the
following conditions:

a)IzI=1, b)IzI<1, C)IzI_<1,

d)z+z= 1, e)z - z=i, f) z+z= IzI2.
1.31 Given three complex numbers z1, z2, z3 such that Iz, I = IZ21 = Iz31 = 1 and
z1 + z2 + z3 = 0. Show that these numbers are vertices of an equilateral triangle
inscribed in the unit circle with center at the origin.

1.32 If a and b are complex numbers, prove that:

a) Ia - b12 < (1 + Ia12)(1 + Ib12).
b) If a # 0, then Ia + bI = IaI + IbI if, and only if, b/a is real and nonnegative.

1.33 If a and b are complex numbers, prove that

Ia-6I=11-abI
if, and only if, Ial = I or IbI = 1. For which a and b is the inequality Ia - bI < I 1 - abI
valid?

1.34 If a and c are real constants, b complex, show that the equation

azz+bz+bz+c=0 (a:0,z=x+iy)
represents a circle in the xy-plane.

1.35 Recall the definition of the inverse tangent: given a real number t, tan-1 (t) is the
unique real number 0 which satisfies the two conditions

tan0= t.- 2 < 0 < +
2

If z = x + iy, show that

a) arg (z) = tan-1 (!) , if x > 0,

b) arg (z) = tan-1 (!) + n, if x < 0, y >- 0,

c) arg (z) = tan-1 (y) - 7r,
x

if x < 0, y < 0,

d)arg(z)= 2ifx=0,y>0;arg(z)= -2ifx=0,y<0.
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1.36 Define the following "pseudo-ordering" of the complex numbers: we say z1 < z2
if we have either

i) IZl I < Iz2I or ii) IZl I = Iz21 and arg (Z1) < arg (z2).

Which of Axioms 6, 7, 8, 9 are satisfied by this relation?

1.37 Which of Axioms 6, 7, 8, 9 are satisfied if the pseudo-ordering is defined as follows?
We say (x1, yl) < (x2, y2) if we have either

i) x1 < x2 or ii) x1 = x2 and y1 < y2.

1.38 State and prove a theorem analogous to Theorem 1.48, expressing arg (zl/z2) in
terms of arg (z1) and arg (z2).

1.39 State and prove a theorem analogous to Theorem 1.54, expressing Log (z,42) in
terms of Log (z1) and Log (Z2)-

1.40 Prove that the nth roots of 1 (also called the nth roots of unity) are given by a,
a2_., a", where a = e2'ri", and show that the roots :1 satisfy the equation

1 + x + x2 + + x"-1 = 0.

1.41 a) Prove that Izrl < e' for all complex z : 0.
b) Prove that there is no constant M > 0 such that Icos z I < M for all complex z.

1.42 If w = u + iv (u, v real), show that
zw = euloglzl-varg(z)eitvlogjzI+uarg(z)1

1.43 a) Prove that Log (zw) = w Log z + 2irin, where n is an integer.
b) Prove that (zw)°` = zwae2nt"a, where n is an integer.

1.44 i) If 0 and a are real numbers, - 7r < 0 < + ir, prove that

(cos 0 + i sin O)" = cos (a9) + i sin (aO).

ii) Show that, in general, the restriction - n < 0 < + it is necessary in (i) by taking
0 = - ir, a = 1.

iii) If a is an integer, show that the formula in (i) holds without any restriction on 0.
In this case it is known as DeMoivre's theorem.

1.45 Use DeMoivre's theorem (Exercise 1.44) to derive the trigonometric identities

sin 30 = 3 cos' 0 sin 0 - sin3 0,
cos 30 = cos3 0 - 3 cos 0 sine 0,

valid for real 0. Are these valid when 0 is complex?

1.46 Define tan z = (sin z)/(cos z) and show that for z = x + iy, we have

tan z = sin 2x + i sinh 2y
cos 2x + cosh 2y

1.47 Let w be a given complex number. If w 96 ± 1, show that there exist two values of
z = x + iy satisfying the conditions cos z = w and - it < x < + it. Find these values
when w = i and- when w = 2.
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1.48 Prove Lagrange's identity for complex numbers:

k=1

2 n

IakI2 Ibkl2 Iak5J - aj5kl2.
k=1 k=1 15k<Jsn

Use this to deduce a Cauchy-Schwarz inequality for complex numbers.

1.49 a) By equating imaginary parts in DeMoivre's formula prove that

sin nO = sin" 0 {(n cotn-1 0 - (1?) coin-3 0 +
(n) cot"-5 0 -

I) 3

b) If 0 < 0 < n/2, prove that

sin (2m + 1)0 = sin2,n+10Pm(cot2 0)

where Pm is the polynomial of degree m given by

Pm(X)
(2m+ 11 (2m+ 1) x"`-1 + (2m+ 11 X"`_2 - += 1 /fx"' - 3 5 J...

Use this to show that P. has zeros at them distinct points Xk = cot2 {nk/(2m + 1)}
fork = 1, 2, ... , m.

c) Show that the sum of the zeros of P. is given by

"` 2 irk m(2m - 1)
E cot =

2m + 1 3

and that the sum of their squares is given by

,

m

cot4
irk = m(2m - 1)(4m2 + lOm - 9)

k=1 2m + 1 45

NOTE. These identities can be used to prove that E 1
n-2 = n2/6 and 1

n-4 = n4/90.
(See Exercises 8.46 and 8.47.)

1.50 Prove that z" - I = Iik=1
(z - e2nikln) for all complex z. Use this to derive the

formula

sin
kn = n for n >- 2.
n 2"-1

k=1
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CHAPTER 2

SOME BASIC NOTIONS
OF SET THEORY

2.1 INTRODUCTION

In discussing any branch of mathematics it is helpful to use the notation and
terminology of set theory. This subject, which was developed by Boole and Cantor
in the latter part of the 19th century, has had a profound influence on the develop-
ment of mathematics in the 20th century. It has unified many seemingly discon-
nected ideas and has helped reduce many mathematical concepts to their logical
foundations in an elegant and systematic way.

We shall not attempt a systematic treatment of the theory of sets but shall
confine ourselves to a discussion of some of the more basic concepts. The reader
who wishes to explore the subject further can consult the references at the end of
this chapter.

A collection of objects viewed as a single entity will be referred to as a set.
The objects in the collection will be called elements or members of the set, and they
will be said to belong to or to be contained in the set. The set, in turn, will be said
to contain or to be composed of its elements. For the most part we shall be inter-
ested in sets of mathematical objects; that is, sets of numbers, points, functions,
curves, etc. However, since much of the theory of sets does not depend on the
nature of the individual objects in the collection, we gain a great economy of
thought by discussing sets whose elements may be objects of any kind. It is because
of this quality of generality that the theory of sets has had such a strong effect in
furthering the development of mathematics.

2.2 NOTATIONS

Sets will usually be denoted by capital letters :

A, B, C, ... , X, Y, Z,

and elements by lower-case letters: a, b, c, ... , x, y, z. We write x e S to mean
"x is an element of S," or "x belongs to S." If x does not belong to S, we write
x 0 S. We sometimes designate sets by displaying the elements in braces; for
example, the set of positive even integers less than 10 is denoted by {2, 4, 6, 8}.
If S is the collection of all x which satisfy a property P, we indicate this briefly by
writing S = {x: x satisfies P}.

From a given set we can form new sets, called subsets of the given set. For
example, the set consisting of all positive integers less than 10 which are divisible

32
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by 4, namely, {4, 8}, is a subset of the set of even integers less than 10. In general,
we say that a set A is a subset of B, and we write A B whenever every element
of A also belongs to B. The statement A c B does not rule out the possibility
that B c A. In fact, we have both A s B and B c A if, and only if, A and B have
the same elements. In this case we shall call the sets A and B equal and we write
A = B. If A and B are not equal, we write A : B. If A c B but A B, then
we say that A is a proper subset of B.

It is convenient to consider the possibility of a set which contains no elements
whatever; this set is called the empty set and we agree to call it a subset of every
set. The reader may find it helpful to picture a set as a box containing certain
objects, its elements. The empty set is then an empty box. We denote the empty
set by the symbol 0.

2.3 ORDERED PAIRS

Suppose we have a set consisting of two elements a and b; that is, the set {a, b}.
By our definition of equality this set is the same as the set {b, a), since no question
of order is involved. However, it is also necessary to consider sets of two elements
in which order is important. For example, in analytic geometry of the plane, the
coordinates (x, y) of a point represent an ordered pair of numbers. The point (3, 4)
is different from the point (4, 3), whereas the set {3, 4} is the same as the set {4, 31.
When we wish to consider a set of two elements a and b as being ordered, we shall
enclose the elements in parentheses: (a, b). Then a is called the first element and
b the second. It is possible to give a purely set-theoretic definition of the concept
of an ordered pair of objects (a, b). One such definition is the following:

Definition 2.1. (a, b) = {{a}, {a, b}}.

This definition states that (a, b) is a set containing two elements, {a} and
{a, b}. Using this definition, we can prove the following theorem:

Theorem 2.2. (a, b) = (c, d) if, and only if, a = c and b = d.

This theorem shows that Definition 2.1 is a "reasonable" definition of an
ordered pair, in the sense that the object a has been distinguished from the object
b. The proof of Theorem 2.2 will be an instructive exercise for the reader. (See
Exercise 2.1.)

2.4 CARTESIAN PRODUCT OF TWO SETS

Definition 2.3. Given two sets A and B, the set of all ordered pairs (a, b) such that
a e A and b e B is called the cartesian product of A and B, and is denoted by A x B.

Example. If R -denotes the set of all real numbers, then R x R is the set of all complex
numbers.
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2.5 RELATIONS AND FUNCTIONS

Def. 2.4

Let x and y denote real numbers, so that the ordered pair (x, y) can be thought of
as representing the rectangular coordinates of a point in the xy-plane (or a com-
plex number). We frequently encounter such expressions as

xy=1, x2+y2= 1, x2+y2<1, x<y. (a)

Each of these expressions defines a certain set of ordered pairs (x, y) of real
numbers, namely, the set of all pairs (x, y) for which the expression is satisfied.
Such a set of ordered pairs is called a plane relation. The corresponding set of
points plotted in the xy-plane is called the graph of the relation. The graphs of
the relations described in (a) are shown in Fig. 2.1.

xy=1 x2+y2=1 x2+y2<_1 x<y

Figure 2.1

The concept of relation can be formulated quite generally so that the objects
x and y in the pairs (x, y) need not be numbers but may be objects of any kind.

Definition 2.4. Any set of ordered pairs is called a relation.

If S is a relation, the set of all elements x that occur as first members of pairs
(x, y) in S is called the domain of S, denoted by s(S). The set of second members
y is called the range of S, denoted by A(S).

The first example shown in Fig. 2.1 is a special kind of relation known as a
function.

Definition 2.5. A function F is a set of ordered pairs (x, y), no two of which have
the same first member. That is, if (x, y) e F and (x, z) a F, then y = z.

The definition of function requires that for every x in the domain of F there is
exactly one y such that (x, y) e F. It is customary to call y the value of F at x and
to write

y = F(x)

instead of (x, y) e F to indicate that the pair (x, y) is in the set F.
As an alternative to describing a function F by specifying the pairs it contains,

it is usually preferable to describe the domain of F, and then, for each x in the
domain, to describe how the function value F(x) is obtained. In this connection,
we have the following theorem whose proof is left as an exercise for the reader.
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Theorem 2.6. Two functions F and G are equal if and only if

a) 21(F) _ 21(G) (F and G have the same domain), and

b) F(x) = G(x) for every x in 21(F).

35

2.6 FURTHER TERMINOLOGY CONCERNING FUNCTIONS

When the domain 2(F) is a subset of R, then F is called a function of one real
variable. If 2(F) is a subset of C, the complex number system, then F is called a
function of a complex variable.

If 2(F) is a subset of a cartesian product A x B, then F is called a function
of two variables. In this case we denote the function values by F(a, b) instead of
F((a, b)). A function of two real variables is one whose domain is a subset of
RxR.

If S is a subset of 2(F), we say that F is defined on S. In this case, the set
of F(x) such that x E S is called the image of S under F and is denoted by F(S). If
T is any set which contains F(S), then F is also called a mapping from S to T.
This is often denoted by writing

F : S -+ T.

If F(S) = T, the mapping is said to be onto T. A mapping of S into itself is some-
times called a transformation.

Consider, for example, the function of a complex variable defined by the equa-
tion F(z) = z2. This function maps every sector S of the form 0 < arg (z) <
a 5 ir/2 of the complex z-plane onto a sector F(S) described by the inequalities
0 < arg [F(z)] < 2a. (See Fig. 2.2.)

Figure 2.2

If two functions F and G satisfy the inclusion relation G c F, we say that G
is a restriction of F or that F is an extension of G. In particular, if S is a subset of
21(F) and if G is defined by the equation

G(x) = F(x) for all x in S,

then we call G_the restriction of F to S. The function G consists of those pairs
(x, F(x)) such that x e S. Its domain is S and its range is F(S).
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2.7 ONE-TO-ONE FUNCTIONS AND INVERSES

Definition 2.7. Let F be a function defined on S. We say F is one-to-one on S if,
and only if, for every x and y in S,

F(x) = F(y) implies x = y.

This is the same as saying that a function which is one-to-one on S assigns
distinct function values to distinct members of S. Such functions are also called
injective. They are important because, as we shall presently see, they possess
inverses. However, before stating the definition of the inverse of a function, it is
convenient to introduce a more general notion, that of the converse of a relation.

Definition 2.8. Given a relation S, the new relation S defined by

S= {(a,b):(b,a)ES}
is called the converse of S.

Thus an ordered pair (a, b) belongs to S if, and only if, the pair (b, a), with
elements interchanged, belongs to S. When S is a plane relation, this simply means
that the graph of S is the reflection of the graph of S with respect to the line
y = x. In the relation defined by x < y, the converse relation is defined by y < x.

Definition 2.9. Suppose that the relation F is a function. Consider the converse
relation t, which may or may not be a function. If t is also a function, then P is
called the inverse of F and is denoted by F-1.

Figure 2.3(a) illustrates an example of a function F for which Fis not a function.
In Fig. 2.3(b) both F and its converse are functions.

The next theorem tells us that a function which is one-to-one on its domain
always has an inverse.

(a) (b)

Figure 2.3
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Theorem 2.10. If the function F is one-to-one on its domain, then P is also a function.

Proof. To show that Fis a function, we must show that if (x, y) E Fand (x, z) e F,
then y = z. But (x, y) E F means that (y, x) E F; that is, x = F(y). Similarly,
(x, z) e Fmeans that x = F(z). Thus F(y) = F(z) and, since we are assuming
that F is one-to-one, this implies y = z. Hence, P is a function.

NOTE. The same argument shows that if F is one-to-one on a subset S of 2(F),
then the restriction of F to S has art inverse.

2.8 COMPOSITE FUNCTIONS

Definition 2.11. Given two functions F and G such that 3P(F) c 21(G), we can form
a new function, the composite G o F of G and F, defined as follows: for every x in
the domain of F, (G o F)(x) = G[F(x)].

Since M (F) 9 21(G), the element F(x) is in the domain of G, and therefore it
makes sense to consider G[F(x)]. In general, it is not true that G o F = F o G.
In fact, F o G may be meaningless unless the range of G is contained in the domain
of F. However, the associative law,

Ho(GoF) = (HoG)oF,

always holds whenever each side of the equation has a meaning. (Verification will
be an interesting exercise for the reader. See Exercise 2.4.)

2.9 SEQUENCES

Among the important examples of functions are those defined on subsets of the
integers.

Definition 2.12. By a finite sequence of n terms we shall understand a function F
whose domain is the set of numbers 11, 2, ... , n}.

The range of F is the set {F(l), F(2), F(3),... , F(n)}, customarily written
{F1, F2, F3, ... , The elements of the range are called terms of the sequence
and, of course, they may be arbitrary objects of any kind.

Definition 2.13. By an infinite sequence we shall mean a function F whose domain
is the set {1, 2, 3.... } of all positive integers. The range of F, that is, the set
{F(l), F(2), F(3), ... }, is also written IF,, F2, F3, ... }, and the function value F.
is called the nth term of the sequence.

For brevity, we shall occasionally use the notation to denote the infinite
sequence whose nth term is F.

Let s = be an infinite sequence, and let k be a function whose domain is
the set of positive integers and whose range is a subset of the positive integers.
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Assume that k is "order-preserving," that is, assume that

k(m) < k(n), if m < n.

Then the composite function s o k is defined for all integers n >_ 1, and for every
such n we have

(s o k)(n) = sk(n)

Such a composite function is said to be a subsequence of s. Again, for brevity,
we often use the notation {sk( )} or {skn} to denote the subsequence of whose
nth term is sk( ).

Example. Let s = {11n) and let k be defined by k(n) = 2". Then s o k = {1/2}.

2.10 SIMILAR (EQUINUMEROUS) SETS

Definition 2.14. Two sets A and B are called similar, or equinumerous, and we write
A - B, if and only if there exists a one-to-one function F whose domain is the set A
and whose range is the set B.

We also say that F establishes a one-to-one correspondence between the sets
A and B. Clearly, every set A is similar to itself (take Fto be the "identity" function
for which F(x) = x for all x in A). Furthermore, if A - B then B - A, because
if F is a one-to-one function which makes A similar to B, then F-1 will make B
similar to A. Also, if A - B and if B - C, then A - C. (The proof is left to
the reader.)

2.11 FINITE AND INFINITE SETS

A set S is called finite and is said to contain n elements if

S- {1,2,...,n}.

The integer n is called the cardinal number of S. It is an easy exercise to prove
that if (1, 2, ... , n} - (1, 2, ... , m} then m = n. Therefore, the cardinal
number of a finite set is well defined. The empty set is also considered finite. Its
cardinal number is defined to be 0.

Sets which are not finite are called infinite sets. The chief difference between
the two is that an infinite set must be similar to some proper subset of itself,
whereas a finite set cannot be similar to any proper subset of itself. (See Exercise
2.13.) For example, the set Z+ of all positive integers is similar to the proper subset
{2, 4, 8, 16, ... } consisting of powers of 2. The one-to-one function F which
makes them similar is defined by F(x) = 2" for each x in V.
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A set S is said to be countably infinite if it is equinumerous with the set of all
positive integers; that is, if

SN {1,2,3,...}.

In this case there is a function f which establishes a one-to-one correspondence
between the positive integers and the elements of S; hence the set S can be dis-
played as follows:

S = {.f(l),.f(2),.f(3), ... }.

Often we use subscripts and denote f(k) by ak (or by a similar notation) and we
write S = {al, a2, a3, .. . }. The important thing here is that the correspondence
enables us to use the positive integers as "labels" for the elements of S. A count-
ably infinite set is said to have cardinal number No (read: aleph nought).

Definition 2.15. A set S is called countable if it is either finite or countably infinite.
A set which is not countable is called uncountable.

The words denumerable and nondenumerable are sometimes used in place of
countable and uncountable.

Theorem 2.16. Every subset of a countable set is countable.

Proof. Let S be the given countable set and assume A S. If A is finite, there is
nothing to prove, so we can assume that A is infinite (which means S is also in-
finite). Let s = be an infinite sequence of distinct terms such that

S = {s,, S2, }.

Define a function on the positive integers as follows :
Let k(l) be the smallest positive integer m such that s, a A. Assuming that

k(1), k(2), ... , k(n - 1) have been defined, let k(n) be the smallest positive
integer m > k(n - 1) such that s, e A. Then k is order-preserving: m > n
implies k(m) > k(n). Form the composite function s o k. The domain of s o k is
the set of positive integers and the range of s o k is A. Furthermore, s ° k is one-
to-one, since

implies
s[k(n)] = s[k(m)],

Sk(i) = Sk(m),

which implies k(n) = k(m), and this implies n = m. This proves the theorem.

2.13 UNCOUNTABILITY OF THE REAL NUMBER SYSTEM

The next theorem shows that there are infinite sets which are not countable.

Theorem 2.17. - The set of all real numbers is uncountable.
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Proof. It suffices to show that the set of x satisfying 0 < x < 1 is uncountable.
If the real numbers in this interval were countable, there would be a sequence
s = {sn} whose terms would constitute the whole interval. We shall show that this
is impossible by constructing, in the interval, a real number which is not a term
of this sequence. Write each s as an infinite decimal:

S. = O.un,1un 2un,3 ... ,

where each un,; is 0, 1, ... , or 9. Consider the real number y which has the decimal
expansion

where

v =

y = O.v1v2v3...,

(1, if 1,

12, if u = 1.

Then no term of the sequence can be equal to y, since y differs from s, in the
first decimal place, differs from s2 in the second decimal place, . . . , from s in
the nth decimal place. (A situation like sn = 0.1999... and y = 0.2000.. .

cannot occur here because of the way the v are chosen.) Since 0 < y < 1, the
theorem is proved.

Theorem 2.18. Let Z+ denote the set of all positive integers. Then the cartesian
product Z + x Z + is countable.

Proof. Define a function f on Z+ x Z+ as follows:

f(m, n) = 2'3 if (m, n) e Z+ x Z+.

Then f is one-to-one on Z + x Z + and the range of f is a subset of Z+.

2.14 SET ALGEBRA

Given two sets A, and A2, we define a new set, called the union of A, and A2,
denoted by A, u A2, as follows:

Definition 2.19. The union A, u A2 is the set of those elements which belong
either to A, or to A2 or to both.

This is the same as saying that A, u A2 consists of those elements which belong
to at least one of the sets A,, A2. Since there is no question of order involved in
this definition, the union A 1 u A2 is the same as A2 u A, ; that is, set addition is
commutative. The definition is also phrased in such a way that set addition is
associative:

A, U (A2 u A3) = (A, u A2) u A3.
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The definition of union can be extended to any finite or infinite collection of
sets:

Definition 2.20. If F is an arbitrary collection of sets, then the union of all the sets
in F is defined to be the set of those elements which belong to at least one of the sets
in F, and is denoted by

U A.
AeF

If F is a finite collection of sets, F = {A1, ... , we write

n

U A= U Ak=A,uA2u...uAn.

AeF k=1

If F is a countable collection, F = {A1, A2, ... }, we write

OD

U A= UAk=A,UA2v...

AeF k=1

Definition 2.21. If F is an arbitrary collection of sets, the intersection of all sets in
F is defined to be the set of those elements which belong to every one of the sets in F,
and is denoted by

n A.
AeF

The intersection of two sets A 1 and A 2 is denoted by A 1 n A 2 and consists
of those elements com,.ion to both sets. If A 1 and A2 have no elements in common,
then A 1 n A 2 is the empty set and A 1 and A2 are said to be disjoint. If F is a
finite collection (as above), we write

n

n A = n Ak=A1nA2n...nA.,

AeF k=1

and if F is a countable collection, we write
00

n A= n Ak=A1nA2n...

AeF k=1

If the sets in the collection have no elements in common, their intersection is the
empty set. Our definitions of union and intersection apply, of course, even when
F is not countable. Because of the way we have defined unions and intersections,
the commutative and associative laws are automatically satisfied.

Definition 2.22. The complement of A relative to B, denoted by B - A, is defined
to be the set

B- A = {x:xeB,butx0A}.
Note that B - (B - A) = A whenever A c B. Also note that B - A = B if
B n A is empty.

The notions of union, intersection, and complement are illustrated in Fig. 2.4.
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AuB AnB B-A

Th. 2.23

Figure 2.4

Theorem 2.23. Let F be a collection of sets. Then for any set B, we have

B-UA=n(B-A),
AeF AeF

and

B- nA=U(B-A).
AeF AeF

Proof Let S = UAEF A, T = I IAEF (B - A). If x e B - S, then x e B, but
x f S. Hence, it is not true that x belongs to at least one A in F; therefore x
belongs to no A in F. Hence, for every A in F, x e B - A. But this implies
x e T, so that B - S s T. Reversing the steps, we obtain T s B - S, and this
proves that B - S = T. To prove the second statement, use a similar argument.

2.15 COUNTABLE COLLECTIONS OF COUNTABLE SETS

Definition 2.24. If F is a collection of sets such that every two distinct sets in F are
disjoint, then F is said to be a collection of disjoint sets.

Theorem 2.25. If F is a countable collection of disjoint sets, say F = {A1, A2, ...
such that each set An is countable, then the union Uk

1 Ak is also countable.

Proof. Let A. = {a1,,,, a2,e, a3,n .. }, n = 1, 2, ... , and let S = Uk 1 Ak
Then every element x of S is in at least one of the sets in F and hence x = for
some pair of integers (m, n). The pair (m, n) is uniquely determined by x, since
F is a collection of disjoint sets. Hence the function f defined by f(x) = (m, n) if
x = a.,,,, x e S, has domain S. The rangef(S) is a subset of V x V (where Z+
is the set of positive integers) and hence is countable. But f is one-to-one and there-
fore S - f(S), which means that S is also countable.

Theorem 2.26. If F = JA1, A2, ... } is a countable collection of sets, let
G = {B1, B2, ... }, where B1 = Al and, for n >

U Ak.R-1
k=1

Then G is a collection of disjoint sets, and we have

00

00U Ak = U Bk.
k=1 k=1
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Proof. Each set B. is constructed so that it has no elements in common with the
earlier sets B1, B2, ... , Bn_1. Hence G is a collection of disjoint sets. Let
A = Uk 1 Ak and B = Uk 1 Bk. We shall show that A = B. First of all, if
x e A, then x e Ak for some k. If n is the smallest such k, then x e A but
x 0 Uk=i Ak, which means that x e B,,, and therefore x e B. Hence A c B.
Conversely, if x e B, then x E B for some n, and therefore x E A for this same n.
Thus x e A and this proves that B s A.

Using Theorems 2.25 and 2.26, we immediately obtain

Theorem 2.27. If F is a countable collection of countable sets, then the union of all
sets in F is also a countable set.

Example 1. The set Q of all rational numbers is a countable set.

Proof. Let A denote the set of all positive rational numbers having denominator n.
The set of all positive rational numbers is equal to Uk

1 Ak. From this it follows that
Q is countable, since each A is countable.

Example 2. The set S of intervals with rational endpoints is a countable set.

Proof. Let {x1, X2.... } denote the set of rational numbers and let A. be the set of all
intervals whose left endpoint is x and whose right endpoint is rational. Then A. is
countable and S = Uk 1 Ak.

EXERCISES

2.1 Prove Theorem 2.2. Hint. (a, b) = (c, d) means {{a}, {a, b}} = {{c}, {c, d}}.
Now appeal to the definition of set equality.

2.2 Let S be a relation and let -Q(S) be its domain. The relation S is said to be
i) reflexive if a e -9(S) implies (a, a) e S,

ii) symmetric if (a, b) e S implies (b, a) e S,

iii) transitive if (a, b) e S and (b, c) e S implies (a, c) a S.

A relation which is symmetric, reflexive, and transitive is called an equivalence relation.
Determine which of these properties is possessed by S, if S is the set of all pairs of real
numbers (x, y) such that

a)xsy, b)x<y, c)x<lyl,
d) x2 + y2 = 1, e) x2 + y2 < 0, f) x2 + x = y2 + y.

2.3 The following functions F and G are defined for all real x by the equations given.
In each case where the composite function G o F can be formed, give the domain of
G o F and a formula (or formulas) for (G o F)(x).

a) F(x) = I - x, G(x) = x2 + 2x.
b) F(x) = x + 5, G(x) = Ixl/x, if x j4 0, G(0) = 1.

c) F(x) =- (2x, if 0 < x < 1, G(x)
=

(x2, if 0 S x <_
(1, otherwise, 0, otherwise.
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Find F(x) if G(x) and G[F(x)] are given as follows:

d) G(x) = x3, G[F(x)] = x3 - 3x2 + 3x - 1.
e) G(x) = 3 + x + x2, G[F(x)] = x2 - 3x + 5.

2.4 Given three functions F, G, H, what restrictions must be placed on their domains
so that the following four composite functions can be defined?

GoF, Ho G, H°(GoF), (HoG)oF.

Assuming that H o (G o F) and (H o G) o Fcan be defined, prove the associative law:

Ho(GoF) = (HoG)oF.

2.5 Prove the following set-theoretic identities for union and intersection:

a) Au(BuC) _ (AUB)UC, An(BnC) = (AnB)nC.
b) An(BuC) _ (AnB)u(AnC).
c) (AuB)n(AuC) = Au(BnC).
d) (AvB)n(BvC)n(CvA) _ (AnB)u(AnC)v(BnC).
e) A n (B - C) = (A n B) - (A n C).
f) (A - C) n (B - C) = (A n B) - C.
g) (A - B) u B = A if, and only if, B c A.

2.6 Let f : S -+ T be a function. If A and B are arbitrary subsets of S, prove that

f(A u B) = f(A) v f(B) and f(A n B) c f(A) n f(B).

Generalize to arbitrary unions and intersections.

2.7 Let f : S -. T be a function. If Y s T, we denote by f -'(Y) the largest subset of S
which f maps into Y. That is,

f-'(Y) = {x:xeSand f(x)e Y}.

The set f -'(Y) is called the inverse image of Y under f. Prove the following for arbitrary
subsets X of S and Y of T.

a) X S .f-' [f(X)], b) f'[f-'(Y)] Y,

c) f'' [Yl U Y2] = f-'(Y1) u.f-'(Y2),
d) f-'(Y, n Y2) = f-'(Y1) nf-'(Y2),
e)f-'(T- Y) = S-f-'(Y).
f) Generalize (c) and (d) to arbitrary unions and intersections.

2.8 Refer to Exercise 2.7. Prove that f [f -' (Y) ] = Y for every subset Y of T if, and
only if, T = f(S).
2.9 Let f : S -+ T be a function. Prove that the following statements are equivalent.

a) f is one-to-one on S.

b) f(A n B) = f(A) n f(B) for all subsets A, B of S.

c) f -' [f(A) ] = A for every subset A of S.

d) For all disjoint subsets A and B of S, the images f (A) and f'(B) are disjoint.
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e) For all subsets A and B of S with B - A, we have

f(A - B) = f(A) - f(B).
2.10 Prove that if A B and B - C, then A - C.
2.11 If {l, 2, ... , n} {1, 2, ... , m}, prove that m = n.
2.12 If S is an infinite set, prove that S contains a countably infinite subset. Hint. Choose
an element al in S and consider S - {al }.
2.13 Prove that every infinite set S contains a proper subset similar to S.
2.14 If A is a countable set and B an uncountable set, prove that B - A is similar to B.
2.15 A real number is called algebraic if it is a root of an algebraic equation f(x) = 0,
where f(x) = ao + a1x + - + a"x" is a polynomial with integer coefficients. Prove
that the set of all polynomials with integer coefficients is countable and deduce that the
set of algebraic numbers is also countable.

2.16 Let S be a finite set consisting of n elements and let The the collection of all subsets
of S. Show that T is a finite set and find the number of elements in T.
2.17 Let R denote the set of real numbers and let S denote the set of all real-valued func-
tions whose domain is R. Show that S and R are not equinumerous. Hint. Assume
S - R and let f be a one-to-one function such that f(R) = S. If a e R, let ga = f(a) be
the real-valued function in S which corresponds to the real number a. Now define h by
the equation h(x) = 1 + gx(x) if x e R, and show that h f S.
2.18 Let S be the collection of all sequences whose terms are the integers 0 and 1. Show
that S is uncountable.

2.19 Show that the following sets are countable:
a) the set of circles in the complex plane having rational radii and centers with

rational coordinates,

b) any collection of disjoint intervals of positive length.
2.20 Let f be a real-valued function defined for every x in the interval 0 < x < 1.
Suppose there is a positive number M having the following property: for every choice of
a finite number of points x1, x2, ... , x" in the interval 0 < x < 1, the sum

If(XI) + ... + f(x")l < M.
Let S be the set of those x in 0 < x < 1 for which f(x) j4 0. Prove that S is countable.
2.21 Find the fallacy in the following "proof" that the set of all intervals of positive
length is countable.

Let {x1, x2, ... } denote the countable set of rational numbers and let 1 be any
interval of positive length. Then I contains infinitely many rational points x", but among
these there will be one with smallest index n. Define a function F by means of the equation
F(1) = n, if x" is the rational number with smallest index in the interval 1. This function
establishes a one-to-one correspondence between the set of all intervals and a subset of the
positive integers. Hence the set of all intervals is countable.
2.22 Let S denote the collection of all subsets of a given set T. Let f : S - R be a real-
valued function defined on S. The function f is called additive iff(A U B) = f(A) + f(B)
whenever A and B are disjoint subsets of T. If f is additive, prove that for any two subsets



46 Some Basic Notions of Set Theory

A and B we have

f(A U B) = f(A) + f(B - A) and f(A u B) = f(A) + f(B) - f(A n B).

2.23 Refer to Exercise 2.22. Assume f is additive and assume also that the following
relations hold for two particular subsets A and B of T:

f(A u B) = f(A') + f(B') - f(A')f(B')
f(A n B) = f(A)f(B), f(A) + f(B) 0 f(T),

where A' = T - A, B' = T - B. Prove that these relations determine f (T), and com-
pute the value of f(T).
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CHAPTER 3

ELEMENTS OF
POINT SET TOPOLOGY

3.1 INTRODUCTION

A large part of the previous chapter dealt with "abstract" sets, that is, sets of
arbitrary objects. In this chapter we specialize our sets to be sets of real numbers,
sets of complex numbers, and more generally, sets in higher-dimensional spaces.

In this area of study it is convenient and helpful to use geometric terminology.
Thus, we speak about sets of points on the real line, sets of points in the plane, or
sets of points in some higher-dimensional space. Later in this book we will study
functions defined on point sets, and it is desirable to become acquainted with
certain fundamental types of point sets, such as open sets, closed sets, and compact
sets, before beginning the study of functions. The study of these sets is called
point set topology.

3.2 EUCLIDEAN SPACE Rn

A point in two-dimensional space is an ordered pair of real numbers (x1, x2).
Similarly, a point in three-dimensional space is an ordered triple of real numbers
(x1, x2i x3). It is just as easy to consider an ordered n-tuple of real numbers
(x1i x2, ... , xn) and to refer to this as a point in n-dimensional space.

Definition 3.1. Let n > 0 be an integer. An ordered set of n real numbers
(x1, x2i ... , xn) is called an n-dimensional point or a vector with n components.
Points or vectors will usually be denoted by single bold face letters; for example,

x = (x1, x2, ... , xn) or Y = (Y1, Y2, ... , Yn)

The number xk is called the kth coordinate of the point x or the kth component of
the vector x. The set of all n-dimensional points is called n-dimensional Euclidean
space or simply n-space, and is denoted by R.

The reader may wonder whether there is any advantage in discussing spaces of
dimension greater than three. Actually, the language of n-space makes many
complicated situations much easier to comprehend. The reader is probably familiar
enough with three-dimensional vector analysis to realize the advantage of writing
the equations of motion of a system having three degrees of freedom as a single
vector equation rather than as three scalar equations. There is a similar advantage
if the system has n degrees of freedom.

47
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Another advantage in studying n-space for a general n is that we are able to
deal in one stroke with many properties common to 1-space, 2-space, 3-space,
etc., that is, properties independent of the dimensionality of the space.

Higher-dimensional spaces arise quite naturally in such fields as relativity, and
statistical and quantum mechanics. In fact, even infinite-dimensional spaces are
quite common in quantum mechanics.

Algebraic operations on n-dimensional points are defined as follows:

Definition 3.2. Let x = (x1, ... , x") and y = (yi, ... , y") be in R". We define:

a) Equality:

b) Sum :
x=yif,and only if,x1

X + y = (x1 + Y1, ... , xn + Yn)

c) Multiplication by real numbers (scalars):

ax = (axi, ... , ax") (a real).
d) Difference:

x-y=x+(-1)y.
e) Zero vector or origin:

0 = (01 ...10).
f) Inner product or dot product:

x'Y = xkYk

g) Norm or length:
k=1

IIXiI = (x.x)112 =
xk)1/2

k-1

The norm Ilx - YII is called the distance between x and y.

NOTE. In the terminology of linear algebra, R" is an example of a linear space.

Theorem 3.3. Let x and y denote points in R". Then we have:

a) ll x ll >- O, and II x 11 = 0 if, and only if, x = 0.

b) Ilaxll = Ial IIx11 for every real a.

c) llx - YII = IIY - xll

d) Ix'YI < Ilxll IIYII (Cauchy-Schwarz inequality).

e) Ilx + YII < Ilxll + IIYII (triangle inequality).

Proof. Statements (a), (b) and (c) are immediate from the definition, and the
Cauchy-Schwarz inequality was proved in Theorem 1.23. Statement (e) follows
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from (d) because

n n

llx + y112 = E (xk + Yk)2 = E (x 'k + 2Xk Yk + Y20
k=1 k=1
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= IIx112 + 2x-y + Ily112 <- IIXI12 + 211x11 Ilyll + 11Y112 = (11x11 + Ilyll)2

NOTE. Sometimes the triangle inequality is written in the form

llx - ZII <- llx - Y11 + Ily - Z11.

This follows from (e) by replacing x by x - y and y by y - z. We also have

111X11 - IIY11l s 11X - yll

Definition 3.4. The unit coordinate vector Uk in R" is the vector whose kth com-
ponent is I and whose remaining components are zero. Thus,

U1 = (1,0,...,0), U2 = (0, 1,0,...,0), ...,U" = (0,0,...,0, 1).

If x= (x1, ... , xn) then x = x1u1 + + x"u" and x1 = X'u1, x2 =
X u2, ... , x, = x - u". The vectors u1, ... , u,, are also called basis vectors.

3.3 OPEN BALLS AND OPEN SETS IN R"

Let a be a given point in R" and let r be a given positive number. The set of all
points x in R" such that

llx - all < r,

is called an open n-ball of radius r and center a. We denote this set by B(a) or
by B(a; r).

The ball B(a; r) consists of all points whose distance from a is less than r.
In R1 this is simply an open interval with center at a. In R2 it is a circular disk,
and in R3 it is a spherical solid with center at a and radius r.

3.5 Definition of an interior point. Let S be a subset of R", and assume that a e S.
Then a is called an interior point of S if there is an open n-ball with center at a, all of
whose points belong to S.

In other words, every interior point a of S can be surrounded by an n-ball
B(a)s S. The set of all interior points of S is called the interior of S and is
denoted by int S. Any set containing a ball with center a is sometimes called a
neighborhood of a.

3.6 Definition of an open set. A set S in R" is called open if all its points are interior
points.

NOTE. A set S_is open.if and only if S = int S. (See Exercise 3.9.)
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Examples. In R1 the simplest type of nonempty open set is an open interval. The union
of two or more open intervals is also open. A closed interval [a, b] is not an open set
because the endpoints a and b are not interior points of the interval.

Examples of open sets in the plane are: the interior of a disk; the Cartesian product of
two one-dimensional open intervals. The reader should be cautioned that an open interval
in R1 is no longer an open set when it is considered as a subset of the plane. In fact, no
subset of R1 (except the empty set) can be open in R2, because such a set cannot contain
a 2-ball.

In R" the empty set is open (Why?) as is the whole space R". Every open n-ball
is an open set in R". The cartesian product

(a1, b1) x ... x (a", b")

of n one-dimensional open intervals (a1, b1), ... , (a", b") is an open set in R" called
an n-dimensional open interval. We denote it by (a, b), where a = (a1, ... , a") and
b = (bl,..., b").

The next two theorems show how additional open sets in R" can be constructed
from given open sets.

Theorem 3.7. The union of any collection of open sets is an open set.

Proof. Let Fbe a collection of open sets and let S denote their union, S = UAEF A.
Assume x e S. Then x must belong to at least one of the sets in F, say x e A.
Since A is open, there exists an open n-ball B(x) c A. But A c S, so B(x) c S
and hence x is an interior point of S. Since every point of S is an interior point,
S is open.

Theorem 3.8. The intersection of a finite collection of open sets is open.

Proof. Let S = nk=1 Ak where each Ak is open. Assume x E S. (If S is empty,
there is nothing to prove.) Then x e Ak for every k = 1, 2, ... , m, and hence
there is an open n-ball B(x; rk) c Ak. Let r be the smallest of the positive numbers
r1, r2, ... , rm. Then x e B(x; r) c S. That is, x is an interior point, so S is
open.

Thus we see that from given open sets, new open sets can be formed by taking
arbitrary unions or finite intersections. Arbitrary intersections, on the other hand,
will not always lead to open sets. For example, the intersection of all open intervals
of the form (-1 In, 1 /n), where n = 1, 2, 3, . . . , is the set consisting of 0 alone.

3.4 THE STRUCTURE OF OPEN SETS IN R'

In R1 the union of a countable collection of disjoint open intervals is an open set
and, remarkably enough, every nonempty open set in R1 can be obtained in this
way. This section is devoted to a proof of this statement.

First we introduce the concept of a component interval.
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3.9 Definition of component interval. Let S be an open subset of R'. An open
interval I (which may be finite or infinite) is called a component interval of S if
I c S and if there is no open interval J # 1 such that I s J s S.

In other words, a component interval of S is not a proper subset of any other
open interval contained in S.

Theorem 3.10. Every point of a nonempty open set S belongs to one and only one
component interval of S.

Proof Assume x e S. Then x is contained in some open interval I with I S S.
There are many such intervals but the "largest" of these will be the desired com-
ponent interval. We leave it to the reader to verify that this largest interval is
I. = (a(x), b(x)), where

a(x) = inf {a: (a, x) 9 S}, b(x) = sup (b: (x, b) s S}.
Here a(x) might be - oo and b(x) might be + oo. Clearly, there is no open interval
J such that Ix c J T- S, so Ix is a component interval of S containing x. If Jx
is another component interval of S containing x, then the union Ix U Jx is an
open interval contained in S and containing both Ix and J. Hence, by the defi-
nition of component interval, it follows that Ix u Jx = Ix and Ix u Jx = Jx, so
Ix=Jx.
Theorem 3.11 (Representation theorem for open sets on the real line). Every non-
empty open set S in R1 is the union of a countable collection of disjoint component
intervals of S.

Proof. If x e S, let Ix denote the component interval of S containing x. The union
of all such intervals Ix is clearly S. If two of them, Ix and Iy, have a point in
common, then their union Ix u Iy is an open interval contained in S and containing
both Ix and Iy. Hence I. u Iy = Ix and I. u Iy = Iy so Ix = Iy. Therefore the
intervals Ix form a disjoint collection.

It remains to show that they form a countable collection. For this purpose,
let {x1, x2, x3i .. . } denote the countable set of rational numbers. In each com-
ponent interval Ix there will be infinitely many x,,, but among these there will be
exactly one with smallest index n. We then define a function F by means of the
equation F(II) = n, if x is the rational number in Ix with smallest index n. This
function F is one-to-one since F(Ix) = F(ly) = n implies that Ix and IY have x in
common and this implies Ix = Iy. Therefore F establishes a one-to-one corre-
spondence between the intervals Ix and a subset of the positive integers. This
completes the proof.

NOTE. This representation of S is unique. In fact, if S is a union of disjoint open
intervals, then these intervals must be the component intervals of S. This is an
immediate consequence of Theorem 3.10.

If S is an open interval, then the representation contains only one component
interval, namely S itself. Therefore an open interval in R1 cannot be expressed as
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the union of two nonempty disjoint open sets. This property is also described by
saying that an open interval is connected. The concept of connectedness for sets
in R" will be discussed further in Section 4.16.

3.5 CLOSED SETS

3.12 Definition of a closed set. A set S in R" is called closed if its complement
R" - S is open.

Examples. A closed interval [a, b] in R' is a closed set. The cartesian product

[a1, b1 ] x ... x [an, bn]

of n one-dimensional closed intervals is a closed set in R" called an n-dimensional closed
interval [a, b].

The next theorem, a consequence of Theorems 3.7 and 3.8, shows how to
construct further closed sets from given ones.

Theorem 3.13. The union of a finite collection of closed sets is closed, and the
intersection of an arbitrary collection of closed sets is closed.

A further relation between open and closed sets is described by the following
theorem.

Theorem 3.14. If A is open and B is closed, then A - B is open and B - A is
closed.

Proof. We simply note that A - B = A r (R" - B), the intersection of two
open sets, and that B - A = B r (R" - A), the intersection of two closed sets.

3.6 ADHERENT POINTS. ACCUMULATION POINTS

Closed sets can also be described in terms of adherent points and accumulation
points.

3.15 Definition of an adherent point. Let S be a subset of R", and x a point in R",
x not necessarily in S. Then x is said to be adherent to S if every n-ball B(x) contains
at least one point of S.

Examples

1. If x e S, then x adheres to S for the trivial reason that every n-ball B(x) contains x.

2. If S is a subset of R which is bounded above, then sup S is adherent to S.

Some points adhere to S because every ball B(x) contains points of S distinct
from x. These are called accumulation points.

3.16 Definition of an accumulation point. If S c R" and x e R", then x is called
an accumulation point of S if every n-ball B(x) contains at least one point of S
distinct from x.
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In other words, x is an accumulation point of S if, and only if, x adheres to
S - {x}. If x e S but x is not an accumulation point of S, then x is called an
isolated point of S.

Examples

1. The set of numbers of the form 1/n, n = 1, 2, 3, ... , has 0 as an accumulation point.
2. The set of rational numbers has every real number as an accumulation point.

3. Every point of the closed interval [a, b] is an accumulation point of the set of num-
bers in the open interval (a, b).

Theorem 3.17. If x is an accumulation point of S, then every n-ball B(x) contains
infinitely many points of S.

Proof. Assume the contrary; that is, suppose an n-ball B(x) exists which contains
only a finite number of points of S distinct from x, say a,, a2, ... , am. If r denotes
the smallest of the positive numbers

Ilx-a,11, Ilx-a211, ..., IIx - amll,

then B(x; r/2) will be an n-ball about x which contains no points of S distinct
from x. This is a contradiction.

This theorem implies, in particular, that a set cannot have an accumulation
point unless it contains infinitely many points to begin with. The converse, how-
ever, is not true in general. For example, the set of integers {1, 2, 3, . .. } is an
infinite set with no accumulation points. In a later section we will show that
infinite sets contained in some n-ball always have an accumulation point. This is
an important result known as the Bolzano-Weierstrass theorem.

3.7 CLOSED SETS AND ADHERENT POINTS

A closed set was defined to be the complement of an open set. The next theorem
describes closed sets in another way.

Theorem 3.18. A set S in R" is closed if, and only if, it contains all its adherent
points.

Proof. Assume S is closed and let x be adherent to S. We wish to prove that x e S.
We assume x 0 S and obtain a contradiction. If x 0 S then x e R" - S and, since
R" - S is open, some n-ball B(x) lies in R" - S. Thus B(x) contains no points of
S, contradicting the fact that x adheres to S.

To prove the converse, we assume S contains all its adherent points and show
that S is closed. Assume x e R" - S. Then x 0 S, so x does not adhere to S.
Hence some ball B(x) does not intersect S, so B(x) c R" - S. Therefore R" - S
is open, and hence S is closed.

3.19 Definition of closure. The set of all adherent points of a set S is called the
closure of S and is denoted by S.
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For any set we have S E- S since every point of S adheres to S. Theorem 3.18
shows that the opposite inclusion S c S holds if and only if S is closed. Therefore
we have:

Theorem 3.20. A set S is closed if and only if S = S.

3.21 Definition of derived set. The set of all accumulation points of a set S is
called the derived set of S and is denoted by S'.

Clearly, we have S = S u S' for any set S. Hence Theorem 3.20 implies that
S is closed if and only if S' S. In other words, we have:

Theorem 3.22. A set S in R" is closed if, and only if, it contains all its accumulation
points.

3.8 THE BOLZANO-WEIERSTRASS THEOREM

3.23 Definition of'a bounded set. A set Sin R" is said to be bounded if it lies entirely
within an n-ball B(a; r) for some r > 0 and some a in R".

Theorem 3.24 (Bolzano-Weierstrass). If a bounded set S in R" contains infinitely
many points, then there is at least one point in R" which is an accumulation point of S.

Proof To help fix the ideas we give the proof first for R1. Since S is bounded,
it lies in some interval [ -a, a]. At least one of the subintervals [ - a, 0] or [0, a]
contains an infinite subset of S. Call one such subinterval [a1, b1]. Bisect [a1, b1]
and obtain a subinterval [a2, b2] containing an infinite subset of S, and continue
this process. In this way a countable collection of intervals is obtained, the nth
interval [an, bn] being of length b" - an = a/2n-1. Clearly, the sup of the left
endpoints an and the inf of the right endpoints bn must be equal, say to x. [Why
are they equal?] The point x will be an accumulation point of S because, if r is
any positive number, the interval [a", b"] will be contained in B(x; r) as soon as n
is large enough so that bn - an < r/2. The interval B(x; r) contains a point of S
distinct from x and hence x is an accumulation point of S. This proves the theorem
for R1. (Observe that the accumulation point x may or may not belong to S.)

Next we give a proof for R", n > 1, by an extension of the ideas used in treating
R1. (The reader may find it helpful to visualize the proof in R2 by referring to
Fig. 3.1.)

Since S is bounded, S lies in some n-ball B(0; a), a > 0, and therefore within
the n-dimensional interval J1 defined by the inequalities

- a < xk 5 a (k = 1, 2, ... , n).

Here J1 denotes the cartesian product

J1 = 1(1) x IZ1) x ... X IM.

that is, the set of points (x1, . . . , xn), where xk e I,") and where each Ikl) is a
one-dimensional interval -a < xk < a. Each interval IV) can be bisected to
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Figure 3.1

form two subintervals Ikll and I"), defined by the inequalities

lill : -a < xk < 0; Ik2 : 0 < xk < a.

Next, we consider all possible cartesian products of the form

lik, X IZ 2 X X (a)

where each k; = 1 or 2. There are exactly 2" such products and, of course, each
such product is an n-dimensional interval. The union of these 2" intervals is the
original interval J1, which contains S; and hence at least one of the 2" intervals in
(a) must contain infinitely many points of S. One of these we denote by J2, which
can then be expressed as

JZ = Ii 2) x 122) X ... X j,((2),

where each Ik2) is one of the subintervals of Ik1) of length a. We now proceed
with J2 as we did with J1, bisecting each interval Ik2) and arriving at an n-dimen-
sional interval J3 containing an infinite subset of S. If we continue the process,
we obtain a countable collection of n-dimensional intervals J1, J2, J3, ... , where
the mth interval J," has the property that it contains an infinite subset of S and
can be expressed in the form

J. = I(-) X I2(M) x . X Iwhere Ikm) Ik1)

Writing

we have

1(m) = [a(m) b(m)7k k , k '

bim) - aim) = 2^a _2
(k = 1, 2, .

, n).

For each fixed k, the sup of all left endpoints aim), (m = 1, 2, ... ), must therefore
be equal to the-inf of all right endpoints b(m), (m = 1, 2,... ), and their common
value we denote by tk. We now assert that the point t = (t1, t2, ... , t") is an
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accumulation point of S. To see this, take any n-ball B(t; r). The point t, of
course, belongs to each of the intervals J1, J2, ... constructed above, and when
m is such that a/2' -2 < r/2, this neighborhood will include J
contains infinitely many points of S, so will B(t; r), which proves that t is indeed
an accumulation point of S.

3.9 THE CANTOR INTERSECTION THEOREM

As an application of the Bolzano-Weierstrass theorem we prove the Cantor
intersection theorem.

Theorem 3.25. Let {Q1, Q2, ... } be a countable collection of nonempty sets in R"
such that:

i) Qk+1 C Qk (k = 1, 2, 3, ... ).
ii) Each set Qk is closed and Q1 is bounded.

Then the intersection nk 1 Qk is closed and nonempty.

Proof. Let S = nk 1 Qk. Then S is closed because of Theorem 3.13. To show
that S is nonempty, we exhibit a point x in S. We can assume that each Qk con-
tains infinitely many points; otherwise the proof is trivial. Now form a collection
of distinct points A = {x1, x2, ... }, where Xk a Qk. Since A is an infinite set
contained in the bounded set Q1, it has an accumulation point, say x. We shall
show that x e S by verifying that x e Qk for each k. It will suffice to show that x
is an accumulation point of each Qk, since they are all closed sets. But every
neighborhood of x contains infinitely many points of A, and since all except
(possibly) a finite number of the points of A belong to Qk, this neighborhood also
contains infinitely many points of Qk. Therefore x is an accumulation point of
Qk and the theorem is proved.

3.10 THE LINDELOF COVERING THEOREM

In this section we introduce the concept of a covering of a set and prove the
Lindelof covering theorem. The usefulness of this concept will become apparent
in some of the later work.

3.26 Definition of a covering. A collection F of sets is said to be a covering of a
given set S if S c A. The collection F is also said to cover S. If F is a
collection of open sets, then F is called an open covering of S.

Examples

1. The collection of all intervals of the form 1/n < x < 2/n, (n = 2, 3, 4.... ), is an
open covering of the interval 0 < x < 1. This is an example of a countable covering.

2. The real line R1 is covered by the collection of all open intervals (a, b). This covering
is not countable. However, it contains a countable covering of R1, namely, all inter-
vals of the form (n, n + 2), where n runs through the integers.
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3. Let S = {(x, y) : x > 0, y > 0}. The collection F of all circular disks with centers
at (x, x) and with radius x, where x > 0, is a covering of S. This covering is not
countable. However, it contains a countable covering of S, namely, all those disks
in which x is rational. (See Exercise 3.18.)

The Lindelof covering theorem states that every open covering of a set S in W
contains a countable subcollection which also covers S. The proof makes use of
the following preliminary result :

Theorem 3.27 Let G = {A1, A2, ... } denote the countable collection of all n-
balls having rational radii and centers at points with rational coordinates. Assume
x e R" and let S be an open set in R" which contains x. Then at least one of the
n-balls in G contains x and is contained in S. That is, we have

x e Ak 9 S for some Ak in G.

Proof. The collection G is countable because of Theorem 2.27. If x e R" and if S
is an open set containing x, then there is an n-ball B(x; r) S S. We shall find a
point y in S with rational coordinates that is "near" x and, using this point as
center, will then find a neighborhood in G which lies within B(x; r) and which
contains x. Write

x = (x1,x2,...,x"),

and let yk be a rational number such that IYk - xkl < rl(4n) for each
k = 1, 2, ... , n. Then

IIY-xII<IY1-x1I+...+IY"-xnI<r
4

Next, let q be a rational number such that r/4 < q < r/2. Then x e B(y; q) and
B(y; q) c B(x; r) c S. But B(y; q) e G and hence the theorem is proved.
(See Fig. 3.2 for the situation in R2.)

B(y; q)

Figure 3.2

Theorem 3.28 (Lindelof covering theorem). Assume A c R" and let F be an open
covering of A. Then there is a countable subcollection of F which also covers A.

Proof. Let G = {A1, A2, ... } denote the countable collection of all n-balls
having rational centers and rational radii. This set G will be used to help us extract
a countable subcollection of F which covers A.
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Assume x e A. Then there is an open set S in F such that x e S. By Theorem
3.27 there is an n-ball Ak in G such that x e Ak S S. There are, of course, infinitely
many such At corresponding to each S, but we choose only one of these, for ex-
ample, the one of smallest index, say m = m(x). Then we have x e Am(X) c S.
The set of all n-balls Am(x) obtained as x varies over all elements of A is a countable
collection of open sets which covers A. To get a countable subcollection of F
which covers A, we simply correlate to each set Ak(X) one of the sets S of -F which
contained Ak(X). This completes the proof.

3.11 THE HEINE-BOREL COVERING THEOREM

The Lindelof covering theorem states that from any open covering of an arbitrary
set A in R" we can extract a countable covering. The Heine-Borel theorem tells
us that if, in addition, we know that A is closed and bounded, we can reduce the
covering to a finite covering. The proof makes use of the Cantor intersection
theorem.

Theorem 3.29 (Heine-Borel). Let F be an open covering of a closed and bounded
set A in R". Then a finite subcollection of F also covers A.

Proof. A countable subcollection of F, say {I1, I2, ... }, covers A, by Theorem
3.28. Consider, for m > 1, the finite union

m

Sm U Ik
k=1

This is open, since it is the union of open sets. We shall show that for some value
of m the union S. covers A.

For this purpose we consider the complement R" - Sm, which is closed.
Define a countable collection of sets {Q1i Q2,... } as follows: Q1 = A, and for
m > 1,

Qm=An(R"-Sm).
That is, Q. consists of those points of A which lie outside of Sm. If we can show that
for some value of m the set Q. is empty, then we will have shown that for this m
no point of A lies outside Sm; in other words, we will have shown that some S.
covers A.

Observe the following properties of the sets Qm : Each set Q. is closed, since
it is the intersection of the closed set A and the closed set R" - Sm. The sets Qm
are decreasing, since the S. are increasing; that is, Qm+ 1 Ez Qm. The sets Qm,
being subsets of A, are all bounded. Therefore, if no set Q. is empty, we can apply
the Cantor intersection theorem to conclude that the intersection nk 1 Qk is
also not empty. This means that there is some point in A which is in all the sets
Qm, or, what is the same thing, outside all the sets Sm. But this is impossible, since
A a Uk 1 Sk. _ Therefore some Qm must be empty, and this completes the proof.
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3.12 COMPACTNESS IN R"

We have just seen that if a set S in R" is closed and bounded, then any open
covering of S can be reduced to a finite covering. It is natural to inquire whether
there might be sets other than closed and bounded sets which also have this
property. Such sets will be called compact.

3.30 Definition of a compact set. A set S in R" is said to be compact if, and only if,
every open covering of S contains a finite subcover, that is, a finite subcollection which
also covers S.

The Heine-Borel theorem states that every closed and bounded set in R" is
compact. Now we prove the converse result.

Theorem 3.31. Let S be a subset of R". Then the following three statements are
equivalent:

a) S is compact.

b) S is closed and bounded.

c) Every infinite subset of S has an accumulation point in S.

Proof. As noted above, (b) implies (a). If we prove that (a) implies (b), that (b)
implies (c) and that (c) implies (b), this will establish the equivalence of all three
statements.

Assume (a) holds. We shall prove first that S is bounded. Choose a point p
in S. The collection of n-balls B(p; k), k = 1, 2, ... , is an open covering of S.
By compactness a finite subcollection also covers S and hence S is bounded.

Next we prove that S is closed. Suppose S is not closed. Then there is an
accumulation point y of S such that y f S. If x e S, let rx = IIx - y11/2. Each rX
is positive since y 0 S and the collection {B(x; rx) : x e S} is an open covering of
S. By compactness, a finite number of these neighborhoods cover S, say

P
S U B(xk; rk).

k=1

Let r denote the smallest of the radii r1, r2, ... , r,,. Then it is easy to prove that
the ball B(y; r) has no points in common with any of the balls B(xk; rk). In fact,
if x e B(y; r), then llx - yll < r 5 rk, and by the triangle inequality we have
IIY - xkll < IIY - xil + IIx - xkll, So

IIx - xkll >- IIY - xkll - IN -Y II = 2rk - IIx - yll > rk
Hence x 0 B(xk; rk). Therefore B(y; r) n S is empty, contradicting the fact that
y is an accumulation point of S. This contradiction shows that S is closed and hence
(a) implies (b).

Assume (b) holds. In this case the proof of (c) is immediate, because if T is
an infinite subset of S then T is bounded (since S is bounded), and hence by the
Bolzano-Weierstrass theorem T has an accumulation point x, say. Now x is also
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an accumulation point of S and hence x e S, since S is closed. Therefore (b)
implies (c).

Assume (c) holds. We shall prove (b). If S is unbounded, then for every
m > 0 there exists a point xm in S with I I xm I I > m. The collection T = {x 1, x2, ... }

is an infinite subset of S and hence, by (c), T has an accumulation point y in S.
But form > 1 + IIYII we have

Ilxm - YII >- Ilxmll - IIYII > m - IIYII > 1,

contradicting the fact that y is an accumulation point of T. This proves that S is
bounded.

To complete the proof we must show that S is closed. Let x be an accumulation
point of S. Since every neighborhood of x contains infinitely many points of S,
we can consider the neighborhoods B(x; 1/k), where k = 1 , 2, ... , and obtain a
countable set of distinct points, say T = {x1, x2i ... }, contained in S, such that
xk a B(x; 1/k). The point x is also an accumulation point of T. Since T is an
infinite subset of S, part (c) of the theorem tells us that T must have an accumula-
tion point in S. The theorem will then be proved if we show that x is the only
accumulation point of T.

To do this, suppose that y 0 x. Then by the triangle inequality we have

IIY - xll < 11Y - xkil + Ilxk - xII < IIY - xkll + 1/k, if xk a T.

If ko is taken so large that 1/k < illy - xII whenever k >- ko, the last inequality
leads to II y - x11 < 11 Y - xk II . This shows that xk 0 B(y; r) when k >- ko, if
r = illy - xII Hence y cannot be an accumulation point of T. This completes
the proof that (c) implies (b).

3.13 METRIC SPACES

The proofs of some of the theorems of this chapter depend only on a few properties
of the distance between points and not on the fact that the points are in R". When
these properties of distance are studied abstractly they lead to the concept of a
metric space.

3.32 Definition of a metric space. A metric space is a nonempty set M of objects
(called points) together with a function d from M x M to R (called the metric of
the space) satisfying the following four properties for all points x, y, z in M:

1. d(x, x) = 0.

2. d(x, y) > O if x # y.
3. d(x, y) = d(y, x).
4. d(x, y) 5 d(x, z) + d(z, y).

The nonnegative number d(x, y) is to be thought of as the distance from x to
y. In these terms the intuitive meaning ofproperties 1 through 4 is clear. Property
4 is called the triangle inequality.
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We sometimes denote a metric space by (M, d) to emphasize that both the set
M and the metric d play a role in the definition of a metric space.

Examples

1. M = R"; d(x, y) = IIx - y1I. This is called the Euclidean metric. Whenever we refer
to Euclidean space R", it will be understood that the metric is the Euclidean metric
unless another metric is specifically mentioned.

2. M = C, the complex plane; d(zl, z2) = IZ1 - Z2i. As a metric space, C is indistin-
guishable from Euclidean space R2 because it has the same points and the same metric.

3. Many nonempty set; d(x, y) = 0 if x = y, d(x, y) = I if x :;6 y. This is called the
discrete metric, and (M, d) is called a discrete metric space.

4. If (M, d) is a metric space and if S is any nonempty subset of M, then (S, d) is also a
metric space with the same metric or, more precisely, with the restriction of d to
S x S as metric. This is sometimes called the relative metric induced by don S, and
S is called a metric subspace of M. For example, the rational numbers Q with the
metric d(x, y) = Ix - yI form a metric subspace of R.

5. M=R 2 ; d(x, y) = (x1 - yl)2 + 4(x2 - y2)2, where x = (x1, x2) and y =
(yl, y2). The metric space (M, d) is not a metric subspace of Euclidean space R2
because the metric is different.

6. M = {(x1, x2) : xi + x2 = 1 }, the unit circle in R2 ; d(x, y) = the length of the
smaller arc joining the two points x and y on the unit circle.

7. M = 01, x2, x3) : x1 + x2 + x3 = 1), the unit sphere in R3; d(x, y) = the length
of the smaller arc along the great circle joining the two points x and y.

8. M = R";d(x,y) = Ixl - .l +...+ Ixn - yni.

9. M = R"; d(x, y) = max {Ixl - yl i+ , Ixn - ynl }

3.14 POINT SET TOPOLOGY IN METRIC SPACES

The basic notions of point set topology can be extended to an arbitrary metric
space (M, d).

If a e M, the ball B(a; r) with center a and radius r > 0 is defined to be the
set of all x in M such that

d (x, a) < r.

Sometimes we denote this ball by BM(a; r) to emphasize the fact that its points
come from M. If S is a metric subspace of M, the ball Bs(a; r) is the intersection
of S with the ball BM(a; r).

Examples. In Euclidean space R' the ball B(0; 1) is the open interval (-1, 1). In the
metric subspace S = [0, 1 ] the ball Bs(0; 1) is the half-open interval [0, 1).

NOTE. The geometric appearance of a ball in R" need not be "spherical" if the
metric is not the Euclidean metric. (See Exercise 3.27.)

If S c M, a point a in S is called an interior point of S if some ball BM(a; r)
lies entirely in S. The interior, int S, is the set of interior points of S. A set S is
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called open in M if all its points are interior points; it is called closed in M if M - S
is open in M.

Examples.

1. Every ball BM(a; r) in a metric space M is open in M.

2. In a discrete metric space M every subset S is open. In fact, if x e S, the ball B(x; f)
consists entirely of points of S (since it contains only x), so S is open. Therefore every
subset of M is also closed!

3. In the metric subspace S = [0, 1 ] of Euclidean space R', every interval of the form
[0, x) or (x, 1 ], where 0 < x < 1, is an open set in S. These sets are not open in R'.

Example 3 shows that if S is a metric subspace of M the open sets in S need
not be open in M. The next theorem describes the relation between open sets in
M and those in S.

Theorem 3.33. Let (S, d) be a metric subspace of (M, d), and let X be a subset of
S. Then X is open in S if, and only if,

X=AnS
for some set A which is open in M.

Proof. Assume A is open in M and let X = A n S. If x e X, then x e A so
BM(x; r) A for some r > 0. Hence Bs(x; r) = BM(x; r) n S s A n S = X
so X is open in S.

Conversely, assume X is open in S. We will show that X = A n S for some
open set A in M. For every x in X there is a ball Bs(x; rx) contained in X. Now
Bs(x; rx) = BM(x; rx) n S, so if we let

A = U BM(x ; rx),
xeX

then A is open in M and it is easy to verify that A n S = X.

Theorem 3.34. Let (S, d) be a metric subspace of (M, d) and let Y be a subset of
S. Then Y is closed in S if, and only if, Y = B n S for some set B which is closed
in M.

Proof If Y = B n S, where B is closed in MM then B = M - A where A is open
in M so Y = S n B = S n (M - A) = S - A ; hence Y is closed in S.

Conversely, if Y is closed in S, let X = S - Y. Then X is open in S so X =
A n S, where A is open in M and

Y=S-X=S-(AnS)=S-A=Sn(M-A)=SnB,
where B = M - A is closed in M. This completes the proof.

If S M, a point x in M is called an adherent point of S if every ball BM(x; r)
contains at least one point of S. If x adheres to S - {x} then x is called an
accumulation point of S. The closure S of S is the set of all adherent points of S,
and the derived set S' is the set of all accumulation points of S. Thus, S = S v S'.
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The following theorems are valid in every metric space (M, d) and are proved
exactly as they were for Euclidean space W. In the proofs, the Euclidean distance
llx - yll need only be replaced by the metric d(x, y).

Theorem 3.35. a) The union of any collection of open sets is open, and the inter-
section of a finite collection of open sets is open.

b) The union of a finite collection of closed sets is closed, and the intersection of any
collection of closed sets is closed.

Theorem 3.36. If A is open and B is closed, then A - B is open and B - A is
closed.

Theorem 3.37. For any subset S of M the following statements are equivalent:

a) S is, closed in M.

b) S contains all its adherent points.

c) S contains all its accumulation points.

d) S = S.

Example. Let M = Q, the set of rational numbers, with the Euclidean metric of R'.
Let S consist of all rational numbers in the open interval (a, b), where both a and b are
irrational. Then S is a closed subset of Q.

Our proofs of the Bolzano-Weierstrass theorem, the Cantor intersection
theorem, and the covering theorems of Lindelof and Heine-Borel used not only the
metric properties of Euclidean space W but also special properties of R" not gen-
erally valid in an arbitrary metric space (M, d). Further restrictions on M are
required to extend these theorems to metric spaces. One of these extensions is
outlined in Exercise 3.34.

The next section describes compactness in an arbitrary metric space.

3.15 COMPACT SUBSETS OF A METRIC SPACE

Let (M, d) be a metric space and let S be a subset of M. A collection F of open
subsets of M is said to be an open covering of S if S c UAeF A.

A subset S of M is called compact if every open covering of S contains a finite
subcover. S is called bounded if S c B(a; r) for some r > 0 and some a in M.

Theorem 3.38. Let S be a compact subset of a metric space M. Then:

i) S is closed and bounded.

ii) Every infinite subset of S has an accumulation point in S.

Proof. To prove (i) we refer to the proof of Theorem 3.31 and use that part of the
argument which showed that (a) implies (b). The only change is that the Euclidean
distance llx - yll is to be replaced throughout by the metric d(x, y).
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To prove (ii) we argue by contradiction. Let T be an infinite subset of S and
assume that no point of S is an accumulation point of T. Then for each point x in
S there is a ball B(x) which contains no point of T (if x 0 T) or exactly one point
of T (x itself, if x e T). As x runs through S, the union of these balls B(x) is an
open covering of S. Since S is compact, a finite subcollection covers S and hence
also covers T. But this is a contradiction because T is an infinite set and each ball
contains at most one point of T.

NOTE. In Euclidean space R", each of properties (i) and (ii) is equivalent to com-
pactness (Theorem 3.31). In a general metric space, property (ii) is equivalent to
compactness (for a proof see Reference 3.4), but property (i) is not. Exercise 3.42
gives an example of a metric space M in which certain closed and bounded subsets
are not compact.

Theorem 3.39. Let X be a closed subset of a compact metric space M. Then X is
compact.

Proof. Let F be an open covering of X, say X c UAEF A. We will show that a
finite number of the sets A cover X. Since X is closed its complement M - X is
open, so F u {(M - X)} is an open covering of M. But M is compact, so this
covering contains a finite subcover which we can assume includes M - X. There-
fore

This subcover also covers X and, since M - X contains no points of X, we can
delete the set M - X from the subcover and still cover X. Thus X c A 1 u u AP
so X is compact.

3.16 BOUNDARY OF A SET

Definition 3.40. Let S be a subset of a metric space M. A point x in M is called a
boundary point of S if every ball BM(x; r) contains at least one point of S and at
least one point of M - S. The set of all boundary points of S is called the boundary
of S and is denoted by as.

The reader can easily verify that

BS= Sr M - S.
This formula shows that as is closed in M.

Example In R", the boundary of a ball B(a; r) is the set of points x such that l!x - all = r.
In R', the boundary of the set of rational numbers is all of R'.

Further properties of metric spaces are developed in the Exercises and also in
Chapter 4.
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Open and closed sets in R' and R2

3.1 Prove that an open interval in R' is an open set and that a closed interval is a closed
set.

3.2 Determine all the accumulation points of the following sets in R' and decide whether
the sets are open or closed (or neither).

a) All integers.

b) The interval (a, b].

c) All numbers of the form 1/n, (n = 1, 2, 3, ... ).
d) All rational numbers.

e) All numbers of the form 2-" + 5-1, (m, n = 1, 2, ... ).
f) All numbers of the form (- 1)" + (1/m), (m, n = 1, 2, ...
g) All numbers of the form (1/n) + (1/m), (m, n = 1, 2, ... ).
h) All numbers of the form (-1)"/[1 + (1/n)], (n = 1, 2, ... ).

3.3 The same as Exercise 3.2 for the following sets in R2:

a) All complex z such that Iz I > 1.

b) All complex z such that Iz I >- 1.

c) All complex numbers of the form (1/n) + (i/m), (m, n = 1 , 2, ... ).

d) All points (x, y) such that x2 - y2 < 1.
e) All points (x, y) such that x > 0.
f) All points (x, y) such that x >- 0.

3.4 Prove that every nonempty open set S in R' contains both rational and irrational
numbers.

3.5 Prove that the only sets in R' which are both open and closed are the empty set and
R' itself. Is a similar statement true for R2?

3.6 Prove that every closed set in R' is the intersection of a countable collection of open
sets.

3.7 Prove that a nonempty, bounded closed set S in R' is either a closed interval, or that
S can be obtained from a closed interval by removing a countable disjoint collection of
open intervals whose endpoints belong to S.

Open and closed sets in R"

3.8 Prove that open n-balls and n-dimensional open intervals are open sets in R.

3.9 Prove that the interior of a set in R" is open in R".

3.10 If S 9 R", prove that int S is the union of all open subsets of R" which are contained
in S. This is described by saying that int S is the largest open subset of S.

3.11 If S and Tare subsets of R", prove that

(int S) n (int T) = int (S n T), and (int S) v (int T) s int (S U T).



66 Elements of Point Set Topology

3.12 Let S' denote the derived set and S the closure of a set S in W. Prove that:

a) S' is closed in R"; that is, (S')' si S'.
b) If S s T, then S' s T'. c) (S v T)' = S' v T'.
d) (S)' = S'. e) S is closed in R".

f) S is the intersection of all closed subsets of R" containing S. That is, S is the
smallest closed set containing S.

3.13 Let S and T be subsets of R. Prove that S n T s S n T and that S n T S S-r )T
if S is open.

NOTE. The statements in Exercises 3.9 through 3.13 are true in any metric space.

3.14 A set S in R" is called convex if, for every pair of points x and y in S and every real
6 satisfying 0 < 0 < 1, we have Ox + (1 - 0)y c S. Interpret this statement geometric-
ally (in R2 and R3) and prove that:

a) Every n-ball in R" is convex.

b) Every n-dimensional open interval is convex.

c) The interior of a convex set is convex.

d) The closure of a convex set is convex.

3.15 Let F be a collection of sets in R", and let S = UA E F A and T = nA E F A. For
each of the following statements, either give a proof or exhibit a counterexample.

a) If x is an accumulation point of T, then x is an accumulation point of each set
A in F.

b) If x is an accumulation point of S, then x is an accumulation point of at least one
set A in F.

3.16 Prove that the set S of rational numbers in the interval (0, 1) cannot be expressed
as the intersection of a countable collection of open sets. Hint. Write S = {x1, X2.... },
assume S = nk 1 Sk, where each Sk is open, and construct a sequence {Q"} of closed
intervals such that Q"+ 1 s Q. s S. and such that x" 0 Q. Then use the Cantor inter-
section theorem to obtain a contradiction.

Covering theorems in R"

3.17 If S s R", prove that the collection of isolated points of S is countable.

3.18 Prove that the set of open disks in the xy-plane with center at (x, x) and radius
x > 0, x rational, is a countable covering of the set {(x, y) : x > 0, y > 0}.
3.19 The collection F of open intervals of the form (1/n, 2/n), where n = 2, 3, ... , is an
open covering of the open interval (0, 1). Prove (without using Theorem 3.31) that no
finite subcollection of Fcovers (0, 1).

3.20 Give an example of a set S which is closed but not bounded and exhibit a countable
open covering F such that no finite subset of F covers S.

3.21 Given a set. S in R" with the property that for every x in S there is an n-ball B(x)
such that B(x) n S is countable. Prove that S is countable.

3.22 Prove that a collection of disjoint open sets in R" is necessarily countable. Give an
example of a collection of disjoint closed sets which is not countable.
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3.23 Assume that S Si R". A point x in R" is said to be a condensation point of S if every
n-ball B(x) has the property that B(x) n S is not countable. Prove that if S is not count-
able, then there exists a point x in S such that x is a condensation point of S.

3.24 Assume that S c R" and assume that S is not countable. Let T denote the set of
condensation points of S. Prove that:

a) S - T is countable, b) S n T is not countable,
c) T is a closed set, d) T contains no isolated points.

Note that Exercise 3.23 is a special case of (b).

3.25 A set in R" is called perfect if S = S', that is, if S is a closed set which contains no
isolated points. Prove that every uncountable closed set F in R" can be expressed in the
form F = A U B, where A is perfect and B is countable (Cantor-Bendixon theorem).

Hint. Use Exercise 3.24.

Metric spaces

3.26 In any metric space (M, d), prove that the empty set 0 and the whole space M are
both open and closed.

3.27 Consider the following two metrics in R":
n

d1(x, y) = max lxi - ytI, d2(x, y) _ lxi - yil15isn i=1

In each of the following metric spaces prove that the ball has the geometric
appearance indicated :

a) In (R2, d1), a square with sides parallel to the coordinate axes.

b) In (R2, d2), a square with diagonals parallel to the axes.

c) A cube in (R3, d1).

d) An octahedron in (R3, d2).

3.28 Let d1 and d2 be the metrics of Exercise 3.27 and let lix - yll denote the usual
Euclidean metric. Prove the following inequalities for all x and y in R":

d1(x, y) 5 lix - YIl <- d2(x, y) and d2(x, y) -Jnllx - Yll <_ nd1(x, y).

3.29 If (M, d) is a metric space, define

d '(x, y) =
d (x, y)

1 + d(x, y)

Prove that d' is also a metric for M. Note that 0 < d'(x, y) < 1 for all x, y in M.

3.30 Prove that every finite subset of a metric space is closed.

3.31 In a metric space (M, d) the closed ball of radius r > 0 about a point a in M is the
set B(a; r) = {x: d(x, a) < r }.

a) Prove that f(a; r) is a closed set.

b) Give an example of a metric space in which .9(a; r) is not the closure of the open
ball B(a; r).
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3.32 In a metric space M, if subsets satisfy A S S s A, where A is the closure of A, th
A is said to be dense in S. For example, the set Q of rational numbers is dense in R.
A is dense in S and if S is dense in T, prove that A is dense in T.

3.33 Refer to Exercise 3.32. A metric space M is said to be separable if there is a counta,
subset A which is dense in M. For example, R is separable because the set Q of ratios
numbers is a countable dense subset. Prove that every Euclidean space R' is separable.

3.34 Refer to Exercise 3.33. Prove that the Lindelof covering theorem (Theorem 3.:
is valid in any separable metric space.

3.35 Refer to Exercise 3.32. If A is dense in S and if B is open in S, prove that B c A n

Hint. Exercise 3.13.

3.36 Refer to Exercise 3.32. If each of A and B is dense in S and if B is open in S, prc
that A n B is dense in S.
3.37 Given two metric spaces (Si, dl) and (S2, d2), a metric p for the Cartesian prods
S, x S2 can be constructed from d, and d2 in many ways. For example, if x = (x,,
and y = (y,, y2) are in S, X S2, let p(x, y) = d&,, y,) + d2(x2, y2). Prove that u
a metric for S, x S2 and construct further examples.

Compact subsets of a metric space

Prove each of the following statements concerning an arbitrary metric space (M, d) a
subsets S, T of M.

3.38 Assume S c T S M. Then S is compact in (M, d) if, and only if, S is compact
the metric subspace (T, d).

3.39 If S is closed and T is compact, then S r T is compact.
3.40 The intersection of an arbitrary collection of compact subsets of M is compact

3.41 The union of a finite number of compact subsets of M is compact.

3.42 Consider the metric space Q of rational numbers with the Euclidean metric of
Let S consist of all rational numbers in the open interval (a, b), where a and b are it
tional. Then S is a closed and bounded subset of Q which is not compact.

Miscellaneous properties of the interior and the boundary

If A and B denote arbitrary subsets of a metric space M, prove that :

3.43 int A = M - M - A.
3.44 int (M - A) = M - A.
3.45 int (int A) = int A.
3.46 a) int (ni=, A,) = ni=, (int A,), where each At M.

b) int (nAEF A) S nAEF (int A), if F is an infinite collection of subsets of M.

c) Give an example where equality does not hold in (b).

3.47 a) UAEF (int A) int (UAEF A).

b) Give an example of a finite collection F in which equality does not hold in (a)

3.48 a) int (&A) = 0 if A is open or if A is closed in M.
b) Give an example in which int (BA) = M.
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3.49 If int A = int B = 0 and if A is closed in M, then int (A U B) = 0.
3.50 Give an example in which int A = int B = 0 but int (A u B) = M.
3.51 OA = A n M - A and aA = a(M - A).
3.52 If A n B = 0, then a(A V B) = aA v aB.
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CHAPTER 4

LIMITS AND
CONTINUITY

4.1 INTRODUCTION

The reader is already familiar with the limit concept as introduced in elementary
calculus where, in fact, several kinds of limits are usually presented. For example,
the limit of a sequence of real numbers {x"}, denoted symbolically by writing

lim x = A,

means that for every number e > 0 there is an integer N such that

Ix - Al < s whenever n >- N.

This limit process conveys the intuitive idea that x" can be made arbitrarily close
to A provided that n is sufficiently large. There is also the limit of a function,
indicated by notation such as

lim f(x) = A,
x-,p

which means that for every c > 0 there is another number S > 0 such that

l f(x) - AI < e whenever 0 < Ix - pi < S.

This conveys the idea that f(x) can be made arbitrarily close to A by taking x
sufficiently close to p.

Applications of calculus to geometrical and physical problems in 3-space
and to functions of several variables make it necessary to extend these concepts
to R". It is just as easy to go one step further and introduce limits in the more
general setting of metric spaces. This achieves a simplification in the theory by
stripping it of unnecessary restrictions and at the same time covers nearly all the
important aspects needed in analysis.

First we discuss limits of sequences of points in a metric space, then we discuss
limits of functions and the concept of continuity.

4.2 CONVERGENT SEQUENCES IN A METRIC SPACE

Definition 4.1. A sequence {x"} of points in a metric space (S, d) is said to converge
if there is a point p in S with the following property:

For every e > 0 there is an integer N such that

d(xn, p) < e whenever n Z N.

70
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We also say that converges to p and we write x -+ p as n -+ co, or simply
x -+ p. If there is no such p in S, the sequence {xx} is said to diverge.

NOTE. The definition of convergence implies that

x -+ p if and only if d(x,,, p) -+ 0.

The convergence of the sequence {d(x,,, p)} to 0 takes place in the Euclidean metric
space R'.

Examples

1. In Euclidean space R', a sequence is called increasing if x -< for all n. If
an increasing sequence is bounded above (that is, if x 5 M for some M > 0 and
all n), then converges to the supremum of its range, sup {x1i x2, ... }. Similarly,

is called decreasing if xit1 5 x for all n. Every decreasing sequence which is
bounded below converges to the infimum of its range. For example, {1/n} converges
to 0.

2. If and are real sequences converging to 0, then (a + also converges to 0.
If 0 5 c 5 a for all n and if converges to 0, then also converges to 0.
These elementary properties of sequences in R1 can be used to simplify some of the
proofs concerning limits in a general metric space.

3. In the complex plane C, let z = 1 + n-2 + (2 - 1/n)i. Then converges to
1 + 2i because

sod(z,,,I+2i)-+0.

Theorem 4.2. A sequence in a metric space (S, d) can converge to at most one
point in S.

Proof. Assume that x -i p and x -+ q. We will prove that p = q. By the
triangle inequality we have

0 5 d(p, q) 5 d(p, d(x,,, q).

Since d(p, 0 and d(x1, q) -+ 0 this implies that d(p, q) = 0, so p = q.

If a sequence {x.} converges, the unique point to which it converges is called
the limit of the sequence and is denoted by lim x or by lim, x,,.

Example. In Euclidean space RI we have 1/n = 0. The same sequence in the
metric subspace T = (0, 1 ] does not converge because the only candidate for the limit is
0 and 0 0 T. This example shows that the convergence or divergence of a sequence depends
on the underlying space as well as on the metric.

Theorem 4.3. In a metric space (S, d), assume x - p and let T = {x1, x2i ... }

be the range of Then:

a) T is bounded.

b) p is an adherent point of T.
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Proof. a) Let N be the integer corresponding to e = 1 in the definition of con-
vergence. Then every x with n z N lies in the ball B(p; 1), so every point in T
lies in the ball B(p; r), where

r = 1 + max {d(p, x1), ... , d(p, xN_1)}.

Therefore T is bounded.
b) Since every ball B(p; e) contains a point of T, p is an adherent point of T.

NOTE. If T is infinite, every ball B(p; e) contains infinitely many points of T, so
p is an accumulation point of T.

The next theorem provides a converse to part (b).

Theorem 4.4. Given a metric space (S, d) and a subset T S; S. If a point p in S is
an adherent point of T, then there is a sequence of points in T which converges
to p.

Proof. For every integer n Z 1 there is a point x in T with d(p, 5 1/n.
Hence d(p, x -+ p.

Theorem 4.5. In a metric space (S, d) a sequence converges to p if, and only
if, every subsequence converges to p.

Proof. Assume x -+ p and consider any subsequence (xk(.)). For every e > 0
there is an N such that n z N implies d(x,,, p) < e. Since is a subsequence,
there is an integer M such that k(n) Z N for n z M. Hence n >_ M implies
d(xk(fl), p) < e, which proves that xk(n) - p. The converse statement holds trivially
since is itself a subsequence.

43 CAUCHY SEQUENCES

If a sequence converges to a limit p, its terms must ultimately become close to
p and hence close to each other. This property is stated more formally in the next
theorem.

Theorem 4.6. Assume that converges in a metric space (S, d). Then for every
e > 0 there is an integer N such that

d(x,,, xm) < e whenever n >_ N and m >_ N.

Proof. Let p = lim x,,. Given e > 0, let N be such that d(x., p) < e/2 whenever
n >_ N. Then d(xm, p) < e/2 if m >_ N. If both n >_ N and m Z N the triangle
inequality gives us

= C.d(xn, xm) :!!-. d(x., p) + d(p, xm) <
2

+
2
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4.7 Definition of a Cauchy Sequence. A sequence {xR} in a metric space (S, d) is
called a Cauchy sequence if it satisfies the following condition (called the Cauchy
condition) :

For every s > 0 there is an integer N such that

d(xx, xm) < e whenever n >- N and m >_ N.

Theorem 4.6 states that every convergent sequence is a Cauchy sequence. The
converse is not true in a general metric space. For example, the sequence (1/n) is
a Cauchy sequence in the Euclidean subspace T = (0, 1] of R', but this sequence
does not converge in T. However, the converse of Theorem 4.6 is true in every
Euclidean space R.

Theorem 4.8. In Euclidean space Rk every Cauchy sequence is convergent.

Proof. Let {xR} be a Cauchy sequence in Rk and let T = {x1, x2, ... } be the range
of the sequence. If T is finite, then all except a finite number of the terms {x.} are
equal and hence {xR} converges to this common value.

Now suppose T is infinite. We use the Bolzano-Weierstrass theorem to show
that T has an accumulation point p, and then we show that {xR} converges to p.
First we need to know that T is bounded. This follows from the Cauchy condition.
In fact, when s = 1 there is an N such that n >- N implies IIxR - xNll < 1. This
means that all points xR with n >- N lie inside a ball of radius 1 about XN as center,
so T lies inside a ball of radius 1 + M about 0, where M is the largest of the
numbers I)xlII, , IIXNII. Therefore, since T is a bounded infinite set it has an
accumulation point p in Rk (by the Bolzano-Weierstrass theorem). We show next
that {xR} converges to p.

Given e > 0 there is an N such that IIxR - XmII < e/2 whenever n >- N and
m >- N. The ball B(p; a/2) contains a point xm with m >- N. Hence if n >- N we
have

IIXR - PII <- IIxR - Xmll+ Ilxm - PII < -+2=e,
2

so lim xR = p. This completes the proof.

Examples

1. Theorem 4.8 is often used for proving the convergence of a sequence when the limit
is not known in advance. For example, consider the sequence in RI defined by

R 1

xR = 1 - 2 + 3 - 4 + ... + (-n
.

If m > n >- N, we find (by taking successive terms in pairs) that

1 1
1 - 1 +...+ 1

Ixm - XRI=
n Nn+1 n+2 m
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SO I xm - XnI < e as soon as N > 1/c. Therefore {xn} is a Cauchy sequence and hence
it converges to some limit. It can be shown (see Exercise 8.18) that this limit is log 2,
a fact which is not immediately obvious.

2. Given a real sequence {a"} such that Ian+2 - an+1I < 3Ian+1 - aaI for all n >- 1.
We can prove that {an} converges without knowing its limit. Let b" = Ian+1 - al.
Then 0 < bn+ 1 < bn/2 so, by induction, bn+

1 <- b1/2". Hence b" -> 0. Also, if m > n
we have

m-1

am - an = E (ak+1 - ak)

hence
k=n

m-1

Iam - anI <Ebk<-bn 1+1+...+ 1 <2bn.
k=n 2 2m-1-n)

This implies that {an } is a Cauchy sequence, so {an } converges.

4.4 COMPLETE METRIC SPACES

Definition 4.9. A metric space (S, d) is called complete if every Cauchy sequence
in S converges in S. A subset T of S is called complete if the metric subspace (T, d)
is complete.

Example 1. Every Euclidean space Rk is complete (Theorem 4.8). In particular, R1 is
complete, but the subspace T = (0, 1 ] is not complete.

Example 2. The space R" with the metric d(x, y) = maxl 5 i sn Ixt - Y,I is complete.

The next theorem relates completeness with compactness.

Theorem 4.10. In any metric space (S, d) every compact subset T is complete.

Proof. Let {xn} be a Cauchy sequence in T and let A = {x1, x2, ... } denote the
range of {xn}. If A is finite, then {xn} converges to one of the elements of A, hence
{xn} converges in T.

If A is infinite, Theorem 3.38 tells us that A has an accumulation point p in
T since T is compact. We show next that xn -+ p. Given c > 0, choose N so that
n Z N and m Z N implies d(xn, x,,) < c/2. The ball B(p; a/2) contains a point
xm with m z N. Therefore if n >_ N the triangle inequality gives us

d(xn, p) <_ d(x, Xm) + d(xm, p) < 2 + 2 = E,

so xn - p. Therefore every Cauchy sequence in T has a limit in T, so T is complete.

4.5 LIMIT OF A FUNCTION

In this section we consider two metric spaces (S, ds) and (T, dT), where ds and dT
denote the respective metrics. Let A be a subset of S and let f : A -+ T be a
function from A to T.
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Definition 4.11. If p is an accumulation point of A and if b e T, the notation

lim f(x) = b,
X- P
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(1)

is defined to mean the following:

For every e > 0 there is a b > 0 such that

dT(f (x), b) < e whenever x e A, x p, and ds(x, p) < 6.

The symbol in (1) is read "the limit of f(x), as x tends to p, is b," or ` f(x)
approaches b as x approaches p." We sometimes indicate this by writingf(x) - b
asx -p.

The definition conveys the intuitive idea that f(x) can be made arbitrarily
close to b by taking x sufficiently close to p. (See Fig. 4.1.) We require that p be
an accumulation point of A to make certain that there will be points x in A
sufficiently close to p, with x # p. However, p need not be in the domain of f,
and b need not be in the range off.

f

Figure 4.1

NOTE. The definition can also be formulated in terms of balls. Thus, (1) holds if,
and only if, for every ball BT(b), there is a ball Bs(p) such that Bs(p) r A is not
empty and such that

f (x) a BT(b) whenever x e Bs(p) n A, x# p.

When formulated this way, the definition is meaningful when p or b (or both) are
in the extended real number system R* or in the extended complex number system
C*. However, in what follows, it is to be understood that p and b are finite unless
it is explicitly stated that they can be infinite.

The next theorem relates limits of functions to limits of convergent sequences.

Theorem 4.12. Assume p is an accumulation point of A and assume b E T. Then

lim f(x) = b, (2)
X- p
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if, and only if,
lim f(xn) = b, (3)
n-+co

for every sequence {xn} of points in A - { p} which converges to p.

Proof. If (2) holds, then for every E > 0 there is a S > 0 such that

dT(f (x), b) < E whenever x E A and 0 < ds(x, p) < 6. 4)

Now take any sequence {xn} in A - {p} which converges to p. For the S in (4),
there is an integer N such that n >- N implies ds(xn, p) < 6. Therefore (4) implies
dT(f(xn), b) < E for n >- N, and hence { f(xn)} converges to b. Therefore (2)
implies (3).

To prove the converse we assume that (3) holds and that (2) is false and arrive
at a contradiction. If (2) is false, then for some c > 0 and every S > 0 there is a
point x in A (where x may depend on S) such that

0 < ds(x, p) < 6 but dT(f(x), b) >- e (5)

Taking 6 = 1/n, n = 1, 2, ... , this means there is a corresponding sequence of
points {xn} in A - f p} such that

0 < ds(xn, p) < 1 In but dT(f (xn), b) >- E.

Clearly, this sequence {xn} converges to p but the sequence { f(xn)} does not con-
verge to b, contradicting (3).

NOTE. Theorems 4.12 and 4.2 together show that a function cannot have two
different limits as x -+ p.

4.6 LIMITS OF COMPLEX-VALUED FUNCTIONS

Let (S, d) be a metric space, let A be a subset of S, and consider two complex-
valued functions f and g defined on A,

f:A-*C,
g is defined to be the function whose value at each point x of A is

the complex number f(x) + g(x). The difference f - g, the product f - g, and the
quotient f/g are similarly defined. It is understood that the quotient is defined only
at those points x for which g(x) # 0.

The usual rules for calculating with limits are given in the next theorem.

Theorem 4.13. Let f and g be complex-valued functions defined on a subset A of a
metric space (S, d). Let p be an accumulation point of A, and assume that

lim f(x) = a, lim g(x) = b.
x-p x-p
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Then we also have:
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a) limx-P [f(x) ± g(x)] = a ± b,
b) limx_P f(x)g(x) = ab,

c) limx.P f(x)/g(x) = alb if b : 0.

Proof. We prove (b), leaving the other parts as exercises. Given a with 0 < e < 1,
let e' be a second number satisfying 0 < e' < 1, which will be made to depend on
e in a way to be described later. There is a S > 0 such that if x e A and d(x, p) < S,
then

Then
11(x) - al < e' and I g(x) - bI < e'.

If(x)l=la+(f(x)-a)I<lal+e'<lal+1.
Writing f(x)g(x) - ab = f(x)g(x) - bf(x) + bf(x) - ab, we have

If(x)g(x) - abl <- If(x)l lg(x) - bl + I bI 1f(x) - al
< (lal + 1)e' + Ible' = e'(IaI + IbI + 1).

If we choose c' = e/(Ial + IbI + 1), we see that If(x)g(x) - abl < e whenever
x e A and d(x, p) < 6, and this proves (b).

4.7 LIMITS OF VECTOR-VALUED FUNCTIONS

Again, let (S, d) be a metric space and let A be a subset of S. Consider two vector-
valued functions f and g defined on A, each with values in R',

f : A --> Rk, g : A - R".

Quotients of vector-valued functions are not defined (if k > 2), but we can define
the sum f + g, the product Af (if A is real) and the inner product f g by the respec-
tive formulas

(f + g)(x) = f(x) + g(x), (Af)(x) = Af(x), (f-g)(x) =

for each x in A. We then have the following rules for calculating with limits of
vector-valued functions.

Theorem 4.14. Let p be an accumulation point of A and assume that

lim f(x) = a, lim g(x) = b.
x-'P

Then we also have:

a) limx._P [f(x) + g(x)] = a + b,
b) limx_, P ).f(x) = Aa for every scalar A,
c) lima-P f(x) . g(x) = a - b,
d) lima-P Ilf(x)II = Ilall.
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Proof We prove only parts (c) and (d). To prove (c) we write

f(x) g(x) - a b = [f(x) - a] [g(x) - b] + a [g(x) - b] + b [f(x) - a].
The triangle inequality and the Cauchy-Schwarz inequality give us

Ilf(x) - all llg(x) - bll + Ilall llg(x) - bll + Ilbll Ilf(x) - all.
Each term on the right tends to 0 as x - p, so f(x) g(x) - a b. This proves
(c). To prove (d) note that IIlf(x)ll - Ilail I < Ilf(x) - all.

NOTE. Let f1, ... , f,, be n real-valued functions defined on A, and let f : A - R"
be the vector-valued function defined by the equation

f(x) = (f, (x), fz(x), ... , f (x)) if x e A.

Then f1, ... , f are called the components of f, and we also write f = (f1, ... ,
to denote this relationship.

If a = (a1, ... , then for each r = 1, 2, ... , n we have

Ifr(x) - arl < llf(x) - all < E Ifr(x) - arl
r=1

These inequalities show that limx+P f(x) = a if, and only if, limx. p fr(x) = ar
for each r.

4.8 CONTINUOUS FUNCTIONS

The definition of continuity presented in elementary calculus can be extended to
functions from one metric space to another.

Definition 4.15. Let (S, ds) and (T, dT) be metric spaces and let f : S - T be a
function from S to T. The function f is said to be continuous at a point p in S if
for every s > 0 there is a 8 > 0 such that

dT(f(x), f(p)) < E whenever ds(x, p) < S.

If f is continuous at every point of a subset A of S, we say f is continuous on A.

This definition reflects the intuitive idea that points close to p are mapped by
f into points close to f(p). It can also be stated in terms of balls: A function f is
continuous at p if and only if, for every s > 0, there is a S > 0 such that

f(Bs(p; S)) e BT(f(p); e).

Here Bs(p; 8) is a ball in S; its image under f must be contained in the ball
BT(f (p) ; s) in T. (See Fig. 4.2.)

If p is an accumulation point of S, the definition of continuity implies that

lim f(x) = f(p).
x-+p
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f
Image of Bs(p; S)

Figure 4.2
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If p is an isolated point of S (a point of S which is not an accumulation point of
S), then every f defined at p will be continuous at p because for sufficiently small S
there is only one x satisfying ds(x, p) < 6, namely x = p, and dT(f(p), f(p)) = 0.

Theorem 4.16. Let f : S - T be a function from one metric space (S, ds) to another
(T, dT), and assume p E S. Then f is continuous at p if, and only if, for every sequence
{xn} in S convergent to p, the sequence {f(xn)} in T converges to f(p); in symbols,

fl+ n-0000

Jim Ax.) = f(lim x,, .
J

The proof of this theorem is similar to that of Theorem 4.12 and is left as an
exercise for the reader. (The result can also be deduced from 4.12 but there is a
minor complication in the argument due to the fact that some terms of the sequence
{xn} could be equal to p.)

The theorem is often described by saying that for continuous functions the
limit symbol can be interchanged with the function symbol. Some care is needed
in interchanging these symbols because sometimes { f(x )} converges when {xn}
diverges.

Example If xn - x and y - y in a metric space (S, d), then d(xn, yn) -i d(x, y)
(Exercise 4.7). The reader can verify that d is continuous on the metric space (S x S, p),
where p is the metric of Exercise 3.37 with Sl = S2 = S.

NOTE. Continuity of a function fat a point p is called a local property off because
it depends on the behavior off only in the immediate vicinity ofp. A property of
f which concerns the whole domain off is called a global property. Thus, continuity
off on its domain is a global property.

4.9 CONTINUITY OF COMPOSITE FUNCTIONS

Theorem 4.17. Let (S, ds), (T, dT), and (U, du) be metric spaces. Let f : S -+ T
and g : f(S) -+ U be functions, and let h be the composite function defined on S by
the equation

h(x) = g(f(x)) for x in S.

Bs(p; S) , BT(f(p); e)

If f is continuous at p and if g is continuous at f(p), then h is continuous at p.
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Proof. Let b = f(p). Givens > 0, there is a S > 0 such that

du(g(y), g(b)) < s whenever dT(y, b) < S.

For this S there is a b' such that

dT(f(x), f(p)) < 8 whenever ds(x, p) < 8'.

Combining these two statements and taking y = f(x), we find that

dv(h(x), h(p)) < s whenever ds(x, p) < b',

so h is continuous at p.

4.10 CONTINUOUS COMPLEX-VALUED AND VECTOR-VALUED FUNCTIONS

Theorem 4.18. Let f and g be complex-valued functions continuous at a point p in
a metric space (S, d). Then f + g, f - g, and f -g are each continuous at p. The
quotient fig is also continuous at p if g(p) 0 0.

Proof. The result is trivial if p is an isolated point of S. If p is an accumulation
point of S, we obtain the result from Theorem 4.13.

There is, of course, a corresponding theorem for vector-valued functions, which
is proved in the same way, using Theorem 4.14.

Theorem 4.19. Let f and g be functions continuous at a point p in a metric space
(S, d), and assume that f and g have values in R". Then each of the following is
continuous at p: the sum f + g, the product )f for every real A,, the inner product
f g, and the norm II f ll .

Theorem 4.20. Let fl, ... , f" be n real-valued functions defined on a subset A of a
metric space (S, ds), and let f = (fl, . . . , Then f is continuous at a point p
of A if and only if each of the functions fl, ... , f" is continuous at p.

Proof. If p is an isolated point of A there is nothing to prove. If p is an accumula-
tion point, we note that f(x) -- f(p) as x - p if and only if fk(x) -+ fk(p) for each
k = 1, 2, ...,n.

4.11 EXAMPLES OF CONTINUOUS FUNCTIONS

Let S = C, the complex plane. It is a trivial exercise to show that the following
complex-valued functions are continuous on C :

a) constant functions, defined by f(z) = c for every z in C;
b) the identity function defined by f(z) = z for every z in C.

Repeated application of Theorem 4.18 establishes the continuity of every poly-
nomial :

f(z)=ao+a1z+a2Z2+ +az",
the a1 being complex numbers.
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If S is a subset on C on which the polynomial f does not vanish, then I/f is
continuous on S. Therefore a rational function g/f, where g and f are polynomials,
is continuous at those points of C at which the denominator does not vanish.

The familiar real-valued functions of elementary calculus, such as the ex-
ponential, trigonometric, and logarithmic functions, are all continuous wherever
they are defined. The continuity of these elementary functions justifies the common
practice of evaluating certain limits by substituting the limiting value of the
"independent variable"; for example,

lim ex = e° = 1.
X-0

The continuity of the complex exponential and trigonometric functions is a
consequence of the continuity of the corresponding real-valued functions and
Theorem 4.20.

4.12 CONTINUITY AND INVERSE IMAGES OF OPEN OR CLOSED SETS

The concept of inverse image can be used to give two important global descriptions
of continuous functions.

4.21 Definition of inverse image. Let f : S - T be a function from a set S to a
set T. If Y is a subset of T, the inverse image of Y under f, denoted by f (Y), is
defined to be the largest subset of S which f maps into Y; that is,

f-1(Y) _ {x: x e S and f(x) e Y).

NOTE. If f has an inverse function f -1, the inverse image of Y under f is the same
as the image of Y under f -1, and in this case there is no ambiguity in the notation
f -1(Y). Note also that f -1(A) c f -1(B) if A c B c T.

Theorem 4.22. Let f : S - T be a function from S to T. If X c S and Y c T,
then we have:

a) X = f -1(Y) impliesf(X) g Y.
b) Y = f(X) implies X e f -1(Y)

The proof of Theorem 4.22 is a direct translation of the definition of the sym-
bols f-1(Y) and f(X), and is left to the reader. It should be observed that; in
general, we cannot conclude that Y = f(X) implies X = f -1(Y). (See the example
in Fig. 4.3.)

Figure 4.3
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Note that the statements in Theorem 4.22 can also be expressed as follows:

f[.f-1(Y)] c Y, X c f-1[f(X)]

Note also that f -1(A u B) = f -1(A) u f -1(B) for all subsets A and B of T.

Theorem 4.23. Let f : S -+ T be a function from one metric space (S, ds) to another
(T, dT). Then f is continuous on S if, and only if, for every open set Y in T, the
inverse image f -1(Y) is open in S.

Proof. Let f be continuous on S, let Y be open in T, and let p be any point of
f -1(Y). We will prove that p is an interior point off -1(Y). Let y = f(p). Since
Y is open we have BT(y; a) c Y for some e > 0. Since f is continuous at p, there
is a S > 0 such that f(Bs(p; S)) I BT(y; B). Hence,

Bs(p; S) - f -1 [.f(Bs(p; S))] - f -1 [BT(y; a)] 9 f -' (Y),

so p is an interior point off -1(Y).
Conversely, assume that f-1(Y) is open in S for every open subset Y in T.

Choose p in S and let y = f(p). We will prove that f is continuous at p. For every
a > 0, the ball BT(y; a) is open in T, so f -1(BT(y; a)) is open in S. Now,
p e f -1(BT(y; a)) so there is a S > 0 such that Bs(p; S) c f -1(BT(y; a)). There-
fore, f(Bs(p; 8)) 9 BT(y; a) so f is continuous at p.

Theorem 4.24. Let f : S - T be a function from one metric space (S, ds) to another
(T, dT). Then f is continuous on S if and only if, for every closed set Y in T, the
inverse image f -1(Y) is closed in S.

Proof If Y is closed in T, then T - Y is open in T and

f-1(T - Y) = S - f-1(Y).

Now apply Theorem 4.23.

Examples. The image of an open set under a continuous mapping is not necessarily open.
A simple counterexample is a constant function which maps all of S onto a single point
in R'. Similarly, the image of a closed set under a continuous mapping need not be closed.
For example, the real-valued function f(x) = arctan x maps R1 onto the open interval
(-ir/2, it/2).

4.13 FUNCTIONS CONTINUOUS ON COMPACT SETS

The next theorem shows that the continuous image of a compact set is compact.
This is another global property of continuous functions.

Theorem 4.25. Let f : S --> T be a function from one metric space (S, ds) to another
(T, dT). If f is continuous on a compact subset X of S, then the image f(X) is a
compact subset of T; in particular, f(X) is closed and bounded in T.
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Proof. Let F be an open covering off(X), so thatf(X) c UAEF A. We will show
that a finite number of the sets A cover f(X). Since f is continuous on the metric
subspace (X, ds) we can apply Theorem 4.23 to conclude that each set f -1(A) is
open in (X, ds). The sets f -1(A) form an open covering of X and, since X is
compact, a finite number of them cover X, say X c f -1(A,) v u f -1(Ap).
Hence

f(X) 9 fU _'(A,) u ... u f-'(Ap)] = f[f '(A,)] u ... u f[f-1(Ap)]9A1u...uAp,
so f(X) is compact. As a corollary of Theorem 3.38, we see thatf(X) is closed and
bounded.

Definition 4.26. A function f : S -> R"` is called bounded on S if there is a positive
number M such that 11 f(x) II < M for all x in S.

Since f is bounded on S if and only if f(S) is a bounded subset of R, we have
the following corollary of Theorem 4.25.

Theorem 4.27. Let f : S -+ R"` be a function from a metric space S to Euclidean
space R. If f is continuous on a compact subset X of S, then f is bounded on X.

This theorem has important implications for real-valued functions. If f is
real-valued and bounded on X, then f(X) is a bounded subset of R, so it has a
supremum, sup f(X), and an infimum, inff(X). Moreover,

inff(X) < f(x) < sup f(X) for every x in X.

The next theorem shows that a continuous f actually takes on the values sup f(X)
and inff(X) if X is compact.

Theorem 4.28. Let f : S -+ R be a real-valued function from a metric space S to
Euclidean space R. Assume that f is continuous on a compact subset X of S. Then
there exist points p and q in X such that

f(p) = inf f(X) and f(q) = sup f(X).

NOTE. Since f(p) < f(x) < f(q) for all x in X, the numbers f(p) and f(q) are
called, respectively, the absolute or global minimum and maximum values of
f on X.

Proof. Theorem 4.25 shows that f(X) is a closed and bounded subset of R. Let
m = inff(X). Then m is adherent to f(X) and, since f(X) is closed, m e f(X).
Therefore m = f(p) for some p in X. Similarly, f(q) = sup f(X) for some q in X.

Theorem 4.29. Let f : S - T be a function from one metric space (S, ds) to another
(T, dT). Assume that f is one-to-one on S, so that the inverse function f -1 exists.
If S is compact and if f is continuous on S; then f -1 is continuous on f(S).

Proof. By Theorem 4.24 (applied to f -1) we need only show that for every closed
set X in S the image f(X) is closed in T. (Note that f(X) is the inverse image of
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X under f -1.) Since X is closed and S is compact, X is compact (by Theorem 3.39),
sof(X) is compact (by Theorem 4.25) and hencef(X) is closed (by Theorem 3.38).
This completes the proof.

Example. This example shows that compactness of S is an essential part of Theorem
4.29. Let S = [0, 1) with the usual metric of RI and consider the complex-valued function
f defined by

f(x) = e2nrx for 0 < x < 1.

This is a one-to-one continuous mapping of the half-open interval [0, 1) onto the unit
circle Iz I = I in the complex plane. However, f -1 is not continuous at the point f (O).
For example, if x = 1 - 1 In, the sequence {f(x) } converges to f (O) but [x.) does not
converge in S.

4.14 TOPOLOGICAL MAPPINGS (HOMEOMORPHISMS)

Definition 4.30. Let f : S --+ T be a function from one metric space (S, ds) to
another (T, dT). Assume also that f is one-to-one on S, so that the inverse function
f -1 exists. If f is continuous on S and if f -1 is continuous on f(S), then f is called
a topological mapping or a homeomorphism, and the metric spaces (S, ds) and
(f(S), dT) are said to be homeomorphic.

If f is a homeomorphism, then so is f -1. Theorem 4.23 shows that a homeo-
morphism maps open subsets of S onto open subsets off(S). It also maps closed
subsets of S onto closed subsets off(S).

A property of a set which remains invariant under every topological mapping
is called a topological property. Thus the properties of being open, closed, or
compact are topological properties.

An important example of a homeomorphism is an isometry. This is a function
f : S --+ T which is one-to-one on S and which preserves the metric; that is,

dT(f(x), f(y)) = ds(x, y)

for all points x and y in S. If there is an isometry from (S, ds) to (f(S), dT) the
two metric spaces are called isometric.

Topological mappings are particularly important in the theory of space curves.
For example, a simple arc is the topological image of an interval, and a simple
closed curve is the topological image of a circle.

4.15 BOLZANO'S THEOREM

This section is devoted to a famous theorem of Bolzano which concerns a global
property of real-valued functions continuous on compact intervals [a, b] in R.
If the graph of f lies above the x-axis at a and below the x-axis at b, Bolzano's
theorem asserts that the graph must cross the axis somewhere in between. Our
proof will be- based on a local property of continuous functions known as the
sign preserving property.
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Theorem 4.31. Let f be defined on an interval S in R. Assume that f is continuous
at a point c in S and that f(c) 0. Then there is a 1-ball B(c; 6) such that f(x)
has the same sign as f(c) in B(c; S) n S.

Proof. Assume f(c) > 0. For every e > 0 there is a S > 0 such that

f(c) - e < f(x) < f(c) + e whenever x e B(c; S) n S.

Take the S corresponding to e = f(c)/2 (this E is positive). Then we have

jf(c) < f(x) < 2f(c) whenever x e B(c; 6) n S,

so f(x) has the same sign as f(c) in B(c; 6) r S. The proof is similar if f(c) < 0,
except that we take e = - j f(c).

Theorem 432 (Bolzano). Let f be real-valued and continuous on a compact interval
[a, b] in R, and suppose that f(a) and f(b) have opposite signs; that is, assume
f(a)f(b) < 0. Then there is at least one point c in the open interval (a, b) such that
f(c) = 0.

Proof. For definiteness, assume f(a) > 0 and f(b) < 0. Let

A = {x : x e [a, b] and f(x) >- 0}.

Then A is nonempty since a e A, and A is bounded above by b. Let c = sup A.
Then a < c < b. We will prove that f(c) = 0.

If f(c) # 0, there is a 1-ball B(c; 6) in which f has the same sign as f(c). If
f(c) > 0, there are points x > c at which f(x) > 0, contradicting the definition
of c. If f(c) < 0, then c - 8/2 is an upper bound for A, again contradicting the
definition of c. Therefore we must have f(c) = 0.

From Bolzano's theorem we can easily deduce the intermediate value theorem
for continuous functions.

Theorem 4.33. Assume f is real-valued and continuous on a compact interval S in
R. Suppose there are two points or < /3 in S such that f(a) # f(8). Then f takes
every value between f(a) and f(/3) in the interval (a, /3).

Proof. Let k be a number between f(a) and f(8) and apply Bolzano's theorem to
the function g defined on [a, /3] by the equation g(x) = f(x) - k.

The intermediate value theorem, together with Theorem 4.28, implies that the
continuous image of a compact interval S under a real-valued function is another
compact interval, namely,

[inf f(S), sup f(S)].

(If f is constant-on S, this will be a degenerate interval.) The next section extends
this property to the more general setting of metric spaces.
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4.16 CONNECTEDNESS

Limits and Continuity Def. 4.34

This section describes the concept of connectedness and its relation to continuity.

Definition 4.34. A metric space S is called disconnected if S = A U B, where A
and B are disjoint nonempty open sets in S. We call S connected if it is not dis-
connected.

NOTE. A subset X of a metric space S is called connected if, when regarded as a
metric subspace of S, it is a connected metric space.

Examples

1. The metric space S = R - {0} with the usual Euclidean metric is disconnected, since
it is the union of two disjoint nonempty open sets, the positive real numbers and the
negative real numbers.

2. Every open interval in R is connected. This was proved in Section 3.4 as a conse-
quence of Theorem 3.11.

3. The set Q of rational numbers, regarded as a metric subspace of Euclidean space R',
is disconnected. In fact, Q = A u B, where A consists of all rational numbers
< and B of all rational numbers > -d Similarly, every ball in Q is disconnected.

4. Every metric space S contains nonempty connected subsets. In fact, for each p in S
the set {p} is connected.

To relate connectedness with continuity we introduce the concept of a two-valued
function.

Definition 4.35. A real-valued function f which is continuous on a metric space S is
said to be two-valued on S if f(S) c {0, 1}.

In other words, a two-valued function is a continuous function whose only
possible values are 0 and 1. This can be regarded as a continuous function from S
to the metric space T = 10, 1}, where T has the discrete metric. We recall that
every subset of a discrete metric space T is both open and closed in T.

Theorem 4.36 A metric space S is connected if, and only if, every two-valued
function on S is constant.

Proof. Assume S is connected and let f be a two-valued function on S. We must
show that f is constant. Let A = f -1({0}) and B = f -1({1}) be the inverse
images of the subsets {0} and {1}. Since {0) and (1) are open subsets of the
discrete metric space {0, 1 }, both A and B are open in S. Hence, S = A U B,
where A and B are disjoint open sets. But since S is connected, either A is empty
and B = S, or else B is empty and A = S. In either case, f is constant on S.

Conversely, assume that S is disconnected, so that S = A u B, where A and
B are disjoint nonempty open subsets of S. We will exhibit a two-valued function
on S which is not constant. Let

f(x) _ 10 ifxeA,
1 ifxeB.
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Since A and B are nonempty, f takes both values 0 and 1, so f is not constant.
Also, f is continuous on S because the inverse image ofevery open subset of {0, 1}
is open in S.

Next we show that the continuous image of a connected set is connected.

Theorem 4.37. Let f : S -+ M be a function from a metric space S to another
metric space M. Let X be a connected subset of S. If f is continuous on X, then
f(X) is a connected subset of M.

Proof. Let g be a two-valued function on f(X). We will show that g is constant.
Consider the composite function h defined on X by the equation h(x) = g(f(x)).
Then h is continuous on X and can only take the values 0 and 1, so h is two-valued
on X. Since X is connected, h is constant on X and this implies that g is constant
on f(X). Therefore f(X) is connected.

Example. Since an interval X in RI is connected, every continuous image f(X) is con-
nected. If f has real values, the image f (X) is another interval. If f has values in R", the
image f(X) is called a curve in W. Thus, every curve in R" is connected.

As a corollary of Theorem 4.37 we have the following extension of Bolzano's
theorem.

Theorem 4.38 (Intermediate-value theorem for real continuous functions). Let f be
real-valued and continuous on a connected subset S of R". If f takes on two different
values in S, say a and b, then for each real c between a and b there exists a point x
in S such that f(x) = c.

Proof. The image f(S) is a connected subset of R1. Hence, f(S) is an interval
containing a and b (see Exercise 4.38). If some value c between a and b were not
in f(S), then f(S) would be disconnected.

4.17 COMPONENTS OF A METRIC SPACE

This section shows that every metric space S can be expressed in a unique way as
a union of connected "pieces" called components. First we prove the following:

Theorem 4.39. Let F be a collection of connected subsets of a metric space S such
that the intersection T = nAEF A is not empty. Then the union U = UAEF A is
connected.

Proof. Since T # 0, there is some t in T. Let f be a two-valued function on U.
We will show that f is constant on U by showing that f(x) = f(t) for all x in U.
If x e U, then x e A for some A in F. Since A is connected, f is constant on A
and, since t e A, f(x) = f(t).

Every point x in a metric space S belongs to at least one connected subset of
S, namely {x}. By Theorem 4.39, the union of all the connected subsets which
contain x is also, connected. We call this union a component of S, and we denote it
by U(x). Thus, U(x) is the maximal connected subset of S which contains x.
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Theorem 4.40. Every point of a metric space S belongs to a uniquely determined
component of S. In other words, the components of S form a collection of disjoint
sets whose union is S.

Proof. Two distinct components cannot contain a point x; otherwise (by Theorem
4.39) their union would be a larger connected set containing x.

4.18 ARCWISE CONNECTEDNESS

This section describes a special property, called arcwise connectedness, which is
possessed by some (but not all) connected sets in Euclidean space R".

Definition 4.41. A set S in R" is called arcwise connected if for any two points a
and b in S there is a continuous function f : [0, 1] -> S such that

f(0) = a and f(1) = b.

NOTE. Such a function is called a path from a to b. If f(0) # f(l), the image of
[0, 1] under f is called an arc joining a and b. Thus, S is arcwise connected if
every pair of distinct points in S can be joined by an arc lying in S. Arcwise
connected sets are also called pathwise connected. If f(t) = tb + (1 - t)a for
0 < t < 1, the curve joining a and b is called a line segment.

Examples

1. Every convex set in R" is arcwise connected, since the line segment joining two points
of such a set lies in the set. In particular, every n-ball is arcwise connected.

2. The set in Fig. 4.4 (a union of two tangent closed disks) is arcwise connected.

Figure 4.4

3. The set in Fig. 4.5 consists of those points on the curve described by y = sin (1/x),
0 < x.:5 1, along with the points on the horizontal segment -1 < x < 0. This set
is connected but not arcwise connected (Exercise 4.46).

1

Figure 4.5
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The next theorem relates arcwise connectedness with connectedness.
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Theorem 4.42. Every arcwise connected set S in R" is connected.

Proof. Let g be two-valued on S. We will prove that g is constant on S. Choose
a point a in S. If x e S, join a to x by an arc r lying in S. Since t is connected,
g is constant on t so g(x) = g(a). But since x is an arbitrary point of S, this shows
that g is constant on S, so S is connected.

We have already noted that there are connected sets which are not arcwise
connected. However, the concepts are equivalent for open sets.

Theorem 4.43. Every open connected set in R" is arcwise connected.

Proof. Let S be an open connected set in R" and assume x e S. We will show that
x can be joined to every point y in S by an arc lying in S. Let A denote that subset
of S which can be so joined to x, and let B = S - A. Then S = A u B, where
A and B are disjoint. We will show that A and B are both open in R".

Assume that a e A and join a to x by an arc, say r, lying in S. Since a e S
and S is open, there is an n-ball B(a)s S. Every y in B(a) can be joined to a by
a line segment (in S) and thence to x by r. Thus y e A if y e B(a). That is,
B(a) c A, and hence A is open.

To see that B is also open, assume that b e B. Then there is an n-ball B(b) S-= S,
since S is open. But if a point y in B(b) could be joined to x by an arc, say t,,
lying in S, the point b itself could also be so joined by first joining b to y (by a
line segment in B(b)) and then using t'. But since b 0 A, no point of B(b) can be
in A. That is, B(b) s B, so B is open.

Therefore we have a decomposition S = A u B, where A and B are disjoint
open sets in R". Moreover, A is not empty since x e A. Since S is connected, it
follows that B must be empty, so S = A. Now A is clearly arcwise connected,
because any two of its points can be suitably joined by first joining each of them to
x. Therefore, S is arcwise connected and the proof is complete.

NOTE. A path f : [0, 1] - S is said to be polygonal if the image of [0, 1] under f
is the union of a finite number of line segments. The same argument used to prove
Theorem 4.43 also shows that every open connected set in R" is polygonally con-
nected. That is, every pair of points in the set can be joined by a polygonal arc
lying in the set.

Theorem 4.44. Every open set S in R" can be expressed in one and only one way as a
countable disjoint union of open connected sets.

Proof. By Theorem 4.40, the components of S form a collection of disjoint sets
whose union is S. Each component T of S is open, because if x e T then there is
an n-ball B(x) contained in S. Since B(x) is connected, B(x) E- T, so T is open.
By the Lindelof theorem (Theorem 3.28), the components of S form a countable
collection, and by Theorem 4.40 the decomposition into components is unique.

Definition 4.45. A set in R" is called a region if it is the union of an open connected
set with some, none, or all its boundary points. If none of the boundary points are
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included, the region is called an open region. If all the boundary points are included,
the region is called a closed region.

NOTE. Some authors use the term domain instead of open region, especially in the
complex plane.

4.19 UNIFORM CONTINUITY

Suppose f is defined on a metric space (S, ds), with values in another metric space
(T, dT), and assume that f is continuous on a subset A of S. Then, given any point
p in A and any e > 0, there is a 6 > 0 (depending on p and on s) such that, if
x e A, then

dT(f(x), f(p)) < e whenever ds(x, p) < 6.

In general we cannot expect that for a fixed a the same value of 6 will serve equally
well for every point p in A. This might happen, however. When it does, the
function is called uniformly continuous on A.

Definition 4.46. Let f : S -p T be a function from one metric space (S, ds) to another
(T, dT). Then f is said to be uniformly continuous on a subset A of S if the following
condition holds:

For every s > 0 there exists a 6 > 0 (depending only on a) such that if x e A
and peAthen

dT(f(x), f(p)) < s whenever ds(x, p) < 6. (6)

To emphasize the difference between continuity on A and uniform continuity
on A we consider the following examples of real-valued functions.

Examples

1. Let f(x) = 1/x for x > 0 and take A = (0, 1]. This function is continuous on A
but not uniformly continuous on A. To prove this, let e = 10, and suppose we could
find a 6, 0 < 6 < 1, to satisfy the condition of the definition. Taking x = S, p = 6/11,
we obtain Ix - pI < 6 and

1f(X) - f(p)I =
11 - 8 = 8 > 10.

Hence, for these two points we would always have If(x) - f(p)I > 10, contradicting
the definition of uniform continuity.

2. Let f(x) = x2 if x e RI and take A = (0, 1 ] as above. This function is uniformly
continuous on A. To prove this, observe that

Jf(x) - f(p)l = 1x2 - p21 = I(x - p)(x + p)I < 21x - pl.

If Ix - p1 < 6, then 1f(x) - f(p)l < 28. Hence, if a is given, we need only take
8 = e/2 to-guarantee that If(x) - f(p)I < e for every pair x, p with Ix - pl < 6.
This shows that f is uniformly continuous on A.
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An instructive exercise is to show that the function in Example 2 is not uni-
formly continuous on R'.

4.20 UNIFORM CONTINUITY AND COMPACT SETS

Uniform continuity on a set A implies continuity on A. (The reader should verify
this.) The converse is also true if A is compact.

Theorem 4.47 (Heine). Let f : S -+ T be a function from one metric space (S, ds)
to another (T, dT). Let A be a compact subset of S and assume that f is continuous
on A. Then f is uniformly continuous on A.

Proof. Let s > 0 be given. Then each point a in A has associated with it a ball
Bs(a; r), with r depending on a, such that

dT(f(x), f(a)) <
2

whenever x e Bs(a; r) n A.

Consider the collection of balls Bs(a; r/2) each with radius r/2. These cover A
and, since A is compact, a finite number of them also cover A, say

A C U Bsak;
rk/

.
k=1 2

In any ball of twice the radius, B(ak; rk), we have

dT(f(x), f(ak)) <
2

whenever x e Bs(ak; rk) n A.

Let S be the smallest of the numbers r1/2, ... , rm/2. We shall show that this S
works in the definition of uniform continuity.

For this purpose, consider two points of A, say x and p with ds(x, p) < S.
By the above discussion there is some ball Bs(ak; rk/2) containing x, so

dT(f(x), f(ak)) <
2

By the triangle inequality we have

ds(p, ak) < ds(p, x) + ds(x, ak) < S + 2 < r2 + z = rk.

Hence, p e Bs(ak; rk) n S, so we also have dT(f(p), f(ak)) < e/2. Using the
triangle inequality once more we find

dT(f(x),1(p)) < dT(.f(x), f(ak)) + dT(f(ak),1'(r)) <
2

+
2

= E.

This completes the proof.
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4.21 FIXED-POINT THEOREM FOR CONTRACTIONS

Let f : S -- S be a function from a metric space (S, d) into itself. A point p in
S is called a fixed point of f if f(p) = p. The function f is called a contraction of
S if there is a positive number a < I (called a contraction constant), such that

d(f(x), f(y)) < ad(x, y) for all x, y in S. (7)

Clearly, a contraction of any metric space is uniformly continuous on S.

Theorem 4.48 (Fixed-point theorem). A contraction f of a complete metric space S
has a unique fixed point p.

Proof. If p and p' are two fixed points, (7) implies d(p, p') < ad(p, p'), so
so d(p, p') = 0 and p = p'. Hence f has at most one fixed point.

To prove it has one, take any point x in S and consider the sequence of iterates:

x, f(x), f (f(x)), ...
That is, define a sequence {p"} inductively as follows:

Po = X, Pn+ 1 = f(Pn), n = 0, 1, 2, .. .

We will prove that {p"} converges to a fixed point off. First we show that {pn} is
a Cauchy sequence. From (7) we have

d(Pn+1,Pn) = d(.f(Pn),f(Pn-1)) < ad(Pn,Pn-1),

so, by induction, we find

d(Pn+ 1, Pn) < a" d(P1, PO) = Can,

where c = d(p1, po). Using the triangle inequality we find, for m > n,
m-1 m-1

d(Pr,pn)< d(Pk + 1, Pk) < CEak=Can - am< c a".
k=n k=n 1- a 1- a

Since a" - 0 as n -+ oo, this inequality shows that {p"} is a Cauchy sequence. But
S is complete so there is a point p in S such that pn -+ p. By continuity of f,

f(p)=f(n-+limao p.)= nlimf(pn)= limPn+1 =P,
n-, ao

so p is a fixed point off. This completes the proof.

Many important existence theorems in analysis are easy consequences of the
fixed point theorem. Examples are given in Exercises 7.36 and 7.37. Reference
4.4 gives applications to numerical analysis.

4.22 DISCONTINUITIES OF REAL-VALUED FUNCTIONS

The rest of this chapter is devoted to special properties of real-valued functions
defined on subintervals of R.
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Let f be defined on an interval (a, b). Assume c e [a, b). If f(x) -- A as
x -+ c through values greater than c, we say that A is the righthand limit off at c
and we indicate this by writing

lim f(x) = A.
x--c+

The righthand limit A is also denoted byf(c+). In the s, 6 terminology this means
that for every e > 0 there is a 6 > 0 such that

t f(x) - f(c+)I < e whenever c < x < c + 6 < b.

Note that f need not be defined at the point c itself. If f is defined at c and if
f(c+) = f(c), we say that f is continuous from the right at c.

Lefthand limits and continuity from the left at c are similarly defined if
c e (a, b].

If a < c < b, then f is continuous at c if, and only if,

f(c) = .f(c+) = f(c-).
We say c is a discontinuity of f if f is not continuous at c. In this case one of
the following conditions is satisfied:

a) Eitherf(c+) orf(c-) does not exist.
b) Bothf(c+) andf(c-) exist but have different values.
c) Both f(c +) and f(c -) exist and f(c +) = f(c -) 0 f(c).

In case (c), the point c is called a removable discontinuity, since the discontinuity
could be removed by redefining f at c to have the valuef(c+) = f(c-). In cases
(a) and (b), we call c an irremovable discontinuity because the discontinuity cannot
be removed by redefining f at c.

Definition 4.49. Let f be defined on a closed interval [a, b]. If f(c+) and f(c-)
both exist at some interior point c, then:

a) f(c) - f(c-) is called the lefthand jump off at c,
b) f(c+) - f(c) is called the righthand jump off at c,
c) f(c +) - f(c -) is called the jump off at c.

If any one of these three numbers is different from 0, then c is called a jump dis-
continuity off.

For the endpoints a and b, only one-sided jumps are considered, the righthand
- ).jump at a, f (a +) - f (a), and the lefthand jump at b, f (b) - f (b

Examples

1. The function f defined by f(x) = x/lxl if x ;4 0, f(0) = A, has a jump discontinuity
at 0, regardless of the value of A. Here f (0+) = 1 and f (0 -) = - 1. (See Fig. 4.6.)

2. The function f defined by f(x) = 1 if x -A 0, f(0) = 0, has a removable jump dis-
continuity at 0. In this case 1(0+) = f(0-) = 1.
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Figure 4.6 Figure 4.7

3. The function f' defined by f(x) = I/x if x t- 0, f(0) = A, has an irremovable dis-
continuity at 0. In this case neither f(0+) nor f(0-) exists. (See Fig. 4.7.)

4. The function f defined byf(x) = sin (1/x) if x -,6 0, f(0) = A, has an irremovable dis-
continuity at 0 since neither f(0+) nor f(0-) exists. (See Fig. 4.8.)

5. The function f defined by f(x) = x sin (1/x) if x t- 0, f(0) = 1, has a removable
jump discontinuity at 0, since f(0+) = f(0-) = 0. (See Fig. 4.9.)

Figure 4.8

4.23 MONOTONIC FUNCTIONS

Figure 4.9

Definition 4.50. Let f be a real-valued function defined on a subset S of R. Then
f is said to be increasing (or nondecreasing) on S if for every pair of points x and y
in S,

x < y implies f(x) < f(y).

If x < y impliesf(x) < f(y), then f is said to be strictly increasing on S. (Decreasing
functions are similarly defined.) A function is called monotonic on S if it is increasing
on S or decreasing on S.

If f is an increasing function, then -f is a decreasing function. Because of this
simple fact, in many situations involving monotonic functions it suffices to consider
only the case of increasing functions.
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We shall prove that functions which are monotonic on compact intervals
always have finite right- and lefthand limits. Hence their discontinuities (if any)
must be jump discontinuities.

Theorem 4.51. If f is increasing on [a, b], then f(c+) and f(c-) both exist for each
c in (a, b) and we have

.f(c-) :9 f(c) < f(c +).

At the endpoints we have

f(a) < f(a +) and f(b -) < f(b).

Proof. Let A = {f(x) : a < x < c}. Since f is increasing, this set is bounded
above by f(c). Let a = sup A. Then a < f(c) and we shall prove that f(c-)
exists and equals a.

To do this we must show that for every e > 0 there is a 6 > 0 such that

c - b < x < c implies I f(x) - al < e.

But since a = sup A, there is an element f(xl) of A such that a - e < f(x,) < a.
Since f is increasing, for every x in (x,, c) we also have a - e < f(x) < a, and
hence If(x) - al < e. Therefore the number 6 = c - x, has the required
property. (The proof that f(c+) exists and is >- f(c) is similar, and only trivial
modifications are needed for the endpoints.)

There is, of course, a corresponding theorem for decreasing functions which
the reader can formulate for himself.

Theorem 4.52. Let f be strictly increasing on a set S in R. Then f exists and is
strictly increasing on f(S).

Proof. Since f is strictly increasing it is one-to-one on S, so f -' exists. To see
that f -' is strictly increasing, let y, < y2 be two points inf(S) and let x, = f -'(y,),
x2 = f '(y2). We cannot have x, >- x2i for then we would also have y, >- y2.
The only alternative is

x, < x2,

and this means that f -' is strictly increasing.

Theorem 4.52, together with Theorem 4.29, now gives us:

Theorem 4.53. Let f be strictly increasing and continuous on a compact interval
[a, b]. Then f -' is continuous and strictly increasing on the interval [f(a), f(b)].

NOTE. Theorem 4.53 tells us that a continuous, strictly increasing function is a
topological mapping. Conversely, every topological mapping of an interval [a, b]
onto an interval [c, d] must be a strictly monotonic function. The verification of
this fact will be an instructive exercise for the reader (Exercise 4.62).
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EXERCISES

Limits and Continuity

Limits of sequences

4.1 Prove each of the following statements about sequences in C.

a) z" -+ 0 if Iz I < 1; {z") diverges if 1z > 1.
b) If z" -+ 0 and if {cn} is bounded, then {cnzn} -- 0.

c) z"/n! --+ 0 for every complex z.

d) If an=N/n2+2- n, then a, 0.

4.2 If an+2 = (an+1 + an)/2 for all n 1, show that an -+ (a1 + 2a2)/3. Hint. an+2 -
an+1 = Yan - an+,)
4.3 If 0 < x1 < 1 and if xn+1 = I - 1 - Xn for all n >- 1, prove that {xn} is a

decreasing sequence with limit 0. Prove also that xn+ 1 /xn -+ I-

4.4 Two sequences of positive integers {an} and {bn} are defined recursively by taking
a1 = b1 = I and equating rational and irrational parts in the equation

an + bnV 2 = (an-1 + b.-,N/2)2 for n - 2.

Prove that a2 - 2b2, = I for n >- 2. Deduce that an/bn -+ V2 through values > V2,
and that 2bn/Qn -+ V2 through values < ,J2.

4.5 A real sequence {xn} satisfies 7xn+1 = xn + 6 for n 1. If x1 = }, prove that the
sequence increases and find its limit. What happens if x1 = or if x1 = I?

2
2+1 - and for all n >- 1, prove that {an}4.6 If Ianl < 2 and Ian+2 - an+1l < BIan

converges.

4.7 In a metric space (S, d), assume that xn -+ x and yn - y. Prove that d(xn, Yn) -
d (x, y).

4.8 Prove that in a compact metric space (S, d), every sequence in S has a subsequence
which converges in S. This property also implies that S is compact but you are not re-
quired to prove this. (For a proof see either Reference 4.2 or. 4.3.)

4.9 Let A be a subset of a metric space S. If A is complete, prove that A is closed. Prove
that the converse also holds if S is complete.

Limits of functions

NOTE. In Exercises 4.10 through 4.28, all functions are real-valued.

4.10 Let f be defined on an open interval (a, b) and assume x e (a, b). Consider the two
statements

a)limlf(x+h)-f(x)I=0; b) Jimlf(x+h)-f(x-h)I=0.
h-+0 h-.0

Prove that (a) always implies (b), and give an example in which (b) holds but (a) does not.

4.11 Let f be defined on R2. If
lim f(x, y) = L

(x,y)-.(a,b)

and if the one-dimensional limits f(x, y) and limy..b f(x, y) both exist, prove that

lim [limf(x, y)] = lim [limf(x, y)] = L.
x-.a y-.b y-.b x-a
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Now consider the functions f defined on R2 as follows:xy
a) f(x, y) = x2 + y2 if (x, Y) t- (0, 0), f(0, 0) = 0.

b) Ax, y) = 2
(xy)2

if (x, Y) ;4 (0, 0), f(0, 0) = 0.
(xy) + (x - Y)

c) f(x, y) = 1 sin (xy)
X

if x # 0, AO' y) = Y.

d) f (x, y) = 1(x + y) sin (11x) sin (11Y) if x 0 and y # 0,
0 if x = Dory = 0.

sin x - sin y
e) f(x, y) = tan x - tan y

cos3 x

if tan x ?6 tan y,

if tan x = tan Y.

97

In each of the preceding examples, determine whether the following limits exist and
evaluate those limits that do exist:

lim [lim f(x, y)] ; lim [lim f(x, y)] ; lim AX, y).
x-'0 Y- O y-+0 x-.O (x,y)- (O.O)

4.12 If x c [0, 1 ] prove that the following limit exists,

lira [lira cos2n (m! irx)] ,
M-00 n-ao

and that its value is 0 or 1, according to whether x is irrational or rational.

Continuity of real-valued functions

4.13 Let f be continuous on [a, b] and let f(x) = 0 when x is rational. Prove that
f(x) = 0 for every x in [a, b].
4.14 Let f be continuous at the point a = (a1, a2i ..., an) in R". Keep a2, a3, ... , an
fixed and define a new function g of one real variable by the equation

g(x) = f(x, a2, ... , an).

Prove that g is continuous at the point x = al. (This is sometimes stated as follows:
A continuous function of n variables is continuous in each variable separately.)

4.15 Show by an example that the converse of the statement in Exercise 4.14 is not true
in general.

4.16 Let f, g, and h be defined on [0, 11 as follows:

f(x) = g(x) = h(x) = 0, whenever x is irrational;

f (x) = 1 and g(x) = x, whenever x is rational;

h(x) = 1/n, if x is the rational number m/n (in lowest terms);

h(0) = 1.
Prove that f is not continuous anywhere in [0, 1 ], that g is continuous only at x = 0, and
that h is continuous only at the irrational points in [0, 1 ].

4.17 For each x in [0, 1 ], let f(x) = x if x is rational, and let f(x) = I - x if x is
irrational. Prove that:

a) f(f(x)) = x for all x in [0, 1 ]. b) f(x) + Al - x) = I for all x in [0, 1 ].
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c) f is continuous only at the point x = .

d) f assumes every value between 0 and 1.

e) f(x + y) - f(x) - f(y) is rational for all x and y in [0, 1 ].

4.18 Let f be defined on R and assume that there exists at least one point x0 in Rat wh
f is continuous. Suppose also that, for every x and y in R, f satisfies the equation

.f(x + y) = f(x) + f(y).
Prove that there exists a constant a such that f (x) = ax for all x.

4.19 Let f be continuous on [a, b] and define g as follows : g(a) = f (a) and, for a < x <_
let g(x) be the maximum value off in the subinterval [a, x ]. Show that g is continuous
[a,b].
4.20 Let fl, ... , be m real-valued functions defined on a set Sin R". Assume that e,
fk is continuous at the point a of S. Define a new function f as follows: For each x in
f(x) is the largest of them numbers f,(x), ... , fm(x). Discuss the continuity off at a.

4.21 Let f : S - R be continuous on an open set Sin R", assume that p e S, and assu
that f(p) > 0. Prove that there is an n-ball B(p; r) such that f(x) > 0 for every x in
ball.

4.22 Let f be defined and continuous on a closed set S in R. Let

A = {x : x e S and f(x) = 0 }.

Prove that A is a closed subset of R.

4.23 Given a function f : R -+ R, define two sets A and B in RZ as follows:

A = {(x, y) : y < f(x) }, B = {(x, y) : y > fix)).

Prove that f is continuous on R if, and only if, both A and B are open subsets of R2.

4.24 Let f be defined and bounded on a compact interval S in R. If T c S, the num

nf(T) = sup {f(x) - fly) : x e T, y e T}

is called the oscillation (or span) off on T. If x e S, the oscillation offat x is defines
be the number

cvf(x) = lim S2 f(B(x ; h) n S).
h-+0+

Prove that this limit always exists and that cof(x) = 0 if, and only if, f is continuous a

4.25 Let f be continuous on a compact interval [a, b]. Suppose that f has a local rr
imum at x, and a local maximum at x2. Show that there must be a third point betw
x, and x2 where f has a local minimum.

NOTE. To say that f has a local maximum at x, means that there is a 1-ball B(x,) s
that f(x) 5 f(x,) for all x in B(x,) n [a, b]. Local minimum is similarly defined.
4.26 Let f be a real-valued function, continuous on [0, 1 ], with the following prope
For every real y, either there is no x in [0, 1 ] for which f(x) = y or there is exactly
such x. Prove that f is strictly monotonic on [0, 1 ].

4.27 Let f be a function defined on [0, 1 ] with the following property: For every
number y, either there is no x in [0, 1 ] for which f (x) = y or there are exactly two va
of x in [0, 1 ] for which f(x) = y.
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a) Prove that f cannot be continuous on [0, 1 ].

b) Construct a function f which has the above property.

c) Prove that any function with this property has infinitely many discontinuities on
10111.

4.28 In each case, give an example of a function f, continuous on
f(S) = T, or else explain why there can be no such f:

a) S = (0, 1),

b) S = (0, 1),

c)S=R',
d) S = [0, 1 ] v [2, 3 ],

e) S = [0, 1 ] x [0, 1 ],

f) S = [0, 1 ] x [0, 1 ],

g) S = (0, 1) x (0, 1),

T= (0, 1].
T (0, 1) u (1, 2).

T = the set of rational numbers.

T = {0, 1 }.

T = R2.
T = (0, 1) x (0, 1).
T R2.

S and such that

Continuity in metric spaces

In Exercises 4.29 through 4.33, we assume that f : S - T is a function from one metric
space (S, ds) to another (T, dT).

4.29 Prove that f is continuous on S if, and only if,

f -'(int B) S int f -'(B) for every subset B of T.

4.30 Prove that f is continuous on S if, and only if,

f(A) E- 7) for every subset A of S.

4.31 Prove that f is continuous on S if, and only if, f is continuous on every compact
subset of S. Hint. If x - p in S, the set {p, x1, x2, ... } is compact.

4.32 A function f : S T is called a closed mapping on S if the image f(A) is closed in T
for every closed subset A of S. Prove that f is continuous and closed on S if, and only
if, f(A) = f(A) for every subset A of S.

4.33 Give an example of a continuous f and a Cauchy sequence in some metric
space S for which is not a Cauchy sequence in T.

4.34 Prove that the interval (- 1, 1) in R' is homeomorphic to R'. This shows that
neither boundedness nor completeness is a topological property.

4.35 Section 9.7 contains an example of a function f, continuous on [0, 1 ], with
f ([0, 1 ]) = [0, 1 ] x [0, 1 ]. Prove that no such f can be one-to-one on [0, 1 ].

Connectedness

4.36 Prove that a metric space S is disconnected if, and only if, there is a nonempty subset
A of S, A 0 S, which is both open and closed in S.

4.37 Prove that a metric space S is connected if, and only if, the only subsets of S which
are both open and closed in S are the empty set and S itself.

4.38 Prove that the only connected subsets of R are (a) the empty set, (b) sets consisting
of a single point, and (c) intervals (open, closed, half-open, or infinite).
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4.39 Let X be a connected subset of a metric space S. Let Y be a subset of S such that
X s Y c X, where X is the closure of X. Prove that Y is also connected. In particular,
this shows that X is connected.

4.40 If x is a point in a metric space S, let U(x) be the component of S containing x.
Prove that U(x) is closed in S.

4.41 Let S be an open subset of R. By Theorem 3.11, S is the union of a countable dis-
joint collection of open intervals in R. Prove that each of these open intervals is a com-
ponent of the metric subspace S. Explain why this does not contradict Exercise 4.40.

4.42 Given a compact set S in R"' with the following property: For every pair of points
a and b in S and for every e > 0 there exists a finite set of points {x0, x1, ... , x"} in S
with xo = a and x,, = b such that

IJxk - xk_111 < fork = 1, 2,. .., n.

Prove or disprove: S is connected.

4.43 Prove that a metric space S is connected if, and only if, every nonempty proper
subset of S has a nonempty boundary.

4.44 Prove that every convex subset of R" is connected.

4.45 Given a function f : R" --* R' which is one-to-one and continuous on W. If A is
open and disconnected in R", prove that f(A) is open and disconnected in f(R").

4.46 Let A = {(x, y) : 0 < x < 1, y = sin 1/x), B = {(x, y) : y = 0, - 1 < x < 0},
and let S = A v B. Prove that S is connected but not arcwise connected. (See Fig. 4.5,
Section 4.18.)

4.47 Let F = {F1, F2,... } be a countable collection of connected compact sets in R"
such that Fk+1 Fk for each k >- 1. Prove that the intersection n, 1 Fk is connected
and closed.

4.48 Let S be an open connected set in R". Let T be a component of R" - S. Prove that
R" - T is connected.
4.49 Let (S, d) be a connected metric space which is not bounded. Prove that for every
a in S and every r > 0, the set {x : d(x, a) = r ) is nonempty.

Uniform continuity

4.50 Prove that a function which is uniformly continuous on S is also continuous on S.

4.51 If f(x) = x2 for x in R, prove that I. is not uniformly continuous on R.

4.52 Assume that f is uniformly continuous on a bounded set S in R". Prove that f must
be bounded on S.

4.53 Let f be a function defined on a set S in R" and assume that f(S) S R'". Let g be
defined on f(S) with value in Rk, and let h denote the composite function defined by
h(x) = g[f(x)] if x e S. If f is uniformly continuous on S and if g is uniformly continuous
on f(S), show that h is uniformly continuous on S.

4.54 Assume f : S -+ T is uniformly continuous on S, where S and T are metric spaces.
If {x"} is any Cauchy sequence in S, prove that {f(x")} is a Cauchy sequence in T. (Com-
pare with Exercise 4.33.)
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4.55 Let f : S --> T be a function from a metric space S to another metric space T.
Assume f is uniformly continuous on a subset A of S and that T is complete. Prove that
there is a unique extension off to A which is uniformly continuous on A.

4.56 In a metric space (S, d), let A be a nonempty subset of S. Define a function
fA : S - R by the equation

fA(x) = inf (d(x, y) : y e A)

for each x in S. The number fA(x) is called the distance from x to A.

a) Prove that fA is uniformly continuous on S.

b)Prove that A = (x : x e S and fA(x) = 0}.
4.57 In a metric space (S, d), let A and B be disjoint closed subsets of S. Prove that there
exist disjoint open subsets U and V of S such that A s U and B 9 V. Hint. Let
g(x) = fA(x) - fB(x), in the notation of Exercise 4.56, and consider g-'(- oo, 0) and
g-'(0, +00).

Discontinuities

4.58 Locate and classify the discontinuities of the functions f defined on R' by the follow-
ing equations:.

a) f (x) = (sin x)/x if x -A 0, f (O) = 0.

b) f (x) = e"x if x : 0, f (O) = 0.
c) f(x) = el/x + sin (1/x) if x t 0, f(0) = 0.
d) f(x) = 1/(1 - e"x) if x 96 0, f(0) = 0.

4.59 Locate the points in RZ at which each of the functions in Exercise 4.11 is not con-
tinuous.

Monotonic functions

4.60 Let f be defined in the open interval (a, b) and assume that for each interior point x
of (a, b) there exists a 1-ball B(x) in which f is increasing. Prove that f is an increasing
function throughout (a, b).

4.61 Let f be continuous on a compact interval [a, b] and assume that f does not have a
local maximum or a local minimum at any interior point. (See the NOTE following
Exercise 4.25.) Prove that f must be monotonic on [a, b].

4.62 If f is one-to-one and continuous on [a, b ], prove that f must be strictly monotonic
on [a, b]. That is, prove that every topological mapping of [a, b] onto an interval [c, d]
must be strictly monotonic.

4.63 Let f be an increasing function defined on [a, b] and let x1, ... , x be n points in
the interior such that a < x1 < x2 < < x < b.

a) Show that F_k=1 [f(xk+) - f(xk-)] <- f(b-) - f(a+).
b) Deduce from part (a) that the set of discontinuities off is countable.
c) Prove that f has points of continuity in every open subinterval of [a, b].

4.64 Give an example of a function f, defined and strictly increasing on a set S in R, such
that f -1 is not continuous on f(S).
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4.65 Let f be strictly increasing on a subset S of R. Assume that the image f(S) has one
of the following properties: (a) f(S) is open; (b) f(S) is connected; (c) f (S) is closed. Prove
that f must be continuous on S.

Metric spaces and fixed points

4.66 Let B(S) denote the set of all real-valued functions which are defined and bounded
on a nonempty set S. If f'e B(S), let

11111 = sup If(x)I.
XES

The number 11 f 11 is called the "sup norm" off
a) Prove that the formula d(f, g) = 11f - g 1l defines a metric don B(S).

b) Prove that the metric space (B(S), d) is complete. Hint. If (f") is a Cauchy
sequence in B(S), show that {f(x) } is a Cauchy sequence of real numbers for each x in S.

4.67 Refer to Exercise 4.66 and let C(S) denote the subset of B(S) consisting of all func-
tions continuous and bounded on S, where now S is a metric space.

a) Prove that C(S) is a closed subset of B(S).
b) Prove that the metric subspace C(S) is complete.

4.68 Refer to the proof of the fixed-point theorem (Theorem 4.48) for notation.

a) Prove that d(p, p") < d(x, f(x))a"/(1 - a).
This inequality, which is useful in numerical work, provides an estimate for the distance
from p" to the fixed point p. An example is given in (b).

b) Take f(x) = 4(x + 2/x), S = [1, +oo). Prove that f is a contraction of S with
contraction constant a = } and fixed point p = %12. Form the sequence {p"}
starting with x = po = I and show that Ip" - v/2I 5 2-"

4.69 Show by counterexamples that the fixed-point theorem for contractions need not
hold if either (a) the underlying metric space is not complete, or (b) the contraction
constant a >: 1.

4.70 Let f : S S be a function from a complete metric space (S, d) into itself. Assume
there is a real sequence {a"} which converges to 0 such that d(f"(x), f"(y)) < a"d(x, y)
for all n >- 1 and all x, y in S, where j'" is the nth iterate off, that is,

f' (x) = f (x), f"+' (x) = f(f"(x)) for n >- 1.

Prove that f has a unique fixed point. Hint. Apply the fixed-point theorem to f' for a
suitable m.

4.71 Let f : S S be a function from a metric space (S, d) into itself such that

d(f(x),f(y)) < d(x, y)
whenever x 0 y.

a) Prove that f has at most one fixed point, and give an example of such an f with no
fixed point.

b) If S is compact, prove that f has exactly one fixed point. Hint. Show that
g(x) = d(x, f(x)) attains its minimum on S.

c) Give an example with S compact in which f is not a contraction.
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4.72 Assume that f satisfies the condition in Exercise 4.71. If x e S, let po = x,
pn+ 1 = f(pn), and c = d(pn, Pn+ 1) for n >_ 0.

a) Prove that {cn) is a decreasing sequence, and let c = lim c,,.

b) Assume there is a subsequence which converges to a point q in S. Prove
that

c = d(q, f(q)) = d(f(q),.f[f(q)])

Deduce that q is a fixed point off and that p,, q.
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CHAPTER 5

DERIVATIVI

5.1 INTRODUCTION

This chapter treats the derivative, the central concept of differential calculus. T
different types of problem-the physical problem of finding the instantanec
velocity of a moving particle, and the geometrical problem of finding the tang,
line to a curve at a given point-both lead quite naturally to the notion of deri
tive. Here, we shall not be concerned with applications to mechanics and geomet
but instead will confine our study to general properties of derivatives.

This chapter deals primarily with derivatives of functions of one real varial
specifically, real-valued functions defined on intervals in R. It also discus
briefly derivatives of vector-valued functions of one real variable, and par
derivatives, since these topics involve no new ideas. Much of this material sho
be familiar to the reader from elementary calculus. A more detailed treatment
derivative theory for functions of several variables involves significant chan
and is dealt with in Chapter 12.

The last part of the chapter discusses derivatives of complex-valued functi4
of a complex variable.

5.2 DEFINITION OF DERIVATIVE

If f is defined on an open interval (a, b), then for two distinct points x and
(a, b) we can form the difference quotient

f(x) - f(c)

x-c
We keep c fixed and study the behavior of this quotient as x - c.

Definition 5.1. Let f be defined on an open interval (a, b), and assume that c e (a,
Then f is said to be differentiable at c whenever the limit

lim
f(x) - f(c)

X-C x - c
exists. The limit, denoted by f'(c), is called the derivative off at c.

This limit process defines a new function f', whose domain consists of th
points in (a, b) at which f is differentiable. The function f is called the j

104



Th. 5.3 Derivatives and Continuity 105

derivative off. Similarly, the nth derivative off, denoted by f("), is defined to be
the first derivative of f(n-1), for n = 2, 3, .... (By our definition, we do not
consider P) unless f " - 1) is defined on an open interval.) Other notations with
which the reader may be familiar are

f'(c) Df(c) (c) = I [where y = f(x)],
axax x=c

or similar notations. The function f itself is sometimes written f(O). The process
which produces f' from f is called differentiation.

5.3 DERIVATIVES AND CONTINUITY

The next theorem makes it possible to reduce some of the theorems on derivatives
to theorems on continuity.

Theorem 5.2. If f is defined on (a, b) and differentiable at a point c in (a, b), then
there is a function f* (depending on f and on c) which is continuous at c and which
satisfies the equation

f(x) - f(c) = (x - c)f*(x), (1)

for all x in (a, b), with f*(c) = f'(c). Conversely, if there is a function f *, con-
tinuous at c, which satisfies (1), then f is differentiable at c andf'(c) = f*(c).

Proof .If f'(c) exists, let f * be defined on (a, b) as follows :

f*(x) = f(x) - f(c) if x c, f *(c) = f '(c)
X - c

Then f* is continuous at c and (1) holds for all x in (a, b).

Conversely, if (1) holds for some f * continuous at c, then by dividing by x - c
and letting x - c we see that f'(c) exists and equals f *(c).

- As an immediate consequence of (1) we obtain:

Theorem 5.3. If f is differentiable at c, then f is continuous at c.

Proof. Let x -+ c in (1).

NOTE. Equation (1) has a geometric interpretation which helps us gain insight
into its meaning. Since f * is continuous at c, f *(x) is nearly equal to f *(c) = f'(c)
if x is near c. Replacing f *(x) by f'(c) in (1) we obtain the equation

f(x) = f(c) + f'(c)(x - c),

which should be approximately correct when x - c is small. In other words, if f is
differentiable at c, then f is approximately a linear function near c. (See Fig. 5.1).
Differential calculus continually exploits this geometric property of functions.
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(x f(x))Rr-----,

Tan ent lineg
with slope f,(c) f(x) - f(c)

f"(c)(X - c)
(c, f(c)) -----L--- L

Figure 5.1
C x

5.4 ALGEBRA OF DERIVATIVES

The next theorem describes the usual formulas for differentiating the sum, differ-
ence, product and quotient of two functions.

Theorem 5.4. Assume f and g are defined on (a, b) and differentiable at c. Then
f + g, f - g, and f - g are also differentiable at c. This is also true off/g if g(c) 96 0.
The derivatives at c are given by the following formulas:

a) (f ± g)'(c) = f'(c) ± g'(c),

b) (.f' g)'(c) = f(c)g'(c) + f '(c)g(c),

c) (f lg),(c) =
g(c)f,(c9( f(c)g'(c) provided g(c) # 0.

c)

Proof We shall prove (b). Using Theorem 5.2 we write

f(x) = f(c) + (x - c)f*(x), g(x) = g(c) + (x - c)g*(x).
Thus,

f(x)g(x) - f(c)g(c) = (x - c)[f(c)g*(x) +f *(x)g(c)] + (x - c)2 f *(x)g*(x).

Dividing by x - c and letting x - c we obtain (b). Proofs of the other statements
are similar.

From the definition we see at once that if f is constant on (a, b) then f' = 0
on (a, b). Also, if f(x) = x, then f'(x) = 1 for all x. Repeated application of
Theorem 5.4 tells us that if f(x) = x" (n a positive integer), then f'(x) = nx"-1
for all x. Applying Theorem 5.4 again, we see that every polynomial has a deriva-
tive everywhere in R and every rational function has a derivative wherever it is
defined.

5.5 THE CHAIN RULE

A much deeper result is the so-called chain rule for differentiating composite func-
tions.
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Theorem 5.5 (Chain rule). Let f be defined on an open interval S, let g be defined on
f(S), and consider the composite function g -f defined on S by the equation

(g °f)(x) = g[f(x)].
Assume there is a point c in S such that f(c) is an interior point of f(S). If f is
differentiable at c and if g is differentiable at f(c) then g -f is differentiable at c
and we have

(g °f)'(c) = 9'[f(c)]f'(c)
Proof Using Theorem 5.2 we can write

f(x) - f(c) = (x - c)f *(x) for all x in S,

where f * is continuous at c and f *(c) = f'(c). Similarly,

9(Y) - 9[.f(c)] = [Y - f(c)]9*(Y),
for all y in some open subinterval T off(S) containing f(c). Here g* is continuous
at f(c) and g*[f(c)] = g'[f(c)].

Choosing x in S so that y = f(x) c T, we then have

g[f(x)] - g[f(c)] = [f(x) - f(c)]g*[f(x)] = (x - c)f*(x)g*U(x)] (2)

By the continuity theorem for composite functions,

9*[f(x)] -+ g*[f(c)] = 9'U(c)] as x -, c.

Therefore, if we divide by x - c in (2) and let x - c, we obtain

lim g[.f(x)] - 9[f(c)] = g'U(c)]f'(c),

as required.
x-+c X - C

5.6 ONE-SIDED DERIVATIVES AND INFINT1E DERIVATIVES

Up to this point, the statement that f has a derivative at c has meant that c was
interior to an interval in which f was defined and that the limit defining f'(c) was

finite. It is convenient to extend the scope of our ideas somewhat in order to discuss
derivatives at endpoints of intervals. It is also desirable to introduce infinite
derivatives, so that the usual geometric interpretation of a derivative as the slope
of a tangent line will still be valid in case the tangent line happens to be vertical.
In such a case we cannot prove that f is continuous at c. Therefore, we explicitly
require it to be so.

Definition 5.6. Let f be defined on a closed interval S and assume that f is continuous
at the point c in S. Then f is said to have a righthand derivative at c if the righthand
limit

lim AX) - f (c)
xyc+ x - c
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exists as a finite value, or if the limit is + o0 or - oo. This limit will be denoted
f +(c). Lefthand derivatives, denoted by f _ (c), are similarly defined. In additi
if c is an interior point of S, then we say that f has the derivative f'(c) = + 00
both the right- and lefthand derivatives at c are + oo. (The derivative f'(c)
is similarly defined.)

It is clear that f has a derivative (finite or infinite) at an interior point c if, a
only if, f+(c) = f-' (c), in which case f+(c) = f_(c) = f'(c).

xl x2 x3 x4 X5 x7X6

Figure 5.2

Figure 5.2 illustrates some of these concepts. At the point x, we have f+(x,)
- oo. At x2 the lefthand derivative is 0 and the righthand derivative is -1. Al
f'(x3) = - 00, f=(x4) = -1, f+(X4) = + 1, f'(x6) = + oo, and f_(x7) =
There is no derivative (one-sided or otherwise) at x5, since f is not continuo
there.

5.7 FUNCTIONS WITH NONZERO DERIVATIVE

Theorem 5.7. Let f be defined on an open interval (a, b) and assume that for so,
c in (a, b) we have f'(c) > 0 or f'(c) = +oo. Then there is a 1-ball B(c) c (a,
in which

f(x) > f(c) if x > c, and f(x) < f(c) if x < c.

Proof. If f'(c) is finite and positive we can write

f(x) - f(c) = (x - Of *(x),
where f * is continuous at c and f *(c) = f'(c) > 0. By the sign preserving prope
of continuous functions there is a 1-ball B(c) s (a, b) in which f *(x) has the sa
sign as f*(c), and this means that f(x) - f(c) has the same sign as x - c.
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If f'(c) = +oo, there is a 1-ball B(c) in which

f(x) - f(c) > 1
x - c whenever x 0 c.

In this ball the quotient is again positive and the conclusion follows as before.

A result similar to Theorem 5.7 holds, of course, iff'(c) < 0 or iff'(c) 00

at some interior point c of (a, b).

5.8 ZERO DERIVATIVES AND LOCAL EXTREMA

Definition 5.8. Let f be a real-valued function defined on a subset S of a metric
space M, and assume a e S. Then f is said to have a local maximum at a if there is
a ball B(a) such that

f(x) < f(a) for all x in B(a) n S.

If f(x) >- f(a) for all x in B(a) n S, then f is said to have a local minimum at a.

NOTE. A local maximum at a is the absolute maximum off on the subset B(a) n S.
If f has an absolute maximum at a, then a is also a local maximum. However, f
can have local maxima at several points in S without having an absolute maximum
on the whole set S.

The next theorem shows a connection between zero derivatives and local
extrema (maxima or minima) at interior points.

Theorem 5.9. Let f be defined on an open interval (a, b) and assume that f has a
local maximum or a local minimum at an interior point c of (a, b). If f has a derivative
(finite or infinite) at c, then f'(c) must be 0.

Proof. If f'(c) is positive or + oo, then f cannot have a local extremum at c
because of Theorem 5.7. Similarly, f'(c) cannot be negative or - oo. However,
because there is a derivative at c, the only other possibility isf'(c) = 0.

The converse of Theorem 5.9 is not true. In general, knowing that f'(c) = 0
is not enough to determine whether f has an extremum at c. In fact, it may have
neither, as can be verified by the example f(x) = x3 and c = 0. In this case,
f'(0) = 0 but f is increasing in every neighborhood of 0.

Furthermore, it should be emphasized that f can have a local extremum at c
without f'(c) being zero. The example f(x) = IxI has a minimum at x = 0 but,
of course, there is no derivative at 0. Theorem 5.9 assumes that f has a derivative
(finite or infinite) at c. The theorem also assumes that c is an interior point of
(a, b). In the example f(x) = x, where a < x S b, f takes on its maximum and
minimum at the endpoints butf'(x) is never zero in [a, b].
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5.9 ROLLE'S THEOREM

It is geometrically evident that a sufficiently "smooth" curve which crosses the
x-axis at both endpoints of an interval [a, b] must have a "turning point" some-
where between a and b. The precise statement of this fact is known as Rolle's
theorem.

Theorem 5.10 (Rolle). Assume f has a derivative (finite or infinite) at each point of
an open interval (a, b), and assume that f is continuous at both endpoints a and b.
If f(a) = f(b) there is at least one interior point c at which f'(c) = 0.

Proof. We assume f' is never 0 in (a, b) and obtain a contradiction. Since f is
continuous on a compact set, it attains its maximum M and its minimum m some-
where in [a, b]. Neither extreme value is attained at an interior point (otherwise
f' would vanish there) so both are attained at the endpoints. Since f(a) = f(b),
then m = M, and hence f is constant on [a, b]. This contradicts the assumption
that f' is never 0 on (a, b). Therefore f'(c) = 0 for some c in (a, b).

5.10 THE MEAN-VALUE THEOREM FOR DERIVATIVES

Theorem 5.11 (Mean- Value Theorem). Assume that f has a derivative (finite or
infinite) at each point of an open interval (a, b), and assume also that f is continuous
at both endpoints a and b. Then there is a point c in (a, b) such that

f(b) - f(a) = f'(c)(b - a).

Geometrically, this states that a sufficiently smooth curve joining two points
A and B has a tangent line with the same slope as the chord AB. We will deduce
Theorem 5.11 from a more general version which involves two functions f and g in
a symmetric fashion.

Theorem 5.12 (Generalized Mean- Value Theorem). Let f and g be two functions,
each having a derivative (finite or infinite) at each point of an open interval (a, b)
and each continuous at the endpoints a and b. Assume also that there is no interior
point x at which both f'(x) and g'(x) are infinite. Then for some interior point c we
have

f'(c)[g(b) - g(a)] = g'(c)[f(b) - f(a)].

NOTE. When g(x) = x, this gives Theorem 5.11.

Proof. Let h(x) = f(x)[g(b) - g(a)] - g(x)[f(b) - f(a)]. Then h'(x) is finite if
both f'(x) and g'(x) are finite, and h'(x) is infinite if exactly one off'(x) or g'(x) is
infinite. (The hypothesis excludes the case of both f'(x) and g'(x) being infinite.)
Also, h is continuous at the endpoints, and h(a) = h(b) = f(a)g(b) - g(a)f(b).
By Rolle's theorem we have h'(c) = 0 for some interior point, and this proves the
assertion.
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NOTE. The reader should interpret Theorem 5.12 geometrically by referring to the
curve in the xy-plane described by the parametric equations x = g(t), y = f(t),
a<t<b.

There is also an extension which does not require continuity at the endpoints.

Theorem 5.13. Let f and g be two functions, each having a derivative (finite or
infinite) at each point of (a, b). At the endpoints assume that the limits f(a+),
g(a+), f(b-) and g(b-) exist as finite values. Assume further that there is no
interior point x at which both f'(x) and g'(x) are infinite. Then for some interior
point c we have

f'(c)[g(b-) - g(a+)] = g'(c)[f(b-) - f(a+)]

Proof. Define new functions F and G on [a, b] as follows:

F(x) = f(x) and G(x) = g(x) if x e (a, b);

F(a) = f(a+), G(a) = g(a+), F(b) = f(b - ), G(b) = g(b - ).

Then F and G are continuous on [a, b] and we can apply Theorem 5.12 to F and
G to obtain the desired conclusion.

The next result is an immediate consequence of the Mean-Value Theorem.

Theorem 5.14. Assume f has a derivative (finite or infinite) at each point of an open
interval (a, b) and that f is continuous at the endpoints a and b.

a) If f' takes only positive values (finite or infinite) in (a, b), then f is strictly
increasing on [a, b]. `

b) If f' takes only negative values (finite or infinite) in (a, b), then f is strictly
decreasing on [a; b],

c) If f' is zero everywhere in (a, b) then f is constant on [a, b].

Proof Choose x < y and apply the Mean-Value Theorem to the subinterval
[x, y] of [a, b] to obtain

f(y) - f(x) = f'(c)(y - x) where c e (x, y).

All the statements of the theorem follow at once from this equation.

By applying Theorem 5.14 (c) to the difference f - g we obtain :

Corollary 5.15..If f and g are continuous on [a, b] and have equal finite derivatives
in (a, b), then f - g is constant on [a, b].

5.11 INTERMEDIATE-VALUE THEOREM FOR DERIVATIVES

In Theorem 4.33 we proved that a function f which is continuous on a compact
interval [a, b] assumes every value between its maximum and its minimum on
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the interval. In particular, f assumes every value betweenf(a) andf(b). A similar
result will now be proved for functions which are derivatives.

Theorem 5.16 (Intermediate-value theorem for derivatives). Assume that f is de-
fined on a compact interval [a, b] and that f has a derivative (finite or infinite) at each
interior point. Assume also that f has finite one-sided derivatives f+ (a) and f_(b) at
the endpoints, with f+ (a) # f_(b). Then, if c is a real number between f+ (a) and
f_(b), there exists at least one interior point x such that f'(x) = c.

Proof. Define a new function g as follows:

g(x) = f(x) - f(a) if x # a, g(a) = f+(a).x-a
Then g is continuous on the closed interval [a, b]. By the intermediate-value
theorem for continuous functions, g takes on every value between f+(a) and
[f(b) - f(a)]/(b - a) in the interior (a, b). By the Mean-Value have
g(x) = f'(k) for some k in (a, x) whenever x e (a, b). Therefore f' takes on every
value between f+(a) and [f(b) - f(a)]/(b - a) in the interior (a, b). A similar
argument applied to the function h, defined by

h(x) = f(x) - f(b) if x # b, h(b) = f_(b),

shows that f' takes on every value between [f(b) - f(a)]/(b - a) and f'_ (b) in the
interior (a, b). Combining these results, we see that f' takes on every value between
f+(a) and f_(b) in the interior (a, b), and this proves the theorem.

NOTE. Theorem 5.16 is still valid if one or both of the one-sided derivatives
f+(a), f_(b), is infinite. The proof in this case can be given by considering the
auxiliary function g defined by the equation g(x) = f(x) - cx, if x e [a, b].
Details are left to the reader.

The intermediate-value theorem shows that a derivative cannot change sign
in an interval without taking the value 0. Therefore, we have the following
strengthening of Theorem 5.14(a) and (b).

Theorem 5.17. Assume f has a derivative (finite or infinite) on (a, b) and is con-
tinuous at the endpoints a and b. If f'(x) # 0 for all x in (a, b) then f is strictly
monotonic on [a, b].

The intermediate-value theorem also shows that monotonic derivatives are
necessarily continuous.

Theorem 5.18. Assume f' exists and is monotonic on an open interval (a, b). Then
f' is continuous on (a, b).

Proof. We assume f' has a discontinuity at some point c in (a, b) and arrive at a
contradiction. Choose a closed subinterval [a, /3] of (a, b) which contains c in its
interior. Since f' is monotonic on [a, /3] the discontinuity at c must be a jump
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discontinuity (by Theorem 4.51). Hence f' omits some value between f'(a) and
f'(fl), contradicting the intermediate-value theorem.

5.12 TAYLOR'S FORMULA WITH REMAINDER

As noted earlier, if f is differentiable at c, then f is approximately a linear function
near c. That is, the equation

f(x) = f(c) + f'(c)(x - c),
is approximately correct when x - c is small. Taylor's theorem tells us that, more
generally, f can be approximated by a polynomial of degree n - 1 if f has a deriva-
tive of order n. Moreover, Taylor's theorem gives a useful expression for the error
made by this approximation.

Theorem 5.19 (Taylor). Let f be a function having finite nth derivative f1`1 every-
where in an open interval (a, b) and assume that f( n-1) is continuous on the closed
interval [a, b]. Assume that c e [a, b]. Then, for every x in [a, b], x # c, there
exists a point x1 interior to the interval joining x and c such that

n- I (k) a f(n)(
xlf(x) = f(c) + E

k=i
f

k!
) (x - c)k + n) (x - Cr.

Taylor's theorem will be obtained as a consequence of a more general result
that is a direct extension of the generalized Mean-Value Theorem.

Theorem 5.20. Let f and g be two functions having finite nth derivatives f O) and
g(") in an open interval (a, b) ,and continuous (n - 1)st derivatives in the closed
interval [a, b]. Assume that c e [a, b]. Then, for every x in [a, b], x # c, there
exists a point xl interior to the interval joining x and c such that

[f(x) - E f(') c) (x - c)k gn°(x1) = 9(x) - E 9(k(c) (x - c)k .

NoTE. For the special case in which g(x) = (x - c)r, we have g(k)(c) = 0 for
0 S k 5 n - 1 and g(")(x) = n!. This theorem then reduces to Taylor's theorem.

Proof. For simplicity, assume that c < b and that x > c. Keep x fixed and define
new functions F and G as follows :

n- I (k)
F(t)=f(t)+E- kit)(x-t)k,

n-1 (k)G(t) = g(t) + (t) (x - t)k,
kL=r1 k! .

for each t in [e, x]. Then F and G are continuous on the closed interval [c, x]
and have finite derivatives in the open interval (c, x). Therefore, Theorem 5.12 is
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applicable and we can write

F'(x,)[G(x) - G(c)] = G'(x1)[F(x) - F(c)], where x, e (c, x).

This reduces to the equation

F'(x1)[g(x) - G(c)] = G'(x,)[f(x) - F(c)], (a)

since G(x) = g(x) and F(x) = f (x). If, now, we compute the derivative of the sum
defining F(t), keeping in mind that each term of the sum is a product, we find that
all terms cancel but one, and we are left with

F'(t) = (x - t)n- 1 f "°(t).

(n - 1)!

Similarly, we obtain

G'(t) - (x - t)n-1 g0")(t).

(n 1)!

If we put t = x1 and substitute into (a), we obtain the formula of the theorem.

5.13 DERIVATIVES OF VECTOR-VALUED FUNCTIONS

Let f : (a, b) - R" be a vector-valued function defined on an open interval (a, b)
in R. Then f = (f1i ... , fn) where each component fk is a real-valued function
defined on (a, b). We say that f is differentiable at a point c in (a, b) if each com-
ponent fk is differentiable at c and we define

f '(C) = (fl(c), ... , f.'(0).
In other words, the derivative f'(c) is obtained by differentiating each component
of f at c. In view of this definition, it is not surprising to find that many of the
theorems on differentiation are also valid for vector-valued functions. For example,
if f and g are vector-valued functions differentiable at c and if A is a real-valued
function differentiable at c, then the sum f + g, the product )f, and the dot product
f g are differentiable at c and we have

(f + g)'(c) = U (C) + g'(c),
(Af)'(c) = )'(c)f(c) + 2(c)f'(c),

(f g)'(c) = f'(c) g(c) + f(c) - g'(c).

The proofs follow easily by considering components. There is also a chain rule for
differentiating composite functions which is proved in the same way. If f is vector-
valued and if u is real-valued, then the composite function g given by g(x) _
f[u(x)] is vector-valued. The chain rule states that

g'(c) = f'[u(c)]u'(c),

if the domain of f contains a neighborhood of u(c) and if u'(c) and f'[u(c)] both
exist.
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The Mean-Value Theorem, as stated in Theorem 5.11, does not hold for vector-
valued functions. For example, if f(t) = (cos t, sin t) for all real t, then

f(27r) - f(O) = 0,

but f'(t) is never zero. In fact, JIf'(t)fl = I for all t. A modified version of the
Mean-Value Theorem for vector-valued functions is given in Chapter 12 (Theorem
12.8).

5.14 PARTIAL DERIVATIVES

Let S be an open set in Euclidean space R", and let f : S -. R be a real-valued
function defined on S. If x = (x1, ... , x") and c = (c1, ... , c.) are two points
of S having corresponding coordinates equal except for the kth, that is, if x; = c;
for i 0 k and if xk ck, then we can consider the limit

lim f(x) - f(c)
Xk-Ck Xk - Ck

When this limit exists, it is called the partial derivative off with respect to the kth
coordinate and is denoted by

Dkf(c), fk(c),
of

(c),
OXk

or by a similar expression. We shall adhere to the notation Dkf(c).
This process produces n further functions D1 f, D2 f, ... , defined at those

points in S where the corresponding limits exist.
Partial differentiation is not really a new concept. We are merely treating

f(x1i ... , x") as a function of one variable at a time, holding the others fixed.
That is, if we introduce a function g defined by

9(xk) = ./ (c1, ... , C1-1, Xk, Ck+1, ... , C.),

then the partial derivative Dkf(c) is exactly the same as the ordinary derivative
g'(ck). This is usually described by saying that we differentiate f with respect to
the kth variable, holding the others fixed.

In generalizing a concept from R1 to R, we seek to preserve the important
properties in the one-dimensional case. For example, in the one-dimensional case,
the existence of the derivative at c implies continuity at c. Therefore it seems
desirable to have a concept of derivative for functions of several variables which
will imply continuity. Partial derivatives do not do this. A function of n variables
can have partial derivatives at a point with respect to each of the variables and yet
not be continuous at the point. We illustrate with the following example of a
function of two variables:

.f(x, y) =
x+y, ifx=Dory=O,
1, otherwise.
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The partial derivatives D1 f(0, 0) and D2 f(0, 0) both exist. In fact,

D1 f(0, 0) = lim
f(X, 0) - f(0, 0) = lim x = 1,

X-0 x - 0 x--'OX

and, similarly, D2 f(0, 0) = 1. On the other hand, it is clear that this function is
not continuous at (0, 0).

The existence of the partial derivatives with respect to each variable separately
implies continuity in each variable separately; but, as we have just seen, this does
not necessarily imply continuity in all the variables simultaneously.-The difficulty
with partial derivatives is that by their very definition we are forced to consider
only one variable at a time. Partial derivatives give us the rate of change of a
function in the direction of each coordinate axis. There is a more general concept of
derivative which does not restrict our considerations to the special directions of
the coordinate axes. This will be studied in detail in Chapter 12.

The purpose of this section is merely to introduce the notation for partial
derivatives, since we shall use them occasionally before we reach Chapter 12.

If f has partial derivatives D1 f, ... , D"f on an open set S, then we can also
consider their partial derivatives. These are called second-order partial derivatives.
We write D,,kf for the partial derivative of Dkf with respect to the rth variable.
Thus,

D,,k.f = D,(Dk f )

Higher-order partial derivatives are similarly defined. Other notations are

D f
02f

D f = , a3fr,k
aXr 0Xk

P9.r axp aXq ax,

5.15 DIFFERENTIATION OF FUNCTIONS OF A COMPLEX VARIABLE

In this section we shall discuss briefly derivatives of complex-valued functions
defined on subsets of the complex plane. Such functions are, of course, vector-
valued functions whose domain and range are subsets of R2. All the considerations
of Chapter 4 concerning limits and continuity of vector-valued functions apply,
in particular, to functions of a complex variable. There is, however, one essential
difference between the set of complex numbers C and the set of n-dimensional
vectors R" (when n > 2) that plays an important role here. In the complex number
system we have the four algebraic operations of addition, subtraction, multiplica-
tion, and division, and these operations satisfy most of the "usual" laws of algebra
that told for the real number system. In particular, they satisfy the first five
axioms for real numbers listed in Chapter 1. (Axioms 6 through 10 involve the
ordering relation <, which cannot exist among the complex numbers.) Any
algebraic system which satisfies Axioms I through 5 is called a field. (For a
thorough discussion of fields, see Reference 1.4.) Multiplication and division, it
turns out, cannot be introduced in R" (for n > 2) in such a way that R" will
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become a fieldt which includes C. Since division is possible in C, however, we can
form the fundamental difference quotient [f(z) - f(c)]/(z - c) which was used
to define the derivative in R, and it now becomes clear how the derivative should be
defined in C.

Definition 5.21. Let f be a complex-valued function defined on an open set S in C,
and assume c e S. Then f is said to be differentiable at c if the limit

limf(z) - f(c) = f'(c)
Z_C z - c

exists.

By means of this limit process, a new complex-valued function f' is defined at
those points z of S where f'(z) exists. Higher-order derivatives are,
of course, similarly defined.

The following statements can now be proved for complex-valued functions
defined on an open set S by exactly the same proofs used in the real case:

a) f is differentiable at c if, and only if, there is a function f *, continuous at c, such
that

f(z) - f(c) = (z - Of *(z),
for all z in S, with f *(c) = f'(c).

NOTE. If we let g(z) = f*(z) - f'(c) the equation in (a) can be put in the form

f(z) = f(c) + f'(c)(z - c) + g(z)(z - c),
where g(z) -> 0 as z -+ c. This is called a first-order Taylor formula for f.

b) If f is differentiable at c, then f is continuous at c.

c) If two functions f and g have derivatives at c, then their sum, difference, product,
and quotient also have derivatives at c and are given by the usual formulas (as in
Theorem 5.4). In the case off/g, we must assume g(c) 0.

d) The chain rule is valid; that is to say, we have

(g °f)'(c) = g'[.f(c)].f'(c)'
if the domain of g contains a neighborhood of f(c) and if f'(c) and g'[f(c)] both
exist.

Whenf(z) = z, we findf'(z) = I for all z in C. Using (c) repeatedly, we find
that f'(z) = nz"-1 when f(z) = z" (n is a positive integer). This also holds when

t For example, if it were possible to define multiplication in R3 so as to make R3 a field
including C, we could argue as follows: For every x in R3 the vectors 1, x, x2, x3 would
be linearly dependent (see Reference 5.1, p. 558). Hence for each x in R3, a relation of
the form ao + a,x + a2x2 + a3x3 = 0 would hold, where ao, a,, a2, a3 are real
numbers. But every polynomial of degree three with real coefficients is a product of a
linear polynomial and a quadratic polynomial with real coefficients. The only roots such
polynomials can have are either real numbers or complex numbers.
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n is a negative integer, provided z 0. Therefore, we may compute derivatives
of complex polynomials and complex rational functions by the same techniques
used in elementary differential calculus.

5.16 THE CAUCHY-RIEMANN EQUATIONS

If f is a complex-valued function of a complex variable, we can write each function
value in the form

f(z) = u(z) + iv(z),

where u and v are real-valued functions of a complex variable. We can, of course,
also consider u and v to be real-valued functions of two real variables and then
we write

f(z) = u(x, y) + iv(x, y), if z = x + iy.

In either case, we write f = u + iv and we refer to u and v as the real and imag-
inary parts off For example, in the case of the complex exponential function f,
defined by

f(z) = ez = ex cos y jj iex sin y,

the real and imaginary parts are given by

u(x, y) = ex cos y, v(x, y) = ex sin y.

Similarly, when f(z) = z2 = (x + iy)2, we find

u(x, y) = x2 - y2, v(x, y) = 2xy.

In the next theorem we shall see that the existence of the derivative f' places a
rather severe restriction on the real and imaginary parts u and v.

Theorem 5.22. Let f = u + iv be defined on an open set S in C. If f'(c) exists for
some c in S, then the partial derivatives D,u(c), D2u(c), D,v(c) and D2v(c) also

exist and we have
f'(c) = D1u(c) + i D,v(c), (3)

and

f'(c) = D2v(c) - i D2u(c).

This implies, in particular, that

D, u(c) = D2v(c) and D, v(c) = - D2u(c).

(4)

NOTE. These last two equations are known as the Cauchy-Riemann equations.
They are usually seen in the form

au av av au

ax
ay,

ax ay

Proof. Since f'(c) exists there is a function f * defined on S such that

f(z) - f(c) = (z - c)f*(z), (5)
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where f * is continuous at c and f *(c) = f'(c). Write

z=x+iy, c=a+ib, and f*(z)=A(z)+iB(z),
where A(z) and B(z) are real. Note that A(z) -' A(c) and B(z) --> B(c) as z -+ c.
By considering only those z in S with y = b and taking real and imaginary parts
of (5), we find

u(x, b) - u(a, b) = (x - a)A(x + ib), v(x, b) - v(a, b) = (x - a)B(x + ib).

Dividing by x - a and letting x - a we find

D,u(c) = A(c) and Dlv(c) = B(c).

Sincef'(c) = A(c) + iB(c), this proves (3).
Similarly, by considering only those z in S with x = a we find

D2v(c) = A(c) and D2u(c) = -B(c),

which proves (4).

Applications of the Cauchy-Riemann equations are given in the next theorem.

Theorem 5.23. Let f = u + iv be a function with a derivative everywhere in an
open disk D centered at (a, b). If any one of u, v, or If I is constant' on D, then
f is constant on D. Also, f is constant if f'(z) = 0 for all z in D.

Proof. Suppose u is constant on D. The Cauchy-Riemann equations show that
D2v = D1v = 0 on D. Applying the one-dimensional Mean-Value Theorem twice
we find, for some y' between b and y,

v(x, y) - v(x, b) = (y - b)D2v(x, y') = 0,

and, for some x' between a and x,

v(x, b) - v(a, b) = (x - a)D, v(x', b) = 0.

Therefore v(x, y) = v(a, b) for all (x, y) in D, so v is constant on D. A similar
argument shows that if v is constant then u is constant.

Now suppose If I is constant on D. Then. If I2 = u2 + v2 is constant on D.
Taking partial derivatives we find

uD1u+vD1v=0, uD2u+vD2v=0.

By the Cauchy-Riemann equations the second equation can be written as

vD,u-uD1v=0.
Combining this with the first to eliminate D1v we find (u2 + v2)D,u = 0. If
u2+v2=0, then u = v = 0,sof=0. Ifuz+v2 #0then D,u=0;hence
u is constant, so f is constant.

t Here Ifs denotes the function whose value at z is If(z)I.
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Finally, if f' = 0 on D, both partial derivatives D,v and D2v are zero on D.
Again, as in the first part of the proof, we find f is constant on D.

Theorem 5.22 tells us that a necessary condition for the function f = u + iv to
have a derivative at c is that the four partials D,u, D2u, D,v, D2v, exist at c and
satisfy the Cauchy-Riemann equations. This condition, however, is not sufficient,
as we see by considering the following example.

Example. Let u and v be defined as follows:

x3 - y3
u(x, Y) = x2 + Y2 if (x, Y) 54 (0, 0), u(0, 0) = 0,

v(x, Y) = X3 + Y3 if (x, Y) j4 (0, 0), v(o, 0) = 0.

It is easily seen that D1u(0, 0) = Dlv(0, 0) = 1 and that D2u(0, 0) = - D2v(0, 0) = - 1,
so that the Cauchy-Riemann equations hold at (0, 0). Nevertheless, the function f =
u + iv cannot have a derivative at z = 0. In fact, for x = 0, the difference quotient
becomes

f(z) - f(0) = -Y + iy = 1 + i,z-0 iy

whereas for x = y, it becomes

f(z) - f(0) xi 1 + i
z-0 x+ix 2

and hence f'(0) cannot exist.

In Chapter 12 we shall prove that the Cauchy-Riemann equations do suffice to
establish existence of the derivative off = u + iv at c if the partial derivatives of
u and v are continuous in some neighborhood of c. To illustrate how this result is
used in practice, we shall obtain the derivative of the exponential function. Let
f(z)=e2=u+iv. Then

and hence

u(x, y) = ex cos y, v(x, y) = ex sin y,

D,u(x, y) = ex cos y = D2v(x, y), D2u(x, y) = -ex sin y = -D,v(x, y).

Since these partial derivatives are continuous everywhere in R2 and satisfy the
Cauchy-Riemann equations, the derivativef'(z) exists for all z. To compute it we
use Theorem 5.22 to obtain

f'(z) = ex cos y + iex sin y = f(z).

Thus, the exponential function is its own derivative (as in the real case).
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EXERCISES

Real-valued functions

In the following exercises assume, where necessary, a knowledge of the formulas for
differentiating the elementary trigonometric, exponential, and logarithmic functions.

5.1 A function f is said to satisfy a Lipschitz condition of order a at c if there exists a
positive number M (which may depend on c) and a 1-ball B(c) such that

(f(x) - f(c)1 < Mix - cI"
whenever x e B(c), x c.

a) Show that a function which satisfies a Lipschitz condition of order a is continuous
at c if a > 0, and has a derivative at c if a > 1.

b) Give an example of a function satisfying a Lipschitz condition of order 1 at c for
which f'(c) does not exist.

5.2 In each of the following cases, determine the intervals in which the function f is
increasing or decreasing and find the maxima and minima (if any) in the set where each f
is defined.

a)f(x)=x3+ax+b, xeR.
b) f(x) = log (x2 - 9), IxI > 3.

C) f(x) = x213(x - 1)4, 0 < x < 1.
d) f (x) = (sin x)/x if x 96 0, f (O) = 1, 0 < x < n/2.

5.3 Find a polynomial f of lowest possible degree such that

f(x1) = a1, f(x2) = a2, f'(xl) = b1, f'(x2) = b2,

where x1 0 x2 and a1, a2, bl, b2 are given real numbers.

5.4 Define f as follows: f(x) = e-1/x2 if x : 0, f(0) = 0. Show that
a) f is continuous for all x.

b) f(") is continuous for all x, and that f (1)(0) = 0, (n = 1, 2, ... ).
5.5 Define f, g, and has follows: f(0) = g(0) = h(0) = 0 and, if x ;4 0, f(x) = sin (1/x),

g(x) = x sin (1/x), h(x) = x2 sin (1/x). Show that
a) f'(x) = -1/x2 cos (1/x), if x 54 0; f'(0) does not exist.

b) g'(x) = sin (1/x) - l/x cos (1/x), if x j4 0; g'(0) does not exist.

c) h'(x) = 2x sin (1/x) - cos (1/x), if x 0 0; h'(0) = 0;
limx_o h'(x) does not exist.

5.6 Derive Leibnitz's formula for the nth derivative of the product h of two functions
f and g :

h(r)(x) = r (n/ f(k)(x)g(n-k)(x), where (n\ = n!

kk=0 k `kl k! (n - k)!

5.7 Let f and g be two functions defined and having finite third-order derivatives f "(x)
and g"(x) for all x in R. If f(x)g(x) = 1 for all x, show that the relations in (a), (b), (c),
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and (d) hold at those points where the denominators are not zero:

a) f'(x)/f(x) + g'(x)/g(x) = 0.

b) f"(x)lf'(x) - 2f '(x)lf(x) - 9"(x)l9 (x) = 0.

C)

f,,,(x)
- 3 f '(x)9 (x) - 3f "(x) - 9 (x) = 0.

f'(x) f (x)9'(x) f (x) 9'(x)
d) fl(x) - 3

f (x) 2 g(x) - 3
g"(x) 2

f'(x) 2 \.f'(x)/ -g '(x) 2 \9 (x)/

NOTE. The expression which appears on the left side of (d) is called the Schwarzian
derivative off at x.

e) Show that f and g have the same Schwarzian derivative if

g(x) = [af(x) + b ]/ [cf (x) + d ], where ad - be j4 0.

Hint. If c 34 0, write (af + b)l(cf + d) = (a/c) + (bc - ad)/[c(cf + d)], and apply
part (d).

5.8 Let f1, f2, g1, g2 be four functions having derivatives in (a, b). Define F by means of
the determinant

F(x) = f1(x) f2(x)
91(x) 92(x)

ifxe(a,b).

a) Show that F'(x) exists for each x in (a, b) and that

F'(x) = A(x) fi(x)
91(x) 92(x)

fi(x) f2(x)
9i(x) 9s(x)

b) State and prove a more general result for nth order determinants.

5.9 Given n functions f1, ... , f", each having nth order derivatives in (a, b). A function
W, called the Wronskian of f1, ... , f", is defined as follows: For each x in (a, b), W(x) is
the value of the determinant of order n whose element in the kth row and mth column is

where k = 1, 2, ... , n and m = 1, 2, ... , n. [The expression is written
for fm(x). ]

a) Show that W'(x) can be obtained by replacing the last row of the determinant
defining W(x) by the nth derivatives f (")(x), ... ,

b) Assuming the existence of n constants c1, ... , c", not all zero, such that
c1f1(x) + + c"f"(x) = 0 for every x in (a, b), show that W(x) = 0 for each
x in (a, b).

NOTE. A set of functions satisfying such a relation is said to be a linearly dependent set
on (a, b).

c) The vanishing of the Wronskian throughout (a, b) is necessary, but not sufficient,
for linear dependence of f1, . . . , f". Show that in the case of two functions, if the
Wronskian vanishes throughout (a, b) and if one of the functions does not vanish
in (a, b), then they form a linearly dependent set in (a, b).
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Mean-Value Theorem

5.10 Given a function f defined and having a finite derivative in (a, b) and such that
limx_,b_ f(x) = + oo. Prove that limX...b_ f'(x) either fails to exist or is infinite.

5.11 Show that the formula in the Mean-Value Theorem can be written as follows:

f(x + h) - f(x) = f'(x + Oh),
h

where 0 < 0 < 1. Determine 9 as a function of x and h when

a) f(x) = x2, b) f(x) = x3,
c) f(x) = ex, d) f(x) = log x, x > 0.

Keep x 34 0 fixed, and find limb,.o 0 in each case.

5.12 Take f (x) = 3x4 - 2x3 - x2 + 1 and g(x) = 4x3 - 3x2 - 2x in Theorem 5.20.
Show that f'(x)/g'(x) is never equal to the quotient [f(1) - f(0)]/[g(1) - g(0)] if
0 < x <- 1. How do you reconcile this with the equation

f(b) - f(a) = f''(xi)
g(b) - g(a) 9 (xi)

a < x <

obtainable from Theorem 5.20 when n = I?
5.13 In each of the following special cases of Theorem 5.20, take n = 1, c = a, x = b,
and show that xl = (a + b)/2.

a) f(x) = sin x, g(x) = cos x; b) f(x) = ex, g(x) = e-X.

Can you find a general class of such pairs of functions f and g for which xl will always be
(a + b)/2 and such that both examples (a) and (b) are in this class?

5.14 Given a function f defined and having a finite derivative f' in the half-open interval
0 < x < 1 and such that I f'(x)I < 1. Define a = f(1/n) for n = 1, 2, 3, ... , and show
that lime-,,, a exists. Hint. Cauchy condition.

5.15 Assume that f has a finite derivative at each point of the open interval (a, b). Assume
also that limX.4 f'(x) exists and is finite for some interior point c. Prove that the value
of this limit must be f'(c).

5.16 Let f be continuous on (a, b) with a finite derivative f' everywhere in (a, b), except
possibly at c. If limX_, f'(x) exists and has the value A, show that f'(c) must also exist
and have the value A.

5.17 Let f be continuous on [0, 1 ], f(0) = 0, f'(x) finite for each x in (0, 1). Prove that
if f' is an increasing function on (0, 1), then so too is the function g defined by the equa-
tion g(x) = f(x)/x.

5.18 Assume f has a finite derivative in (a, b) and is continuous on [a, b] with f(a) _
f(b) = 0. Prove that for every real .Z there is some c in (a, b) such that f'(c) = )f(c).
Hint. Apply Rolle's theorem to g(x)f(x) for a suitable g depending on A.

5.19 Assume f is continuous on [a, b] and has a finite second derivative f" in the open
interval (a, b). Assume that the line segment joining the points A = (a, f(a)) and
B = (b, f(b)) intersects the graph off in a third point P different from A and B. Prove
that f"(c) = 0 for some c in (a, b).
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5.20 If f has a finite third derivative f A" in [a, b ] and if

f (a) = f(a) = f (b) = f(b) = 0,

prove that f A"(c) = 0 for some c in (a, b).

5.21 Assume f is nonnegative and has a finite third derivative f '" in the open interval
(0, 1). If f (x) = 0 for at least two values of x in (0, 1), prove that f b"(c) = 0 for some c
in (0, 1).

5.22 Assume f has a finite derivative in some interval (a, + oo).

a) If f(x) - 1 and f'(x) -). c as x -). + oo, prove that c = 0.

b) If f(x) -p 1 as x -> + oo, prove that f(x)lx 1 as x - + cc.
c) If f'(x) -+ 0 as x -). + cc, prove that f(x)lx 0 as x --> + cc.

5.23 Let h be a fixed positive number. Show that there is no function f satisfying the
following three conditions: f(x) exists for x ? 0, f'(0) = 0, f'(x) ? h for x > 0.

5.24 If h > 0 and if f(x) exists (and is finite) for every x in (a - h, a + h), and if f is
continuous on [a - h, a + h], show that we have :

a)f(a+h)-f(a- h) = f'a+Oh + f 'a - Oh0 < 0 < 1;
h

b) f(a + h) - 2f(a) + f(a - h) = f'(a + Ah - f'(a - ,h), 0 < A < 1.
h )

c) If f '(a) exists, show that

f "(a) = lim f (a + h) - 2f (a) + f (a - h)
h-+O h2

d) Give an example where the limit of the quotient in (c) exists but wheref"(a) does
not exist.

5.25 Let f have a finite derivative in (a, b) and assume that c e (a, b). Consider the
following condition: For every c > 0 there exists a 1-ball B(c; 6), whose radius 6 depends
only on c and not on c, such that if x e B(c; 6), and x t- c, then

f(x) f(c) - f '(c)
X c

< E.

Show that f' is continuous on (a, b) if this condition holds throughout (a, b).

5.26 Assume f has a finite derivative in (a, b) and is continuous on [a, b], with a _<
f (x) -< b for all x in [a, b] and If'(x)I a< 1 for all x in (a, b). Prove that f has a
unique fixed point in [a, b].

5.27 Give an example of a pair of functions f and g having finite derivatives in (0, 1),
such that

lim (x) = 0,
x -+ 0 g(x)

but such that limx-+0 f'(x)/g'(x) does not exist, choosing g so that g'(x) is never zero.
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5.28 Prove the following theorem :

Let f and g be two functions having finite nth derivatives in (a, b). For some interior point c
in (a, b), assume that f (c) = f'(c) = = f(")(c) = 0, and that g(c) = g'(c) _
= g(" -1)(c) = 0, but that g(")(x) is never zero in (a, b). Show that

lim f(x) = f(")(c)
x-+c g(x) g(")(C)

NOTE. P") and g(") are not assumed to be continuous at c. Hint. Let
(x - c)"-'f (n -1)(C)

F(x) = f (X) -
(n- 1)!

define G similarly, and apply Theorem 5.20 to the functions F and G.

5.29 Show that the formula in Taylor's theorem can also be written as follows :

n--1
f (k)(C) - k (x - C)(x - x1)"-1

(n)f (x) (x c) + f (X1)9
k=o k. (n

where x1 is interior to the interval joining x and c. Let 1 - 0 = (x - x1)l(x - c). Show
that 0 < 0 < 1 and deduce the following form of the remainder term (due to Cauchy) :

0 - 0)n
-1(x - C)"

(n) 8 1 8

Hint. Take G(t) = g(t) = t in the proof of Theorem 5.20.

Vector-valued functions

5.30 If a vector-valued function f is differentiable at c, prove that

f ,(c) = lim 1 [f(c + h) - f(c) .

h-+ O h

Conversely, if this limit exists, prove that f is differentiable at c.

5.31 A vector-valued function f is differentiable at each point of (a, b) and has constant
norm 11 f 11. Prove that f (t) f'(t) = 0 on (a, b).
5.32 A vector-valued function f is never zero and has a derivative f' which exists and is
continuous on R. If there is a real function A such that f'(t) = 4(t)f(t) for all t, prove
that there is a positive real function u and a constant vector c such that f (t) = u(t)c
for all t.

Partial derivatives

5.33 Consider the function f defined on R2 by the following formulas :

f(x, Y) =
xy

x2 + y2 if (x, y) : (0, 0) A09 0) = 0.

Prove that the partial derivatives D1 f (x, y) and D2 f (x., y) exist for every (x, y) in R2 and
evaluate these derivatives explicitly in terms of x and y. Also, show that f is not con-
tinuous at (0, 0).
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5.34 Let f be defined on R2 as follows :

Ax, Y) = y
x _ y2

2 2 if (x, Y) : (0, 0), f (0, 0) = 0.x +y
Compute the first- and second-order partial derivatives off at the origin, when they exist.

Complex-valued functions

5.35 Let S be an open set in C and let S* be the set of complex conjugates 2, where z e S.
-7If f is defined on S, define g on S* as follows: g(z) = J (z , the complex conjugate of f(z).

If f is differentiable at c prove that g is differentiable at c and that g'(c) = 7'(c).

5.36 i) In each of the following examples write f = u + iv and find explicit formulas
for u(x, y) and v(x, y) :

a) f (z) = sin z, b) f (z) = cos z,

c) f(Z) = IzI, d) f(z) = Z,
e) f (z) = arg z (z 0 0), f) f (z) = Log z (z : 0),
g) f(z) = ez2, h) f (z) = z°L (a complex, z : 0).

(These functions are to be defined as indicated in Chapter 1.)

ii) Show that u and v satisfy the Cauchy-Riemann equations for the following values
of z : All z in (a), (b), (g) ; no z in (c), (d), (e) ; all z except real z < 0 in (f), (h).
(In part (h), the Cauchy-Riemann equations hold for all z if a is a nonnegative
integer, and they hold for all z : 0 if a is a negative integer.)

iii) Compute the derivativef'(z) in (a), (b), (f), (g), (h), assuming it exists.

5.37 Write f = u + iv and assume that f has a derivative at each point of an open disk D
centered at (0, 0). If au2 + bv2 is constant on D for some real a and b, not both 0, prove
that f is constant on D.

SUGGESTED REFERENCES FOR FURTHER STUDY
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CHAPTER 6

FUNCTIONS OF
BOUNDED VARIATION AND

RECTIFIABLE CURVES

6.1 INTRODUCTION

Some of the basic properties of monotonic functions were derived in Chapter 4.
This brief chapter discusses functions of bounded variation, a class of functions
closely related to monotonic functions. We shall find that these functions are
intimately connected with curves having finite arc length (rectifiable curves). They
also play a role in the theory of Riemann-Stieltjes integration which is developed
in the next chapter.

6.2 PROPERTIEOF MONOTONIC FUNCTIONS

Theorem 6.1' Let f be an increasing function defined on [a, b] and let x0, x1, ... , x
be n + 1 points such that

a=x0 <x1 <x2 <<xn=b.
Then we have the inequality

n-1

L.: [f(x,+) - f(xk-)] < f(b) -' f(a).
k=1

Proof. Assume thatyk e (xk, xk+l) For 1 < k < n - 1, we havef(xk+) <_ f(Yk)
and f(Yk-1) < ftxk-), so that f(xk+) - f(Xk-) f(YJ - f(Yk - 0- If we add
these inequalities, the sum on the right telescopes to f(Yn - 1) - f(y0). Since
f(y -1) - f(Yo) <- f(b) - f(a), this completes the proof.

The difference f(xk+) - f(xk-) is, of course, the jump of f at xk. The fore-
going theorem tells us that for every finite collection of points xk in (a, b), the sum
of the jumps at these points is always bounded by f(b) - f(a). This result can be
used to prove the following theorem.

Theorem 6.2. If f is monotonic on [a, b], then the set of discontinuities of f is
countable.

Proof. Assume that f is increasing and let S. be the set of points in (a, b) at which
the jump off exceeds 1/m, m > 0. If xl < x2 < < are in Theorem
6.1 tells us that

n I :!! f(b) - f(a).
m

127
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This means that S. must be a finite set. But the set of discontinuities off in (a, b)
is a subset of the union UM=1 S. and hence is countable. (If f is decreasing, the
argument can be applied to -f.)

6.3 FUNCTIONS OF BOUNDED VARIATION

Definition 6.3. If [a, b] is a compact interval, a set of points

P = {x0, x1, ... , xn},
satisfying the inequalities

a = x0 <xn=b,
is called a partition of [a, b]. The interval [Xk..... 1, Xk] is called the kth subinterval
of P and we write exk = Xk - Xk _ 1, so that F,k " =1 exk = b - a. The collection
of all possible partitions of [a, b] will be denoted by t[a, b].

D e f i n i t i o n 6.4. Let f be d e f i n e d on [a, b]. If P = {xo, x1, ... , xn} is a partition
of [a, b], writ 4 fk = f(xk) - f(xk_ 1), for k = 1, 2, ... , n. If there exists a
positive nu er M such that

n

1:
k=1

for all partitions of [a, b], then f is said to be of bounded variation on [a, b].

Examples of functions of bounded variation are provided by the next two
theorems.

Theorem 6.5. If f is monotonic on [a, b], then f is of bounded variation on [a, b].

Proof. Let f be increasing. Then for every partition of [a, b] we have Ofk >_ 0
and hence

n n n

k=1
EAfk
k=1

= E [f(Xk) - AXk- 01 =f(b) - f(a).

Theorem 6.6. If f is continuous on [a, b] and if f' exists and is bounded in the
interior, say If'(x)I < A for all x in (a, b), then f is of bounded variation on [a, b].

Proof. Applying the Mean-Value Theorem, we have

Afk = f(xk) - f(xk- 1) _ f '(tk)(Xk - xk_ 1), where tk E (Xk_ 1, xk)

This implies

n n tt

1: VfkI = 1: If'(tk)I oXk 5 A 1, Oxk = A(b - a).
k=1 k=1 k=1

Theorem 6.7. If f is of bounded variation on [a, b], say Y, JAfkj < M for all par-
titions of [a, b], then f is bounded on [a, b]. In fact,

11(x)1 < I + M for all x in [a, b].
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Proof. Assume that x c- (a, b). Using the special partition P = {a, x, b}, we find

Iftx) - f(a)l + If(b) - f(x)l M.

This implies lf(x) -f(a)d < M, Jf(x)j < I+ M. The same inequality holds
ifx=aorx=b.

Examples

1. It is easy to construct a continuous function which is not of bounded variation. For
example, let f (x) = x cos (7r/(2x)) if x : 0, f (O) = 0. Then f is continuous on [0, 1 ],
but if we consider the partition into 2n subintervals

P 031 1
1 1 1 1

2n' 2n - 1'...,3' 2'
an easy calculation shows that we have

1 1 1 12n
57 + + + -
x=1 2n 2n 2n - 2 2n -

his is not bounded for all n, since the sehis is not bounded for all n, since the se

+...+ 1 +. 1 = 1 + 1 +...+ I.
2 2 2 2 n

ries YR'=, (11n) diverges. In this example

variation on such an interval.

the derivative f' exists in (0, 1) but f' is not bounded on (0, 1). However, f' is bounded
on any compact interval not containing the origin and hence f will be of bounded

2. An example similar to the first is given by f (x) = x2 cos (11X) if x t- 0, f(0) = 0.
This f is of bounded variation on [0, 1 ], since f' is bounded on [0, 1 ]. In fact,
f'(0) = 0 and, for x : 0, f'(x) = sin (11x) + 2x cos (11x), so that If'(x)I < 3 for
all x in [0, 1 ].

3. Boundedness off' is not necessary for f to be of bounded variation. For example, let
AX) = x1/3

. This function is monotonic (and hence of bounded variation) on every
finite interval. However, f'(x) -' + oo as x -+ 0.

6.4 TOTAL VARIATION

Definition 6.8. Let f be of bounded variation on [a, b], and let Y, (P) denote the sum
Ekn [a, b]. The= 1 JAfkj corresponding to the partition P = {xo, xl, of

number

Vf(a, b) = sup (P) : P E 9[a, b]},

is called the total variation off on the interval [a, b].

NOTE. When there is no danger of misunderstanding, we will write Vf instead of
Vf(a, b).

Since f is of bounded variation on [a, b], the number Vf is finite. Also, Vf >_ 0,
since each sum Y, (P) >_ 0. Moreover, Vf(a, b) = 0 if, and only if, f is constant
on [a, b].
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Theorem 6.9. Assume that f and g are each of bounded variation on [a, b]. Then
so are their sum, difference, and product. Also, we have

where
Vf±g < V f + V9 and Vf.9 < AVf + BV9,

A = sup {Ig(x)l : x e [a, b]}, B = sup {I f(x)I : x e [a, b]}.

Proof. Let h(x) = f(x)g(x). For every partition P of [a, b], we have

IAhkl = If(xk)g(xk) -f(xk-1)g(xk-1)I

= I[f(xk)g(xk) - J (xk-1)g(xk)]

+ [f(xk-1)g(xk) -f(xk-i)g(xk-1)]I < AlAfkl + BlAgkl

This implies that h is of bounded variation and that Vh < AVf + BVg. The proofs
for the sum and difference are simpler and will be omitted.

NOTE. Quotients were not included in the foregoing theorem because the reciprocal
of a function of bounded variation need not be of bounded variation. For example,
if f(x) -+ 0 as x --> x0, then 1/f will not be bounded on any interval containing x0
and (by Theorem 6.7) 1/f cannot be of bounded variation on such an interval. To
extend Theorem 6.9 to quotients, it suffices to exclude functions whose values
become arbitrarily close to zero.

Theorem 6.10. Let f be of bounded variation on [a, b]. and assume that f is bounded
away from zero; that is, suppose that there exists a positive number m such that
0 < m < I f(x)I for all x in [a, b]. Then g = 1/f is also of bounded variation on
[a, b], and V. < Vf/m2.

Proof

legki =
1 i

f(xk) f(xk-1)
Afk

f(xk)f(xk-1)

6.5 ADDITIVE PROPERTY OF TOTAL VARIATION

Iofkim2

In the last two theorems the interval [a, b] was kept fixed and Vf(a, b) was con-
sidered as a function of f. If we keep f fixed and study the total variation as a
function of the interval [a, b], we can prove the following additive property.

Theorem 6.11. Let f be of bounded variation on [a, b], and assume that c e (a, b).
Then f is of bounded variation on [a, c] and on [c, b] and we have

Vf(a, b) = Vf(a, c) + Vf(c, b).

Proof. We first prove that f is of bounded variation on [a, c] and on [c, b]. Let
P1 be a partition of [a, c] and let P2 be a partition of [c, b]. Then P0 = P1 U P2
is a partition of [a, b]. If 7_ (P) denotes the sum Y_ IAfkl corresponding to the
partition P (of the appropriate interval), we can write

E (P1) + E (P2) = E (Po) < Vf(a, b). (1)
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This shows that each sum Y_ (PI) and Y_ (P2) is bounded by Vf(a, b) and this means
that f is of bounded variation on [a, c] and on [c, b]. From (1) we also obtain the
inequality

Vf(a, c) + Vf(c, b) < Vf(a, b),

because of Theorem 1.15.
To obtain the reverse inequality, let P = {x0, x1, ... , a 9[a, b] and let

P0 = P u {c}-be the (possibly new) partition obtained by adjoining the point c.
If c e [xk_ 1, xk], then we have

If(xk) - f(xk-1) I < If(xk) - .f(c)I + If(C) - f(xk-1)I ,
and hence (P) < Y, (Pa). Now the points of Po in [a, c] determine a partition
PI of [a, c] and those in [c, b] determine a partition P2 of [c, b]. The corre-
sponding sums for all these partitions are connected by the relation

E (P) < E (Po) = E (PI) + E (P2) < Vf(a, C) + Vf(c, b).

Therefore, Vf(a, c) + Vf(c, b) is an upper bound for every sum Y_ (P). Since this
cannot be smaller than the least upper bound, we must have

Vf(a, b) < Vf(a, c) + Vf(c, b),

and this completes the proof.

6.6 TOTAL VARIATION ON [a, x] AS A FUNCTION OF x

Now we keep the function f and the left endpoint of the interval fixed and study
the total variation as a function of the right endpoint. The additive property
implies important consequences for this function.

Theorem 6.12. Let f be of bounded variation on [a, b]. Let V be defined on [a, b]
as follows: V(x) = Vf(a, x) if a < x <- b, V(a) = 0. Then:

i) V is an increasing function on [a, b].

ii) V-f is an increasing function on [a, b].

Proof. If a < x < y < b, we can write Vf(a, y) = Vf(a, x) + Vf(x, y). This
implies V(y) - V(x) = V f(x, y) z 0. Hence V(x) < V(y), and (i) holds.

To prove (ii), let D(x) = V(x) - f(x) if x e [a, b]. Then, if a 5 x < y < b,
we have

D(y) - D(x) = V(y) - V(x) - [f(y) - f(x)] = Vf(x, Y) - [f(Y) - f(x)].
But from the definition of Vf(x, y) it follows that we have

f(Y) - f(x) <- Vf(x, Y)

This means that D(y) - D(x) >- 0, and (ii) holds.

NOTE. For some functions f, the total variation Vf(a, x) can be expressed as an
integral. (See Exercise 7.20.)
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6.7 FUNCTIONS OF BOUNDED VARIATION EXPRESSED AS THE
DIFFERENCE OF INCREASING FUNCTIONS

The following simple and elegant characterization of functions of bounded varia-
tion is a consequence of Theorem 6.12.

Theorem 6.13. Let f be defined on [a, b]. Then f is of bounded variation on [a, b]
if, and only if, f can be expressed as the difference of two increasing functions.

Proof. If f is of bounded variation on [a, b], we can write f = V - D, where
V is the function of Theorem 6.12 and D = V - f Both V and D are increasing
functions on [a, b].

The converse follows at once from Theorems 6.5 and 6.9.

The representation of a function of bounded variation as a difference of two
increasing functions is by no means unique. If f = fl - f2, where fi and f2 are
increasing, we also have f = (f1 + g) - (f2 + g), where g is an arbitrary in-
creasing function, and we get a new representation off. If g is strictly increasing,
the same will be true of fi + g and f2 + g. Therefore, Theorem 6.13 also holds
if "increasing" is replaced by "strictly increasing."

6.8 CONTINUOUS FUNCTIONS OF BOUNDED VARIATION

Theorem 6.14. Let f be of bounded variation on [a, b]. If x e (a, b], let V(x) =
Vf(a, x) and put V(a) = 0. Then every point of continuity off is also a point of
continuity of V. The converse is also true.

Proof. Since V is monotonic, the right- and lefthand limits V(x+) and V(x-)
exist for each point x in (a, b). Because of Theorem 6.13, the same is true of
f(x+) andf(x-).

If a < x < y < b, then we have [by definition of Vf(x, y)]

0 <- If(y) - f(x)1 <- V(y) - V(x).

Letting y --> x, we find

0 < I f(x+) - f(x)1 < V(x+) - V(x).

Similarly, 0 < If(x) - f(x-)I < V(x) - V(x-). These inequalities imply that
a point of continuity of V is also a point of continuity off.

To prove the converse, let f be continuous at the point c in (a, b). Then, given
s > 0, there exists a S > 0 such that 0 < Ix - cl < S implies If(x) - f(c)I < c/2.
For this same s, there also exists a partition P of [c, b], say

P = {x0, x1i ... , x = b,
such that

n

Vf(c, b) - 2 < E lofkf.
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Adding more points to P can only increase the sum Y_ I Afk I and hence we can assume
that 0 < x1 - x0 < 6. This means that

JAf1I = if(x1) - f(c)I < 2
,

and the foregoing inequality now becomes
n

Vf(c,b)-2<2+ ElAfk1 <- 2+Vf(x1,b),

since {x1, x2, ... , x"} is a partition of [x1, b]. We therefore have

Vf(c, b) - Vf(x1, b) < s.
But

0 < V(x1) - V(c) = V1(a, x1) - Vf(a, c)

= V1(c, x1) = Vf(c, b) - Vf(x1i b) < e.

Hence we have shown that

0 < x1 - c < 6 implies 0 < V(x1) - V(c) < E.

This proves that V(c+) = V(c). A similar argument yields V(c-) = V(c). The
theorem is therefore proved for all interior points of [a, b]. (Trivial modifications
are needed for the endpoints.)

Combining Theorem 6.14 with 6.13, we can state

Theorem 6.15. Let f be continuous on [a, b]. Then f is of bounded variation on
[a, b] if, and only if, f can be expressed as the difference of two increasing continuous
functions.

NOTE. The theorem also holds if "increasing" is replaced by "strictly increasing."

Of course, discontinuities (if any) of a function of bounded variation must
be jump discontinuities because of Theorem 6.13. Moreover, Theorem 6.2 tells us
that they form a countable set.

6.9 CURVES AND PATHS

Let f : [a, b] -+ R" be a vector-valued function, continuous on a compact interval
[a, b] in R. As t runs through [a, b], the function values f(t) trace out a set of
points in R" called the graph of f or the curve described by f. A curve is a compact
and connected subset of R" since it is the continuous image of a compact interval.
The function f itself is called a path.

It is often helpful to imagine a curve as being traced out by a moving particle.
The interval [a, b] is thought of as a time interval and the vector f(t) specifies the
position of the particle at time t. In this interpretation, the function f itself is
called a motion.
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Different paths can trace out the same curve. For example, the two complex-
valued functions

f(t)=e2' ,
g(t)=a-2'1t, 0<t<1,

each trace out the unit circle x2 + y2 = 1, but the points are visited in opposite
directions. The same circle is traced out five times by the function h(t) = e"'11,
0

6.10 RECTIFIABLE PATHS AND ARC LENGTH

Next we introduce the concept of arc length of a curve. The idea is to approximate
the curve by inscribed polygons, a technique learned from ancient geometers. Our
intuition tells us that the length of any inscribed polygon should not exceed that
of the curve (since a straight line is the shortest path between two points), so the
length of a curve should be an upper bound to the lengths of all inscribed polygons.
Therefore, it seems natural to define the length of a curve to be the least upper
bound of the lengths of all possible inscribed polygons.

For most curves that arise in practice, this gives a useful definition of arc
length. However, as we will see presently, there are curves for which there is no
upper bound to the lengths of the inscribed polygons. Therefore, it becomes
necessary to classify curves into two categories: those which have a length, and
those which do not. The former are called rectifiable, the latter nonrectifiable.

We now turn to a formal description of these ideas.
Let f : [a, b] -+ R" be a path in R". For any partition of [a, b] given by

P = {t0, t1, ... , tm},

the points f(to), f(t1), ... , are the vertices of an inscribed polygon. (An
example is shown in Fig. 6.1.) The length of this polygon is denoted by Af(P) and
is defined to be the sum

M

Af(P) = E, Ilf(tk) - f(tk-1)If.
k=1

Definition 6.16. If the set of numbers Af(P) is bounded for all partitions P of [a, b],
then the path f is said to be rectifiable and its arc length, denoted by Af(a, b), is

a = tp t1 t2 t3 t4 t5 t$ = b
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defined by the equation

Af(a, b) = sup {Af(P) : P e P'[a, b]}.

If the set of numbers Af(P) is unbounded, f is called nonrectiflable.

It is an easy matter to characterize all rectifiable curves.

Theorem 6.17. Consider a path f : [a, b] -+ R" with components f = (f1, ... ,
f is rectifiable if, and only if, each component fk is of bounded variation on

[a, b]. If f is rectifiable, we have the inequalities

Vk(a, b) < Af(a, b) < V1(a, b) + ... + V"(a, b), (k = 1, 2, ... , n), (2)

where Vk(a, b) denotes the total variation of fk on [a, b].

Proof If P = {to, t1, ... , t,"} is a partition of [a, b] we have
m n

I fk(t) - fk(ti-1)I < Af(P) < E E I fj(ti) - fj(ti-1)I , (3)
i=1 i=1 j=1

for each k. All assertions of the theorem follow easily from (3).

Examples

1. As noted earlier, the function given by R x) = x cos {nl(2x) } for x A 0, f (O) = 0,
is continuous but not of bounded variation on [0, 1 ]. Therefore its graph is a non-
rectifiable curve.

2. It can be shown (Exercise 7.21) that if f' is continuous on [a, b], then f is rectifiable
and its arc length can be expressed as an integral,

Ar(a, b)
=

Ilf'(t)II dt.
bI

6.11 ADDITIVE AND CONTINUITY PROPERTIES OF ARC LENGTH

Let f = (fl, ... , f") be a rectifiable path defined on [a, b]. Then each component
fk is of bounded variation on every subinterval [x, y] of [a, b]. In this section we
keep f fixed and study the arc length Af(x, y) as a function of the interval [x, y].
First we prove an additive property.

Theorem 6.18. If c e (a, b) we have

Af(a, b) = Af(a, c) + Af(c, b).

Proof Adjoining the point c to a partition P of [a, b], we get a partition P1 of
[a, c] and a partition P2 of [c, b] such that

Af(P) < Af(P1) + Af(P2) <- Af(a, c) + Af(c, b).

This implies Af(a, b) < Af(a, c) + Af(c, b). To obtain the reverse inequality, let
P1 and P2 be-arbitrary partitions of [a, c] and [c, b], respectively. Then

P= P1UP2,
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is a partition of [a, b] for which we have

Af(P1) + Af(P2) = Af(P) <- Af(a, b).

Since the supremum of all sums Af(P1) + Af(P2) is the sum Af(a, c) + Af(c, b)
(see Theorem 1.15), the theorem follows.

Theorem 6.19. Consider a rectifiable path f defined on [a, b]. If x e (a, b], let
s(x) = Af(a, x) and let s(a) = 0. Then we have:

i) The function s so defined is increasing and continuous on [a, b].
ii) If there is no subinterval of [a, b] on which f is constant, then s is strictly in-

creasing on [a, b].

Proof. If a 5 x < y < b, Theorem 6.18 implies s(y) - s(x) = Af(x, y) >- 0.
This proves that s is increasing on [a, b]. Furthermore, we have s(y) - s(x) > 0
unless Af(x, y) = 0. But, by inequality (2), Af(x, y) = 0 implies Vk(x, y) = 0 for
each k and this, in turn, implies that f is constant on [x, y]. Hence (ii) holds.

To prove that s is continuous, we use inequality (2) again to write
n

0 _< s(y) - s(x) = Af(x, y) _< E Vk(x, y)
k=1

If we let y -+ x, we find each term Vk(x, y) --+ 0 and hence s(x) = s(x+). Similarly,
s(x) = s(x-) and the proof is complete.

6.12 EQUIVALENCE OF PATHS. CHANGE OF PARAMETER

This section describes a class of paths having the same graph. Let f : [a, b] -+ R"
be a path in R". Let u : [c, d] -+ [a, b] be a real-valued function, continuous and
strictly monotonic on [c, d] with range [a,, b]. Then the composite function
g = f o u given by

g(t) = f[u(t)] for c < t < d,
is a path having the same graph as f. Two paths f and g so related are called
equivalent. They are said to provide different parametric representations of the
same curve. The function u is said to define a change of parameter.

Let C denote the common graph of two equivalent paths f and g. If u is
strictly increasing, we say that f and g trace out C in the same direction. If u is
strictly decreasing, we say that f and g trace out C in opposite directions. In the
first case, u is said to be orientation preserving; in the second case, orientation-
reversing.

Theorem 6.20. Let f : [a, b] -+ R" and g : [c, d] -+ W be two paths in R", each
of which is one-to-one on its domain. Then f and g are equivalent if, and only if, they
have the same graph.

Proof. Equivalent paths necessarily have the same graph. To prove the converse,
assume that f and g have the same graph. Since f is one-to-one and continuous on
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the compact set [a, b], Theorem 4.29 tells us that f -1 exists and is continuous on
its graph. Define u(t) = f-i[g(t)] if t e [c, d]. Then u is continuous on [c, d]
and g(t) = f[u(t)]. The reader can verify that u is strictly monotonic, and hence
f and g are equivalent paths.

EXERCISES

Functions of bounded variation

6.1 Determine which of the following functions are of bounded variation on [0, 1 ].

a) f (x) = x2 sin (1 /x) if x : 0, f (O) = 0.
b) f(x) = sin (1/x) if x - 0, f(0) = 0.

6.2 A function f, defined on [a, b], is said to satisfy a uniform Lipschitz condition of
order a > 0 on [a, b] if there exists a constant M > 0 such that l f (x) - f(y) l <
Mix - yl' for all x and y in [a, b]. (Compare with Exercise 5.1.)

a) If f is such a function, show that a > I implies f is constant on [a, b], whereas
a = 1 implies f is of bounded variation [a, b].

b) Give an example of a function f satisfying a uniform Lipschitz condition of order
a < 1 on [a, b] such that f is not of bounded variation on [a, b].

c) Give an example of a function f which is of bounded variation on [a, b] but
which satisfies no uniform Lipschitz condition on [a, b].

6.3 Show that a polynomial f is of bounded variation on every compact interval [a, b ].
Describe a method for finding the total variation off on [a, b] if the zeros of the derivative
f' are known.

6.4 A nonempty set S of real-valued functions defined on an interval [a, b] is called a
linear space of functions if it has the following two properties:

a) If f e $, then cf e S for every real number c.

b)-If f e S and g e S, then f + geS.
Theorem 6.9 shows that the set V of all functions of bounded variation on [a, b ] is a linear
space. If S is any linear space which contains all monotonic functions on [a, b], prove
that V s S. This can be described by saying that the functions of bounded variation
form the smallest linear space containing all monotonic functions.

6.5 Let f be a real-valued function defined on [0, 1 ] such that f(0) > 0, f(x) 96 x for
all x, and f (x) <- f (y) whenever x <- y. Let A = {x : f (x) > x). Prove that sup A e A
and that f(1) > 1.
6.6 If f is defined everywhere in R1, then f is said to be of bounded variation on

(- oo, + oo) if f is of bounded variation on every finite interval and if there exists a positive
number M such that Vf(a, b) < M for all compact intervals [a, b ]. The total variation of
f on (- co, + oo) is then defined to be the sup of all numbers Vf(a, b), - co < a < b <
+ oo, and is denoted by Vf(- oo, + oo). Similar definitions apply to half-open infinite
intervals [a, +oo) and (-oo, b].

a) State and prove theorems for the infinite interval (- oo, + co) analogous to
Theorems 6.7, 6.9, 6.10, 6.11, and 6.12.
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b) Show that Theorem 6.5 is true for (- oo, + oo) if "monotonic" is replaced by
"bounded and monotonic." State and prove a similar modification of Theorem
6.13.

6.7 Assume that f is of bounded variation on [a, b ] and let

P =
As usual, write Afk = f(xk) - f(xk_1), k = 1, 2, ... , n. Define

A(P) = {k : Afk > 0}, B(P) = {k : Afk < 0}.
The numbers

eY[a, b]pf(a, b) = sup (Afk:P

and (nf(a,
b) = sup { E IA.fkI : P e b])

are called, respectively, the positive and negative variations off on [a, b]. For each x in
(a, b], let V(x) = Vf(a, x), p(x) = pf(a, x), n(x) = nf(a, x), and let V(a) = p(a) _
n(a) = 0. Show that we have:

a) V(x) = p(x) + n(x).
b) 0 < p(x) < V(x) and 0 < n(x) <- V(x).
c) p and n are increasing on [a, b].

d) f(x) = f(a) + p(x) - n(x). Part (d) gives an alternative proof of Theorem 6.13.
e) 2p(x) = V(x) + f (x) - f (a), 2n(x) = V(x) - f (x) + f (a).
f) Every point of continuity off is also a point of continuity of p and of n.

Curves

6.8 Let f and g be complex-valued functions defined as follows:

f(t) = e2nu if t E [0, 1], g(t) = eel t if t e [0, 2].

a) Prove that f and g have the same graph but are not equivalent according to the
definition in Section 6.12.

b) Prove that the length of g is twice that of I.

6.9 Let f be a rectifiable path of length L defined on [a, b], and assume that f is not
constant on any subinterval of [a, b]. Let s denote the arc-length function given by
s(x) = Af(a, x) if a < x < b, s(a) = 0.

a) Prove that s-1 exists and is continuous on [0, L].

b) Define g(t) = f [s-1(t)] if t e [0, L] and show that g is equivalent to f. Since
f(t) = g[s(t)], the function g is said to provide a representation of the graph of f
with arc length as parameter.

6.10 Let f and g be two real-valued continuous functions of bounded variation defined
on [a, b], with 0 < f(x) < g(x) for each x in (a, b), f(a) = g(a), f(b) = g(b). Let h be
the complex-valued function defined on the interval [a, 2b - a] as follows:

h(t)=t+if(t), if a<_t<_b,
h(t)=2b-t+ig(2b-t), ifb<-t<-2b-a.
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a) Show that h describes a rectifiable curve F.
b) Explain, by means of a sketch, the geometric relationship between f, g, and h.
c) Show that the set of points

S = {(x, Y) : a <- x <- b, .f(x) 5 y <- g(x)}

is a region in RI whose boundary is the curve F.
d) Let H be the complex-valued function defined on [a, 2b - a] as follows:

H(t) = t - 4i [g(t) - f(t) ], if a -< t 5 b,
H(t)=t++i[g(2b-t)-f(2b-t)], if b:t52b-a.

Show that H describes a rectifiable curve I'0 which is the boundary of the region

So = {(x, y) : a 5 x -< b, f(x) - g(x) <- 2y <- g(x) - f(x)).
e) Show that So has the x-axis as a line of symmetry. (The region So is called the

symmetrization of S with respect to the x-axis.)

f) Show that the length of I'o does not exceed the length of F.

Absolutely continuous functions

A real-valued function f defined on [a, b ] is said to be absolutely continuous on [a, b ] if
for every c > 0 there is a S > 0 such that

n

E, If(bk) - f(ak)I < e
k=1

for every n disjoint open subintervals (ak, bk) of [a, b], n = 1, 2, ... , the sum of whose
lengths Y_k=1 (bk - ak) is less than S.

Absolutely continuous functions occur in the Lebesgue theory of integration and
differentiation. The following exercises give some of their elementary properties.
6.11 Prove that every absolutely continuous function on [a, b] is continuous and of
bounded variation on [a, b].

NOTE. There exist functions which are continuous and of bounded variation but not
absolutely continuous.

6.12 Prove that f is absolutely continuous if it satisfies a uniform Lipschitz condition of
order 1 on [a, b]. (See Exercise 6.2.)

6.13 If f and g are absolutely continuous on [a, b], prove that each of the following is
also: If I, cf (c constant), f + g, f g; also fig if g is bounded away from zero.
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CHAPTER 7

THE RIEMANN-STIELTJES INTEGRAL

7.1 INTRODUCTION

Calculus deals principally with two geometric problems: finding the tangent line
to a curve, and finding the area of a region under a curve. The first is studied by a
limit process known as differentiation; the second by another limit process-
integration-to which we turn now.

The reader will recall from elementary calculus that to find the area of the
region under the graph of a positive function f defined on [a, b], we subdivide
the interval [a, b] into a finite number of subintervals, say n, the kth subinterval
having length Axk, and we consider sums of the form Ek=1 f(tk) Axk, where tk is
some point in the kth subinterval. Such a sum is an approximation to the area by
means of rectangles. If f is sufficiently well behaved in [a, b]-continuous, for
example-then there is some hope that these sums will tend to a limit as we let
n - oo, making the successive subdivisions finer and finer. This, roughly speaking,
is what is involved in Riemann's definition of the definite integral f; f(x) dx. (A
precise definition is given below.)

The two concepts, derivative and integral, arise in entirely different ways and
it is a remarkable fact indeed that the two are intimately connected. If we consider
the definite integral of a continuous function f as a function of its upper limit,
say we write

F(x) = Jf(t) dt,
a

then F has a derivative and F'(x) = f(x). This important result shows that
differentiation and integration are, in a sense, inverse operations.

In this chapter we study the process of integration in some detail. Actually
we consider a more general concept than that of Riemann: this is the Riemann-
Stieltjes integral, which involves two functions f and a. The symbol for such an
integral is f; f(x) da(x), or something similar, and the usual Riemann integral
occurs as the special case in which a(x) = x. When a has a continuous derivative,
the definition is such that the Stieltjes integral 1b. f(x) da(x) becomes the Riemann
integral f; f(x) a'(x) dx. However, the Stieltjes integral still makes sense when a
is not differentiable or even when a is discontinuous. In fact, it is in dealing with
discontinuous a that the importance of the Stieltjes integral becomes apparent. By
a suitable choice of a discontinuous a, any finite or infinite sum can be expressed
as a Stieltjes integral, and summation and ordinary Riemann integration then

140
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become special cases of this more general process. Problems in physics which
involve mass distributions that are partly discrete and partly continuous can also
be treated by using Stieltjes integrals. In the mathematical theory of probability
this integral is a very useful tool that makes possible the simultaneous treatment
of continuous and discrete random variables.

In Chapter 10 we discuss another generalization of the Riemann integral
known as the Lebesgue integral.

7.2 NOTATION

For brevity we make certain stipulations concerning notation and terminology to
be used in this chapter. We shall be working with a compact interval [a, b] and,
unless otherwise stated, all functions denoted by f, g, a, fi, etc., will be assumed to
be real-valued functions defined and bounded on [a, b]. Complex-valued functions
are dealt with in Section 7.27, and extensions to unbounded functions and infinite
intervals will be discussed in Chapter 10.

As in Chapter 6, a partition P of [a, b] is a finite set of points, say

P = {x0, x1, ... , xn},

such that a = x0 < x1 < < xn_1 < x = b. A partition P' of [a, b] is said
to be finer than P (or a refinement of P) if P c P', which we also write P' 2 P.
The symbol Aak denotes the difference Aak = a(xk) - a(xk_ 1), so that

n

E Aak = a(b) - oc(a).
k=1

The set of all possible partitions of [a, b] is denoted by 9[a, b].
The norm of a partition P is the length of the largest subinterval of P and is

denoted by 11P11. Note that

P' 2 P implies IIP'II < IIPII

That is, refinement of a partition decreases its norm, but the converse does not
necessarily hold.

7.3 THE DEFINITION OF THE RIEMANN-STIELTJES INTEGRAL

Definition 7.1. Let P = {x0, x1, ... , xn} be a partition of [a, b] and let tk be a
point in the subinterval [xk_ 1, xk]. A sum of the form

S(P, f, a) = L J (tk) Aak
k=1

is called a Riemann-Stieltjes sum off with respect to a. We say f is Riemann-
integrable with respect to a on [a, b], and we write "f a R(a) on [a, b]" if there
exists a number A having the following property: For every s > 0, there exists a
partition Pa of [a, b] such that for every partition P finer than P. and for every
choice of the points tk in [xk_ 1, xk], we have I S(P, f, a) - Al < e.
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When such a number A exists, it is uniquely determined and is denoted by
f a f da or by f; f(x) da(x). We also say that the Riemann-Stieltjes integral f a f da
exists. The functions f and a are referred to as the integrand and the integrator,
respectively. In the special case when a(x) = x, we write S(P, f) instead of
S(P, f, a), and f e R instead off e R(a). The integral is then called a Riemann
integral and is denoted by fQ f dx or by fQ f(x) dx. The numerical value of
f a f(x) da(x) depends only on f, a, a, and b, and does not depend on the symbol x.
The letter x is a "dummy variable" and may be replaced by any other convenient
symbol.

NOTE. This is one of several accepted definitions of the Riemann-Stieltjes integral.
An alternative (but not equivalent) definition is stated in Exercise 7.3.

7.4 LINEAR PROPERTIES

It is an easy matter to prove that the integral operates in a linear fashion on both
the integrand and the integrator. This is the context of the next two theorems.

Theorem 7.2. If f e R(a) and if g e R(a) on [a, b], then c1 f + c2g a R(a) on
[a, b] (for any two constants cl and c2) and we have

b b b

f (c1 f + c2g) da = c1 f f dot + c2 g da.
Jo I

Proof. Let h = c1 f + c2g. Given a partition P of [a, b], we can write
n

nn nn jS(P, h, a) = E h(tk) Dak = c1 E f(tk) eak + C2 E 9(tk) eak
k=1 k=1 k=1

= c1S(P, f, a) + c2S(P, g, a).

Given e > 0, choose PE so that P 2 PE implies I S(P, f, a) - fQ f dal < e, and
choose PE so that P ? Pe implies I S(P, g, a) - fQ g dal < e. If we take
PE = P' u P then, for P finer than PE, we have

S(P, h, a) - c1 - c2 g daIdle + Ic2Ic,

and this proves the theorem.

Theorem 7.3. If f E R(a) and f e R(fl) on [a, b], then f E R(c1cc + on [a, b]
(for any two constants cl and c2) and we have

fd(ca+c2)=c1Jfda+c2Jbfdfi.
Ja

r
a a

The proof is similar to that of Theorem 7.2 and is left as an exercise.
A result somewhat analogous to the previous two theorems tells us that the

integral is also additive with respect to the interval of integration.
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Theorem 7.4. Assume that c e (a, b). If two of the three integrals in (1) exist, then
the third also exists and we have

b b

fda + I fda
I

= fda. (1)
o c

Proof. If P is a partition of [a, b] such that c e P, let

P' = P n [a, c] and P" = P n [c, b],

denote the corresponding partitions of [a, c] and [c, b], respectively. The Rie-
mann-Stieltjes sums for these partitions are connected by the equation

S(P, f, a) = S(P', f, a) + S(P", f, a).

Assume that f a f da and f b f da exist. Then, given e > 0, there is a partition
P' of [a, c] such that

S(P', f, a) - f f da I < a whenever P' is finer than PE,
a

and a partition P" of [c, b] such that
b

S(P", f, a) - r f da < whenever P" is finer than P.
2.J

Then P. = P' u P' is a partition of [a, b] such that P finer than P. implies
P' 2 P and P" 2 P. Hence, if P is finer than Pe, we can combine the foregoing
results to obtain the inequality

I S(P, f, a) -
f c

f doe -
fb

f da <e.

This proves that fa f da exists and equals f; f da + f,, f da. The reader can easily
verify that a similar argument proves the theorem in the remaining cases.

Using mathematical induction, we can prove a similar result for a decomposi-
tion of [a, b] into a finite number of subintervals.

NOTE. The preceding type of argument cannot be used to prove that the integral
J .c f da exists whenever J .b f da exists. The conclusion is correct, however. For
integrators a of bounded variation, this fact will later be proved in Theorem 7.25.

Definition 7.5. If a < b, we define f'bf da = - f; f da whenever 1b. f da exists.
We also define P. f da = 0.

The equation in Theorem 7.4 can now be written as follows :

c a

fda+ fda+ f fda=0.
Sa' lb c
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7.5 INTEGRATION BY PARTS

Th. 7.6

A remarkable connection exists between the integrand and the integrator in a
Riemann-Stieltjes integral. The existence of f a f doe implies the existence of
I.' a df, and the converse is also true. Moreover, a very simple relation holds
between the two integrals.

Theorem 7.6. If f e R(a) on [a, b], then a e R(f) on [a, b] and we have

da(x) + a(x)
d

f(x) f (x) = f (b)a(b) - f (a)a(a).f b b

a

NOTE. This equation, which provides a kind of reciprocity law for the integral, is
known as the formula for integration by parts.

Proof. Let e > 0 be given. Since fa f dot exists, there is a partition P. of [a, b]
such that for every P' finer than PE, we have

S(P', f, a) -
J

6 f da
a

< a. (2)

Consider an arbitrary Riemann-Stieltjes sum for the integral f; a df, say
n

// nn /
n

S(P, a, f) = E a(tk) Afk = E a(tk)f(xk) - E a(tk)f(xk-1),
k=1 k=1 k=1

where P is finer than P. Writing A = f(b)a(b) - f(a)a(a), we have the identity

A = Ef(xk)a(xk) - Ef(xk-1)a(xk-1)
k=1 k=1

Subtracting the last two displayed equations, we find
n n

A - S(P, acf) = rL.rf(xk)[a(xk) - a(tk)] + Ef(xk-1)[a(tk) - a(xk-1)]
k=1 k=1

The two sums on the right can be combined into a single sum of the form S(P',f, a),
where P' is that partition of [a, b] obtained by taking the points xk and tk together.
Then P' is finer than P and hence finer than P. Therefore the inequality (2) is
valid and this means that we have

A - S(P, at, f) - f b f doe
a

< a,

whenever P is finer than P. But this is exactly the statement that fa a df exists
and equals A - $a f doc.

7.6 CHANGE OF VARIABLE IN A RIEMANN-STIELTJES INTEGRAL

Theorem 7.7. - Let f e R(a) on [a, b] and let g be a strictly monotonic continuous
function defined on an interval S having endpoints c and d. Assume that a = g(c),
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b = g(d). Let h and fl be the composite functions defined as follows:

h(x) = f [g(x)], /3(x) = a[g(x)], if x e S.

Then h e R(fl) on S and we have f .b f da = f d h dQ. That is,

145

fJ
g(c)

f(t) da(t) =
J

df [9(x)] d{a[9(x)]}.
9(c) a

Proof. For definiteness, assume that g is strictly increasing on S. (This implies
c < d.) Then g is one-to-one and has a strictly increasing, continuous inverse g-1
defined on [a, b]. Therefore, for every partition P = {yo, ... , yn} of [c, d],
there corresponds one and only one partition P' _ {xo, ... , of [a, b] with
xk = g(yk). In fact, we can write

P' = g(P) and P = g -'(P').

Furthermore, a refinement of P produces a corresponding refinement of P', and
the converse also holds.

If c > 0 is given, there is a partition PE of [a, b] such that P' finer than PE
implies I S(P', f, a) - f a f daJ < c. Let P. = g 1(PE) be the corresponding par-
tition of [c, d], and let P = {yo, ... , yn} be a partition of [c, d] finer than P.
Form a Riemann-Stieltjes sum

S(P, h, h(uk) NN.,
k=1

where uk e [yk- 1, yk] and AI3k = N(Yk) - /3(Yk- 1). If we put tk = g(uk) and
xk = g(yk), then P' = {x0, ... , xn} is a partition of [a, b] finer than P. Moreover,
we then have

S(P, h, /3) _ f[9(uk)]{a[9(Yk)] - a[9(Yk-1)]}
k=1

nnE f(tk){a(xk) - a(xk- 1)} = S(P', f, a),
k=1

since tk a [xk_ 1, xk]. Therefore, (S(P, h, /3) - J. 'f dal < a and the theorem is
proved.

NOTE. This theorem applies, in particular, to Riemann integrals, that is, when
a(x) = x. Another theorem of this type, in which g is not required to be mono-
tonic, will later be proved for Riemann integrals. (See Theorem 7.36.)

7.7 REDUCTION TO A RIEMANN INTEGRAL

The next theorem tells us that we are permitted to replace the symbol da(x) by
a'(x) dx in the integral f; f(x) da(x) whenever a has a continuous derivative a'.
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Theorem 7.8. Assume f e R(a) on [a, b] and assume that a has a continuous
derivative a' on [a, b]. Then the Riemann integral f; f(x)a'(x) dx exists and we have

f b bf (x) doe(x) = f f (x)a'(x) dx.
Ja a

Proof. Let g(x) = f(x)a'(x) and consider a Riemann sum

nn nnS(P, g) = E g(tk) Axk = L/ f(tk)a'(tk) Oxk.
k=1 k=1

The same partition P and the same choice of the tk can be used to form the
Riemann-Stieltjes sum

S(P, f, a) = L/ f(tk) Dak.
k=1

Applying the Mean-Value Theorem, we can write

Dak = a'(Vk) Oxk, where vk a (xk_ 1, xk),

and hence
n

S(P,f, a) - S(P, g) _ f(tk)[a'(vk) - a'(tk)] AXk.
k=1

Since f is bounded, we have I f(x)I < M for all x in [a, b], where M > 0. Con-
tinuity of a' on [a, b] implies uniform continuity on [a, b]. Hence, if a > 0 is
given, there exists a S > 0 (depending only on s) such that

0 < Ix - yI < 6 implies Ia'(x) - a'(y)I < E

2M(b - a)

If we take a partition P' with norm IIPEII < 6, then for any finer partition P we
will have I a'(vk) - a'(tk)I < sl[2M(b - a)] in the preceding equation. For such
P we therefore have

I S(P, f, a) - S(P, g)I < 2

On the other hand, since f e R(a) on [a, b], there exists a partition P8 such that
P finer than P

E

implies

S(P,f,a) - Ja'f dal < 8.

Combining the last two inequalities, we see that when P is finer than Pt = P' v P
we will have I S(P, g) - $ f dal < a, and this proves the theorem.

NOTE. A stronger result not requiring continuity of a' is proved in Theorem 7.35.
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7.8 STEP FUNCTIONS AS INTEGRATORS

If a is constant throughout [a, b], the integral f a f dot exists and has the value 0,
since each sum S(P, f, a) = 0. However, if a is constant except for a jump dis-
continuity at one point, the integral f o f da need not exist and, if it does exist, its
value need not be zero. The situation is described more fully in the following
theorem :

Theorem 7.9. Given a < c < b. Define a on [a, b] as follows: The values a(a),
a(c), a(b) are arbitrary;

and

a(x) = a(a)

a(x) = a(b)

if a < x < c,

if c < x < b.

Let f be defined on [a, b] in such a way that at least one of the functions for a is
continuous from the left at c and at least one is continuous from the right at c. Then
f E R(a) on [a, b] and we have

fa
f da f(c)[a(c+) - a(cNOTE.

The result also holds if c = a, provided that we write a(c) for a(c-), and
it holds for c = b if we write a(c) for a(c+). We will prove later (Theorem 7.29)
that the integral does not exist if both f and a are discontinuous from the right or
from the left at c.

Proof. If c e P, every term in the sum S(P, f, a) is zero except the two terms arising
from the subinterval separated by c, say

S(P, f, a) = f(tk- i)[a(c) - a(c-)] + .f(tk)[a(c+) - a(c)],
where tk-1 < c < tk. This equation can also be written as follows:

A = [f(tk-1) - f(c)][a(c) - a(c-)] + [f(tk) - f(c)][a(c+) - a(c)],

where A = S(P, f, a) - f(c)[a(c+) - a(c-)]. Hence we have

IAI s If(tk-1) - f(c)I Ice(c) - a(c-)I + If(tk) - f(c)I I a(c+) - a(c)I.
If f is continuous at c, for every s > 0 there is a S > 0 such that IIPII < S implies

If(tk-1) - f(c) I < a and If(tk) - f(c)I < s.
In this case, we obtain the inequality

IDI < ela(c) - a(c-)I + sla(c+) - a(c)I.

But this inequality holds whether or not f is continuous at c. For example, if f is
discontinuous both from the right and from the left at c, then a(c) = a(c-) and
a(c) = a(c+) and we get 0 = 0. On the other hand, if f is continuous from the
left and discontinuous from the right at c, we must have a(c) = a(c+) and we get
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JAI < sIa(c) - a(c-)I. Similarly, if f is continuous from the right and discon-
tinuous from the left at c, we have a(c) = a(c-) and JAI < ela(c+) - a(c)I.
Hence the last displayed inequality holds in every case. This proves the theorem.

Example. Theorem 7.9 tells us that the value of a Riemann-Stieltjes integral can be altered
by changing the value off at a single point. The following example shows that the
existence of the integral can also be affected by such a change. Let

a(x) = 0, if x ;6 0, a(0) = - 1,

f(x) = 1, if -1 5 x < +1.

In this case Theorem 7.9 implies f'_ , f dot = 0. But if we re-define f so that f(0) = 2 and
f(x) = 1 if x # 0, we can easily see that f 1 , f da will not exist. In fact, when P is a par-
tition which includes 0 as a point of subdivision, we find

S(P,11a) = f(tk) [0k) - a(0)1 + f(tk -1) [a(0) -
a(xk-

2) ]

= f(tk) - f(tk-1),

where xk_2 < tk-1 < 0 - tk < xk. The value of this sum is 0, 1, or -1, depending on
the choice of tk and th_1. Hence, J1 , f da does not exist in this case. However, in a
Riemann integral fo f(x) dx, the values of f can be changed at a finite number of points
without affecting either the existence or the value of the integral. To prove this, it suffices
to consider the case where f(x) = 0 for all x in [a, b] except for one point, say x = c.
But for such a function it is obvious that IS(P, f)I <- If(c)I IPII Since IIPII can be made
arbitrarily small, it follows that fa f(x) dr = 0.

7.9 REDUCTION OF A RIEMANN-STIELTJES INTEGRAL TO A FINITE SUM

The integrator a in Theorem 7.9 is a special case of an important class of functions
known as step functions. These are functions which are constant throughout an
interval except for a finite number of jump discontinuities.

Definition 7.10 (Step function). A function a defined on [a, b] is called a step function
if there is a partition

a = x, <x2 b

such that a is constant on each open subinterval (xk_1, xk). The number a(xk+) -
a(xk-) is called the jump at Xk if 1 < k < n. The jump at x1 is a(xl+) - a(x1),
and the jump at x,, is a(x - ).

Step functions provide the connecting link between Riemann-Stieltjes integrals
and finite sums:

Theorem 7.11 (Reduction of a Riemann-Stieltjes integral to a finite sum). Let a be
a step function d e f i n e d on [a, b] with j u m p ak at Xk, where x1, ... , x,, are as described
in Definition 7.10. Let f be defined on [a, b] in such a way that not both f and a are
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discontinuous from the right or from the left at each xk. Then f a f da exists and we
have

lab f(x) da(x) _ E {/J (xk)ak
k=1

Proof. By Theorem 7.4, J 'f f da can be written as a sum of integrals of the type
considered in Theorem 7.9.

One of the simplest step functions is the greatest-integer function. Its value at
x is the greatest integer which is less than or equal to x and is denoted by [x].
Thus, [x] is the unique integer satisfying the inequalities [x] < x < [x] + 1.

Theorem 7.12. Every finite sum can be written as a Riemann-Stieltjes integral. In
fact, given a sum Ek=1 ak, define f on [0, n] as follows:

f(x) = ak if k - 1 < x < k (k = 1, 2, ... , n), f(0) = 0.
Then

nn ('E ak = E f(k) = J f(x) d[x],
k=1 k=1 0

where [x] is the greatest integer < x.

Proof. The greatest-integer function is a step function, continuous from the right
and having jump 1 at each integer. The function f is continuous from the left at
1, 2, ... , n. Now apply Theorem 7.11.

7.10 EULER'S SUMMATION FORMULA

We shall illustrate the use of Riemann-Stieltjes integrals by deriving a remarkable
formula known as Euler's summation formula, which relates the integral of a
function over an interval [a, b] with the sum of the function values at the integers
in [a, b]. It can sometimes be used to approximate integrals by sums or, conversely,
to estimate the values of certain sums by means of integrals.

Theorem 7.13 (Euler's summation formula). If f has a continuous derivative f' on
[a, b], then we have

E f(n) = $f(x) dx + ff'(x)((x)) dx + f (a)((a)) - f (b)((b)),
a<n5b

where ((x)) = x - [x]. When a and b are integers, this becomes
b

f(a) + f(b)= Sabf dx + ff'(x) (x - [x] - dx +
\ J

NOTE. >.<n_-5b means the sum from n = [a] + 1 to n = [b].
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Proof. Applying Theorem 7.6 (integration by parts), we have

fa f(x) d(x - [x]) + J b (x - [x]) df(x) = f(b)(b - [b]) - f(a)(a - [a]).
a

Since the greatest-integer function has unit jumps at the integers [a] + 1,
[a] + 2, ... , [b], we can write

('b

a

f(x) d[x] = E f(n).
a<n5b

If we combine this with the previous equation, the theorem follows at once.

7.11 MONOTONICALLY INCREASING INTEGRATORS. UPPER AND
LOWER INTEGRALS

The further theory of Riemann-Stieltjes integration will now be developed for
monotonically increasing integrators, and we shall see later (in Theorem 7.24) that
for many purposes this is just as general as studying the theory for integrators which
are of bounded variation.

When a is increasing, the differences Dak which appear in the Riemann-
Stieltjes sums are all nonnegative. This simple fact plays a vital role in the develop-
ment of the theory. For brevity, we shall use the abbreviation "a i on [a, b]" to
mean that "a is increasing on [a, b]."

As stated earlier, to find the area of the region under the graph of a function
f we consider Riemann sums E f(tk) Oxk as approximations to the area by means
of rectangles. Such sums also arise quite naturally in certain physical problems
requiring the use of integration for their solution. Another approach to these
problems is by means of upper and lower Riemann sums. For example, in the case
of areas, we can consider approximations from "above" and from "below" by
means of the sums EMk Oxk and Emk Oxk, where Mk and Mk denote, respectively,
the sup and inf of the function values in the kth subinterval. Our geometric
intuition tells us that the upper sums are at least as big as the area we seek, whereas
the lower sums cannot exceed this area. (See Fig. 7.1.) Therefore it seems natural

a b

Figure 7.1
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to ask: What is the smallest possible value of the upper sums? This leads us to
consider the inf of all upper sums, a number called the upper integral off. The
lower integral is similarly defined to be the sup of all lower sums. For reasonable
functions (for example, continuous functions) both these integrals will be equal to
f
a
f(x) dx. However, in general, these integrals will be different and it becomes an

important problem to find conditions on the function which will ensure that the
upper and lower integrals will be the same. We now discuss this type of problem
for Riemann-Stieltjes integrals.

Definition 7.14. Let P be a partition of [a, b] and let

Mk(f) = sup {f(x) : x e [Xk-1, Xk]},

mk(f) = inf {f(x) : x e [xk-1, Xk]}.

The numbers

n n

U(P, f, a) _ Mk(f) Dak and L(P, f, a) = E mk(f) oak,
k=1 k=1

are called, respectively, the upper and lower Stieltjes sums off with respect to a for
the partition P.

NOTE. We always have Mk(f) < Mk(f). If a, on [a, b], then Dak >_ 0 and we
can also write Mk(f) Dak < Mk(f) Dak, from which it follows that the lower sums
do not exceed the upper sums. Furthermore, if tk a [Xk_1, xk], then

mk(f) <_ f(tk) <_ Mk(f).

Therefore, when a T , we have the inequalities

L(P, f, a) 5 S(P, f, a) < U(P, a)

relating the upper and lower sums to the Riemann-Stieltjes sums. These inequali-
ties, which are frequently used in the material that follows, do not necessarily hold
when a is not an increasing function.

The next theorem shows that, for increasing a, refinement of the partition
increases the lower sums and decreases the upper sums.

Theorem 7.15. Assume that a," on [a, b]. Then:

i) If P' is finer than P, we have

U(P',f, a) < U(P, f, a) and L(P', f, a) >_ L(P, f, a).

ii) For any two partitions P1 and P2, we have

L(P1, f, a) 5 U(P2i f, 4
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Proof It suffices to prove (i) when P' contains exactly one more point than P,
say the point c. If c is in the ith subinterval of P, we can write

U(P', f, a) = E Mk(f) Aak + M'[a(c) - a(xi_1)] + M"[a(xi) - a(c)],
k=1
k*i

where M' and M" denote the sup off in [xi_ 1, c] and [c, x.]. But, since

M' < M1(f) and M" < Mi(f),

we have U(P',f, a) < U(P, f, a). (The inequality for lower sums is proved in a
similar fashion.)

To prove (ii), let P = P1 U P2. Then we have

L(P1, f a) <_ L(P, f, a) < U(P, f, a) 5 U(P2, f, a)
NOTE. It follows from this theorem that we also have (for increasing a)

m[a(b) - a(a)] < L(P1, f a) < U(P2i.f, a) < M[a(b) - a(a)],

where M and m denote the sup and inf off on [a, b].

Definition 7.16. Assume that aT on [a, b]. The upper Stieltjes integral off with
respect to a is defined as follows:

f.
fda = inf {U(P, f, a) : P e .9[a, b]}.

The lower Stieltjes integral is similarly defined:

(`b

a

fda = sup {L(P, f, a) : P e 9[a, b]}.

NOTE. We sometimes write 1(f, a) and I(f a) for the upper and lower integrals.
In the special case where a(x) = x, the upper and lower sums are denoted by
U(P, f) and L(P, f) and are called upper and lower Riemann sums. The corre-
sponding integrals, denoted by $f(x) dx and by f a f(x) dx, are called upper and
lower Riemann integrals. They were first introduced by J. G. Darboux (1875).

Theorem 7.17. Assume that a/ on [a, b]. Then I(f, a) < I(f, a).

Proof. If e > 0 is given, there exists a partition P1 such that

U(P1, f, a) < I(f, a) + e.

By Theorem 7.15, it follows that I(f, a) + e is an upper bound to all lower sums
L(P, f, a). Hence, I(f, a) < I(f, a) + e, and, since a is arbitrary, this implies
I(.f, a) < 1(f a).

Example. It is easy to give an example in which I(f, a) < I(f, a). Let a(x) = x and
define f on [0, 1] as follows:

f(x) = 1, if x is rational, f(x) = 0, if x is irrational.
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Then for every partition P of [0, 1], we have Mk(f) = 1 and mk(f) = 0, since every
subinterval contains both rational and irrational numbers. Therefore, U(P, f) = I and
L(P, f) = 0 for all P. It follows that we have, for [a, b ] = [0, 11,

I
b b

I f dx = 1 and f f dx = 0.
a .Ja

Observe that the same result holds if f(x) = 0 when x is rational, and f(x) = I when x is
irrational.

7.12 ADDITIVE AND LINEARITY PROPERTIES OF UPPER AND
LOWER INTEGRALS

Upper and lower integrals share many of the properties of the integral. For ex-
ample, we have

bfda+
fb

f da,
Jb

dcc = ra

a a c

if a < c < b, and the same equation holds for lower integrals. However, certain
equations which hold for integrals must be replaced by inequalities when they are
stated for upper and lower integrals. For example, we have

fb (f + g) da < rb f dot +
fb

g da,
a Ja

and

fa
6(f+g)da>_ fa' fda+ Jbgda.

a

T hese remarks can be easily verified by the reader. (See Exercise 7.11.)

7.13 RIEMANN'S CONDITION

If we are to expect equality of the upper and lower integrals, then we must also
expect the upper sums to become arbitrarily close to the lower sums. Hence it
seems reasonable to seek those functions f for which the difference U(P, f, a) -
L(P, f, a) can be made arbitrarily small.

Definition 7.18. We say that f satisfies Riemann's condition with respect to of on
[a, b] if, for every e > 0, there exists a partition P. such that P finer than PE implies

0 < U(P, f, a) - L(P, f, a) < e.

Theorem 7.19. Assume that a ,;q on [a, b]. Then the following three statements are
equivalent: _

i) f e R(a) on [a, b].
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ii) f satisfies Riemann's condition with respect to a on [a, b].
iii) I(f, M) = I(f, a).

Proof. We will prove that part (i) implies (ii), part (ii) implies (iii), and part (iii)
implies (i). Assume that (i) holds. If a(b) = a(a), then (ii) holds trivially, so we
can assume that a(a) < a(b). Given E > 0, choose PE so that for any finer P and
all choices of tk and tk in [xk_ 1, xk], we have

n

E f(tk) eak - A
k=1

< 3 and IkE f(tk) eak - Al < 3 ,

where A = f a f da. Combining these inequalities, we find

nnE [f(tk) - f(tk)] eak
k=1

2<3a.

Since Mk(f) - mk(f) = sup {f(x) - f(x') : x, x' in [xkxk]}, it follows that
for every h > 0 we can choose tk and tk so that

f(tk) - f(tk) > Mk(f) - mk(f) - h.

Making a choice corresponding to h = 1E/[a(b) - a(a)], we can write

nU(P, f, a) - L(P, f, a) = E [Mk(f) - mk(f )] eak
k=1

Hence, (i) implies (ii).

n n

< E [f(tk) - f(tk)] Aak + h E eak < E.
k=1

Next, assume that (ii) holds. If e > 0 is given, there exists a partition PE such
that P finer than P. implies U(P, f a) < L(P, f, a) + E. Hence, for such P we
have

I(f,cc) < U(P,f a) <L(P,f a)+E <1(f cc)+E.

That is, I(f, a) < I(f, a) + e for every e > 0. Therefore, I(f, a) < I(f a). But,
by Theorem 7.17, we also have the, opposite inequality. Hence (ii) implies (iii).

Finally, assume that 1(f a) = I(f, a) and let A denote their common value.
We will prove that f 4 f da exists and equals A. Given e > 0, choose P' so that
U(P, f, a) < 1(f a) + E for all P finer than F. Also choose P" such that

L(P,f,cc)>I(f,cc)-E
for all P finer than P". If PE = PE u P", we can write

1(f, a) - E < L(P, f, a) < S(P, f, a) < U(P, f, a) < 1(f, a) + E

for every P finer than PE. But, since I(f a) = 1(f a) = A, this means that
I S(P, f, a) - Al < E whenever P is finer than PE. This proves that f; f da exists
and equals A, and the proof of the theorem is now complete.
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7.14 COMPARISON THEOREMS

Theorem 7.20. Assume that a.,- on [a, b]. If f E R(a) and g e R(a) on [a, b] and
if f(x) < g(x) for all x in ['a, b], then we have

J
f(x) da(x) < rb g(x) da(x).

a aa

Proof. For every partition P, the corresponding Riemann-Stieltjes sums satisfy
n n

S(P1 f, a) _ f(tk) Auk S g(tk) Aak = S(P, g, a),
k=1 k=1

since a.- on [a, b]. From this the theorem follows easily.

In particular, this theorem implies that f
a

g(x) da(x) >- 0 whenever g(x) > 0
and a i' on [a, b].

Theorem 7.21. Assume that a ,,x on [a, b]. If f e R(a) on [a, b], then If I e R(a) on
[a, b] and we have the inequality

f
I

ff(x) da(x)I < If(x)I da(x).

Proof Using the notation of Definition 7.14, we can write

Mk(f) - mk(f) = sup {f(x) - f(y) : x, y in [xk-1, xk]}.

Since the inequality jIf(x)I - I.f(y)II < If(x) - f(y)I always holds, it follows that
we have

Mk(IfI) - mk(IfI) <_ Mk(f) - mk(f)
Multiplying by Aak and summing on k, we obtain

U(P, if I, a) - L(P, If I, cc) < U(P, f, a) - L(P, f, a),

for every partition P of [a, b]. By applying Riemann's condition, we find that
If I e R(a) on [a, b]. The inequality in the theorem follows by taking g = If I in
Theorem 7.20.

NOTE. The converse of Theorem 7.21 is not true. (See Exercise 7.12.)

Theorem 7.22. Assume that aT on [a, b]. If f e R(a) on [a, b], then f2 e R(a) on
[a, b].

Proof. Using the notation of Definition 7.14, we have
Mk(f2)

= [Mk(If I )]2 and mk(f 2)
= [mk(I fl )]2.

Hence we can write

Mk(f2) - mk(f2) = [Mk(IfI) + mk(IfI)][Mk(IfI) - mk(IfI)]
2M[Mk(IfI) - mk(IfI)],
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where M is an upper bound for If I on [a, b]. By applying Riemann's condition,
the conclusion follows.

Theorem 7.23. Assume that a,- on [a, b]. If f e R(a) and g e R(a) on [a, b], then
the product f- g e R(a) on [a, b].

Proof. We use Theorem 7.22 along with the identity

2f(x)g(x) = [f(x) + g(x)]2 - [f(x)]2 - [g(x)]2.

7.15 INTEGRATORS OF BOUNDED VARIATION

In Theorem 6.13 we found that every function a of bounded variation on [a, b]
can be expressed as the difference of two increasing functions. If a = al - a2 is
such a decomposition and iff e R(a1) and f e R(a2) on [a, b], it follows by linearity
that f e R(a) on [a, b]. However, the converse is not always true. If f e R(a) on
[a, b], it is quite possible to choose increasing functions al and a2 such that
or = al - a2, but such that neither integral J .'f dal, J 'f dal exists. The difficulty,
of course, is due to the nonuniqueness of the decomposition a = al - a2. How-
ever, we can prove that there is at least one decomposition for which the converse
is true, namely, when al is the total variation of a and a2 = al - a. (Recall
Definition 6.8.)

Theorem 7.24. Assume that a is of bounded variation on [a, b]. Let V(x) denote the
total variation of a on [a, x] if a < x < b, and let V(a) = 0. Let f be defined and
bounded on [a, b]. If f e R(a) on [a, b], then f e R(V) on [a, b].

Proof If V(b) = 0, then V is contant and the result is trivial. Suppose therefore,
that V(b) > 0. Suppose also that I f(x)I < M if x e [a, b]. Since V is increasing,
we need only verify that f satisfies Riemann's condition with respect to V on [a, b].

Given e > 0, choose P, so that for any finer P and all choices of points tk and
tk in [xk _ 1 i xk] we have .

to

[J (tk) - ! (tk)] Aak
n

< and V(b) < E Ioakl + e

4 k=1 4M

For P finer than P. we will establish the two inequalities

and

E [Mk(f) - mk(f)](OVk - IDakI) <
2

,

nnE [Mk(f) - mk(f)] Ioakl <
2

which, by addition, yield U(P, f, V) - L(P, f, V) < e.
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To prove the first inequality, we note that AVk - IAakl >- 0 and hence

nn rLr ) - mk({ J)](OVk - IDakI)[Mk(J < 2M E (AVk - IOak!)
k=1 k=1

= 214 CV(b) - IDakI) < e
.

k=1 2
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To prove the second inequality, let

A(P) = {k : oak >- 0}, B(P) = {k : Aak < 0},

and let h = *c/V(b). If k e A(P), choose tk and tk so that

f'(tk) - f(tk) > Mk(f) - mk(f) - h;

but, if k e B(P), choose tk and tk so that f(tk) - f(tk) > Mk(f) - mk(f) - h.
Then

nnE [Mk({J) - mk(f)] Ieakl <
k=1

[f(tk) - f(tk)] Ieakl
kEA(P)

n

+ E [f(ek) - f(tk)] Ioakl + h E Ioakl
keB(P) k=1

nn

n

E [f(tk) - f(tk)] eak + h : Ieakl
k=1 k=1

<
e+hV(b)= E+ E= E
4 4 4 2

It follows that f e R(V) on [a, b].

NOTE. This theorem (together with Theorem 6.12) enables us to reduce the theory
of Riemann-Stieltjes integration for integrators of bounded variation to the case
of increasing integrators. Riemann's condition then becomes available and it
turns out to be a particularly useful tool in this work. As a first application we shall
obtain a result which is closely related to Theorem 7.4.

Theorem 7.25. Let a be of bounded variation on [a, b] and assume that f e R(a) on
[a, b]. Then f e R(a) on every subinterval [c, d] of [a, b].

Proof Let V(x) denote the total variation of a on [a, x], with V(a) = 0. Then
a = V - (V - a), where both V and V - a are increasing on [a, b] (Theorem
6.12). By Theorem 7.24, f e R(V), and hence f e R(V - a) on [a, b]. Therefore,
if the theorem is true for increasing integrators, it follows that f e R(V) on [c, d]
and f e R(V - a) on [c, d], so f e R(a) on [c, d].
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Hence, it suffices to prove the theorem when a ,,x on [a, b]. By Theorem 7.4
it suffices to prove that each integral f a f da and f a f dot exists. Assume that
a < c < b. If P is a partition of [a, x], let A(P, x) denote the difference

0(P, x) = U(P, f, a) - L(P, f, a),

of the upper and lower sums associated with the interval [a, x]. Since f e R(a)
on [a, b], Riemann's condition holds. Hence, if E > 0 is given, there exists a
partition PE of [a, b] such that A(P, b) < E if P is finer than P. We can assume
that c e P. The points of PE in [a, c] form a partition PE of [a, c]. If P' is a
partition of [a, c] finer than PE, then P = P' u P. is a partition of [a, b] com-
posed of the points of P' along with those points of PE in [c, b]. Now the sum
defining 0(P', c) contains only part of the terms in the sum defining A(P, b). Since
each term is >_ 0 and since P is finer than PE, we have

A(P', c) < A(P, b) < e.

That is, P' finer than Pe implies 0(P', c) < E. Hence, f satisfies Riemann's con-
dition on [a, c] and fa f dot exists. The same argument, of course, shows that
f a f da exists, and by Theorem 7.4 it follows that f " f dot exists.

The next theorem is an application of Theorems 7.23, 7.21, and 7.25.

Theorem 7.26. Assume f e R(a) and g e R(a) on [a, b], where o c,- on [a, b].
'Define

F(x) = xf(t) daft)
Ix

and

a

Then f e R(G), g e R(F), and the product f g e R(a) on [a, b], and we have

f (x)g(x) da(x) = f (x) dG(x)b 6

6

= f g(x) dF(x).
0

Proof The integral f a f g da exists by Theorem 7.23. For every partition P of
[a, b] we have

('xk ('xk
S(P, f, G) f(tk) J g(t) da(t) J f(tk)g(t) da(t),

k =1 xk
-

1 k= 1
xk-

i

G(x) = g(t) da(t) if x e [a, b].fx

and _

Jbf(x)g(x)
da(x) _ E f(t)g(t) da(t).

k=1 s:z t
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Therefore, if Mg

jbf.g
sup {Ig(x): x e [[a, b]}, we have

S(P,f, G) - dal = Ik=1
Jxk 1

{f(tk) - f(t)}g(t) da(t)

< Mg kE fXk"-xIf(tk) - f(t)I d«(t) < Mg rxk [M / da t
1 k=1 xk_1

= Mg{U(P, f, a) - L(P, f, a)}.

Since f e R(a), for every E > 0 there is a partition PE such that P finer than P.
implies U(P, f, a) - L(P, f, a) < e. This proves that f e R(G) on [a, b] and
that f

a
f g da = J 'f f dG. A similar argument shows that g e R(F) on [a, b] and

that f
a
f g d o e = fa g dF.

NOTE. Theorem 7.26 is also valid if a is of bounded variation on [a, b].

7.16 SUFFICIENT CONDITIONS FOR EXISTENCE OF RIEMANN-STIELTJES
INTEGRALS

In most of the previous theorems we have assumed that certain integrals existed
and then studied their properties. It is quite natural to ask : When does the integral
exist? Two useful sufficient conditions will be obtained.

Theorem 7.27. If f is continuous on [a, b] and if a is of bounded variation on [a, b],
then f e R(a) on [a, b].

NOTE. By Theorem 7.6, a second sufficient condition can be obtained by inter-
changing f and a in the hypothesis.

Proof. It suffices to prove the theorem when a a with a(a) < a(b). Continuity
of f on [a, b] implies uniform continuity, so that if e > 0 is given, we can find
S > 0 (depending only on e) such that Ix - yI < S implies If(x) - f (y)I < E/A,
where A = 2[a(b) - a(a)]. If P, is a partition with norm IIPEII < S, then for P
finer than P. we must have

Mk(f) - mk(f) <- E/A,
since Mk(f) - mk(f) = sup {f(x) - f(y) : x, y in [xk_ xk]}. Multiplying the
inequality by Dak and summing, we find

n

U(P, f, a) - L(P, f, a) < E Aak = E
< E,

A k=1 2

and we see that Riemann's condition holds. Hence, f e R(a) on [a, b].

For the special case in which a(x) = x, Theorems 7.27 and 7.6 give the following
corollary :

Theorem 7.28. Each of the following conditions is sufficient for the existence of the
Riemann integral f; f(x) dx:

a) f is continuous on [a, b]. b) f is of bounded variation on [a, b].
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7.17 NECESSARY CONDITIONS FOR EXISTENCE OF RIEMANN-STIELTJES
INTEGRALS

When a is of bounded variation on [a, b], continuity off is sufficient for the exis-
tence of Ja f da. Continuity off throughout [a, b] is by no means necessary,
however. For example, in Theorem 7.9 we found that when cc is a step function,
then f can be defined quite arbitrarily in [a, b] provided only that f is continuous
at the discontinuities of a. The next theorem tells us that common discontinuities
from the right or from the left must be avoided if the integral is to exist.

Theorem 7.29. Assume that a,, on [a, b] and let a < c < b. Assume further
that both a and f are discontinuous from the right at x = c; that is, assume that there
exists an e > 0 such that for every S > 0 there are values of x and y in the interval
(c, c + S) for which

If(x) - f(c)1 >- e and la(y) - a(c)I > e.

Then the integral f
a

f(x) da(x) cannot exist. The integral also fails to exist if a and
f are discontinuous from the left at c.

Proof. Let P be a partition of [a, b] containing c as a point of subdivision and
form the difference

n

U(P,11 a) - L(P, f, a) = E [Mk(f) - mk(f)] Dak.
k=1

If the ith subinterval has c as its left endpoint, then

U(P, f, a) - L(P, f, a) >- [Mi(f) - m1(f)][a(x,) - a(c)],

since each term of the sum is >- 0. If c is a common discontinuity from the right,
we can assume that the point x; is chosen so that a(x,) - a(c) >- e. Furthermore,
the hypothesis of the theorem implies M.(f) - mi(f) e. Hence,

U(P, f, a) - L(P, f, a) >- e2,

and Riemann's condition cannot be satisfied. (If c is a common discontinuity
from the left, the argument is similar.)

7.18 MEAN-VALUE THEOREMS FOR RIEMANN-STIELTJES INTEGRALS

Although integrals occur in a wide variety of problems, there are relatively few
cases in which the explicit value of the integral can be obtained. However, it
often suffices to have an estimate for the integral rather than its exact value. The
Mean Value Theorems of this section are especially useful in making such estimates.

Theorem 7.30 (First Mean- Value Theorem for Riemann-Stieltjes integrals). Assume
that aT and let f e R(a) on [a, b]. Let M and m denote, respectively, the sup and
inf of the set {f(x) : x e [a, b]}. Then there exists a real number c satisfying
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m < c < M such that

f
b

f(x) da(x) = c f 6 da(x) = c[a(b) - a(a)].
a Ja

In particular, if f is continuous on [a, b], then c = f(xo) for some x0 in [a, b].

Proof. If a(a) = a(b), the theorem holds trivially, both sides being 0. Hence we
can assume that a(a) < a(b). Since all upper and lower sums satisfy

m[a(b) - a(a)] < L(P, f, a) < U(P, f, a) < M[a(b) - a(a)],

the integral f 'f f da must lie between the same bounds. Therefore, the quotient
c = (fa f da)/(fa doe) lies between m and M. When f is continuous on [a, b], the
intermediate value theorem yields c = f(xo) for some x0 in [a, b].

A second theorem of this type can be obtained from the first by using integra-
tion by parts.

Theorem 7.31 (Second Mean- Value Theorem for Riemann-Stieltjes integrals).
Assume that a is continuous and that f? on [a, b]. Then there exists a point xo
in [a, b] such that

f b b ).f (x) da(x) = f (a) f x0 da(x) + f (b) fX0 da(x
Ja

Proof. By Theorem 7.6, we have

f
b

f (x) da(x) = f(b)a(b) - f (a)a(a) -
f b

a(x) df(x).
a

Applying Theorem 7.30 to the integral on the right, we find
/'b

a

f(x) da(x) = f(a)[a(xo) - a(a)] + f(b)[a(b) - a(xo)],

where x0 e [a, b], which is the statement we set out to prove.

7.19 THE INTEGRAL AS A FUNCTION OF THE INTERVAL

If f e R(a) on [a, b] and if a is of bounded variation, then (by Theorem 7.25) the
integral f

a
f da exists for each x in [a, b] and can be studied as a function of x.

Some properties of this function will now be obtained.

Theorem 7.32. Let a be of bounded variation on [a, b] and assume that f e R(a) on
[a, b]. Define F by the equation

ffdcc,F(x) = f x e [a, b].



162 The Riemann-Stieltjes Integral Th. 7.33

Then we have:

i) F is of bounded variation on [a, b].

ii) Every point of continuity of a is also a point of continuity of F.

iii) If aT on [a, b], the derivative F'(x) exists at each point x in (a, b) where a'(x)
exists and where f is continuous. For such x, we have

F'(x) = f(x)a'(x).

Proof. It suffices to assume that aT on [a, b]. If x # y, Theorem 7.30 implies
that

F(y) - F(x) = f
y

f dot = c[a(y) - a(x)],
x

where m < c < M (in the notation of Theorem 7.30). Statements (i) and (ii)
follow at once from this equation. To prove (iii), we divide by y - x and observe
that c -> f(x) as y - x.

When Theorem 7.32 is used in conjunction with Theorem 7.26, we obtain the
following theorem which converts a Riemann integral of a product f - g into a
Riemann-Stieltjes integral f' f dG with a continuous integrator of bounded
variation.

Theorem 7.33. If f E R and g c- R on [a, b], let

F(x) = J dt, G(x) = rx g(t) dt if x E [a, b].
a

Then F and G are continuous functions of bounded variation on [a, b]. Also,
f e R(G) and g e R(F) on [a, b], and we have

f(x)g(x) dx = bf(x) dG(x) = f 6 g(x) dF(x).fa fa a

Proof. Parts (i) and (ii) of Theorem 7.32 show that F and G are continuous func-
tions of bounded variation on [a, b]. The existence of the integrals and the two
formulas for f a f(x)g(x) dx follow by taking a(x) = x in Theorem 7.26.

NOTE. When a(x) = x, part (iii) of Theorem 7.32 is sometimes called the first
fundamental theorem of integral calculus. It states that F'(x) = f(x) at each point
of continuity off. A companion result, called the second fundamental theorem, is
given in the next section.

7.20 SECOND FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

The next theorem tells how to integrate a derivative.

Theorem 7.34 (Second fundamental theorem of integral calculus). Assume that f E R
on [a, b]. Let g be a function defined on [a, b] such that the derivative g' exists in
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(a, b) and has the value

g'(x) = f(x) for every x in (a, b).

At the endpoints assume that g(a +) and g(b -) exist and satisfy

g(a) - g(a+) = g(b) - g(b-).
Then we have

J b f(x) dx = J g '(x) dx = g(b) - g(a).
O A

Proof. For every partition of [a, b] we can write
n n

g(b) - g(a) _ [g(xk) - g(xk- 1)] = E g'(tk) AXk = Ej f(tk) Axk,
k=1 k=1 k=1
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where tk is a point in (xk_1, xk) determined by the Mean-Value Theorem of
differential calculus. But, for a given e > 0, the partition can be taken so fine that

Ig(b) - g(a) - fbf(x)
dxl = I kEf(tk) AXk -

fa

f(x) dxl < E,
=1 a

and this proves the theorem.

The second fundamental theorem can be combined with Theorem 7.33 to give
the following strengthening of Theorem 7.8.

Theorem 7.35. Assume f e R on [a, b]. Let a be a function which is continuous on
[a, b] and whose derivative a' is Riemann integrable on [a, b]. Then the following
integrals exist and are equal:

ff
b

f(x) da(x) = 6 f(x)a'(x) dx.
a a

Proof. By the second fundamental theorem we have, for each x in [a, b],

a(x) - a(a) = f
:

a'(t) dt.

Taking g = a' in Theorem 7.33 we obtain Theorem 7.35.

NOTE. A related result is described in Exercise 7.34.

7.21 CHANGE OF VARIABLE IN A RIEMANN INTEGRAL

The formula I.' f da = f l h dfi of Theorem 7.7 for changing the variable in an
integral assumes the form

f8(a)f(x) dx = J df[g(t)]g'(t) dt,
9(c) c
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when a(x) = x and when g is a strictly monotonic function with a continuous
derivative g'. It is valid if f E R on [a, b]. When f is continuous, we can use
Theorem 7.32 to remove the restriction that g be monotonic. In fact, we have the
following theorem:

Theorem 7.36 (Change of variable in a Riemann integral). Assume that g has a
continuous derivative g' on an interval [c, d]. Let f be continuous on g([c, d]) and
define F by the equation

) dt if x E g([c, d]).F(x) = fg(,)
X

f(t

Then, for each x in [c, d] the integral J' f[g(t)]g'(t) dt exists and has the value
F[g(x)]. In particular, we have

'
J 9(d) f(x) dx = J df[g(t)]9'(t) A
g(c) c

Proof. Since both g' and the composite function fo g are continuous on [c, d]
the integral in question exists. Define G on [c, d] as follows:

G(x) =
$Xf[g(t)]gl(t)

dt.

Weare to show that G(x) = F[g(x)]. By Theorem 7.32, we have

G' (x) = .f [g(x)]g' (x),

and, by the chain rule, the derivative of F[g(x)] is also f [g(x)]g'(x), since F'(x) _
f(x). Hence, G(x) - F[g(x)] is constant. But, when x = c, we get G(c) = 0 and
F[g(c)] = 0, so this constant must be 0. Hence, G(x) = F[g(x)] for all x in
[c, d]. In particular, when x = d, we get G(d) = F[g(d)] and this is the last
equation,in the theorem.

NOTE. Some texts prove the preceding theorem under the added hypothesis that
g' is never zero on [c, d], which, of course, implies monotonicity of g. The above
proof shows that this is not needed. It should be noted that g is continuous on
[c, d], so g([c, d]) is an interval which contains the interval joining g(c) and g(d).

g(d)

g(c)
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In particular, the result is valid if g(c) = g(d). This makes the theorem especially
useful in the applications. (See Fig. 7.2 for a permissible g.)

Actually, there is a more general version of Theorem 7.36 which does not
require continuity off or of g', but the proof is considerably more difficult. Assume
that h e R on [c, d] and, if x E [c, d], let g(x) = f

q
h(t) dt, where a is a fixed

point in [c, d]. Then if f e R on g([c, d]) the integral fc f [g(t)] h(t) dt exists and
we have

fJ g(d) f(x) dx =
J

f[g(t)]h(t) dt.
g(c) c

This appears to be the most general theorem on change of variable in a Riemann
integral. (For a proof, see the article by H. Kestelman, Mathematical Gazette,
45 (1961), pp. 17-23.) Theorem 7.36 is the special case in which h is continuous on
[c, d] and f is continuous on g([c, d]).

7.22 SECOND MEAN-VALUE THEOREM FOR RIEMANN INTEGRALS

Theorem 7.37. Let g be continuous and assume that f,, on [a, b]. Let A and B be
two real numbers satisfying the inequalities

A 5 f(a+) and B >- f(b-).

Then there exists a point xa in [a, b] such that

b g(x) dx.i) rb f(x)g(x) dx = A rx0 g(x) dx + B fX0
.J a J

In particular, iff(x) >_ 0 for all x in [a, b], we have

ii) f
n

f(x)g(x) dx = B f
n

g(x) dx, where x0 E [a, b].
,J a ,J xo

NOTE. Part (ii) is known as Bonnet's theorem.

Proof. If a(x) = Ix g(t) dt, then a' = g, Theorem 7.31 is applicable, and we get

f 6 f(x)g(x) dx = f(a) fx0 g(x) dx + f (b) fb g(x) dx.
J a a xo

This proves (i) whenever A = f(a) and B = f(b). Now if A and B are any two
real numbers satisfying A < f(a+) and B f(b-), we can redefine f at the end-
points a and b to have the values f(a) = A and f(b) = B. The modified f is still
increasing on [a, b] and, as we have remarked before, changing the value of f at
a finite number of points does not affect the value of a Riemann integral. (Of
course, the point x0 in (i) will depend on the choice of A and B.) By taking A = 0,
part (ii) follows from part (i).
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7.23 RIEMANN-STIELTJES INTEGRALS DEPENDING ON A PARAMETER

Theorem 7.38. Let f be continuous at each point (x, y) of a rectangle

Q={(x,y):a<x<b, c<y<d}.
Assume that a is of bounded variation on [a, b] and let F be the function defined on
[c, d] by the equation

F(Y) = J b f(x, y) da(x).
a

Then F is continuous on [c, d]. In other words, if yo a [c, d], we have

lim f b f (x, y) dot(x) = fa6 lim f (x, y) da(x)
y yo Ja Y _Y0

= r f (x, ya) da(x).
0

Proof. Assume that a on [a, b]. Since Q is a compact set, f is uniformly con-
tinuous on Q. Hence, given e > 0, there exists a S > 0 (depending only on E)
such that for every pair of points z = (x, y) and z' = (x', y') in Q with Iz - z'j < S,
we have l f(x, y) - f(x', y')l < s. If fy - y'I < 6, we have

IF(Y) - F(Y)I < J b If(x, y) - f(x, Y')I da(x) < E a b
a

This establishes the continuity of F on [c, d].

Of course, when a(x) = x, this becomes a continuity theorem for Riemann
integrals involving a parameter. However, we can derive a much more useful
result for Riemann integrals than that obtained by simply setting a(x) = x if we
employ Theorem 7.26.

Theorem 7.39. If f is continuous on the rectangle [a, b] x [c, d], and ifg e R on
[a, b], then the function F defined by the equation

F(y) = J b g(x)f(x, y) dx,
a

is continuous on [c, d]. That is, if yo e [c, d], we have

6lim fa g(x)f(x, y) dx J b g(x).f(x, yo) dx.
Y-Yo a

Proof. If G(x) = $a g(t) dt, Theorem 7.26 shows that F(y) = fo f(x, y) dG(x).
Now apply Theorem 7.38.
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Theorem 7.40. Let Q = {(x, y) : a < x < b, c < y < d}. Assume that a is of
bounded variation on [a, b] and, for each fixed y in [c, d], assume that the integral

bF(y) = J f(x, y) da(x),
a

exists. If the partial derivative D2f is continuous on Q, the derivative F(y) exists
for each y in (c, d) and is given by

F(y) = J D2f(x, y) da(x).6
A

NOTE. In particular, when g e R on [a, b] and a(x) = f
a

g(t) dt, we get

F(y) =
J

g(x)f(x, y) dx and F(y) =
J

g(x) D2f(x, y) dx.6 6

A a

Proof. If yo e (c, d) and y # yo, we have

F(y) - F(yo) = fl'f(x, Y) - f(x, Yo) da(x) = J b D2f(x, Y) da(x),
Y - Yo JA Y - Yo A

where y is between y and yo. Since D2 f is continuous on Q, we obtain the con-
clusion by arguing as in the proof of Theorem 7.38.

7.25 INTERCHANGING THE ORDER OF INTEGRATION

Theorem 7.41. Let Q = {(x, y) : a < x < b, c < y < d}. Assume that a is of
bounded variation on [a, b], /3 is of bounded variation on [c, d], and f is continuous
on Q. If (x, y) a Q, define

F(Y) = J bf(x, y) da(x), G(x) = df(x, y) df(Y)
fc

Then F e R(fl) on [c, d], G e R(a) on [a, b], and we have

f
d

F(y) df3(Y) = J 6 G(x) da(x).
C A

In other words, we may interchange the order of in as folllows:

Jab
LJf(x, y) dl(Y)] d(x) = f d [Sa" f(x, y) da(x)J df3(y).

Proof. By Theorem 7.38, F is continuous on [c, d] and hence F e R(fl) on [c, d].
Similarly, G e R(a) on [a, b]. To prove the equality of the two integrals, it suffices
to consider the case in which a,,,, on [a, b] and /3 r on [c, d].
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By uniform continuity, given E > 0 there is a 6 > 0 such that for every pair of
points z = (x, y) and z' = (x', y') in Q, with Iz - z'I < 6, we have

If(x, Y) - f(x', Y')I < E.

Let us now subdivide Q into n2 equal rectangles by subdividing [a, b] and [c, d]
each into n equal parts, where n is chosen so that

(b-a)< S
and (d-c)< 6

Writing

n n T2

=a+k(b-a)x and = c+k(d-c)

for k = 0,

k
n

1, 2,... , n, we have

Yk
n

f (fd
f(x, y) df(Y)) da(x) = I kk+1

\Jy

ryl+'
f(x, y) df3(y) da(x).

k=O j=0 J ,

We apply Theorem 7.30 twice on the right. The double sum becomes
n-1 n-1

LIf(xk, Yj)[!'(Yj+l) - #(Yj)][a(xk+1) - 0001k=0 j=0

where (xk, yj) is in the rectangle Qk, j having (xk, yj) and (xk+ , Yj+ ) as opposite
vertices. Similarly, we find

f a

(fb
f (x, y) da(x) J dfi(Y)

n-1 n-i
_ f(xk, Y';)[P(Yj+1) - f(Yj)][a(xk+1) -k=0 j=0

where (x', y 'j') a Qk,j. But I f(xk, y;) - f(x'k, y;)I < E and hence

f b G(x) da(x) - I'd F(Y) dfl(Y)
a

n1
7

n

-1
1

< ELI-1 [l3(Yj+1) - i3(Yj)] Lam! [a(xk+1) - a(xk)]j=0 k=0

= E[f(d) - f3(c)1[a(b) - a(a)].

Since a is arbitrary, this implies equality of the two integrals.

Theorem 7.41 together with Theorem 7.26 gives the following result for Rie-
mann integrals.
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Theorem 7.42. Let f be continuous on the rectangle [a, b] x [c, d]. If g E R on
[a, b] and if h E R on [c, d], then we have

jb
[J1 g(x)h(y)f(x, y) dy] dx =

J d LJ
b g(x)h(y)f(x, y) dxl dy.

J o JJ

Proof Let a(x) = f
a

g(u) du and let fl(y) = f h(v) dv, and apply Theorems 7.26
and 7.41.

7.26 LEBESGUE'S CRITERION FOR EXISTENCE OF RIEMANN INTEGRALS

Every continuous function is Riemann integrable. However, continuity is certainly
not necessary, for we have seen that f e R when f is of bounded variation on [a, b].
In particular, f can be a monotonic function with a countable set of discontinuities
and yet the integral J' f(x) dx will exist. Actually, there are Riemann-integrable
functions whose discontinuities form a noncountable set. (See Exercise 7.32.)
Therefore, it is natural to ask "how many" discontinuities a function can have and
still be Riemann integrable. The definitive theorem on this question was dis-
covered by Lebesgue and is proved in this section. The idea behind Lebesgue's
theorem is revealed by examining Riemann's condition to see the kind of restriction
it puts on the set of discontinuities off.

The difference between the upper and lower Riemanil sums is given by

E [Mk(f) - Mk(f) )] exk,
k=1

and, roughly speaking, f will be integrable if, and only if, this sum can be made
arbitrarily small. Split this sum into two parts, say S1 + S2, where S1 comes from
subintervals containing only points of continuity of f, and S2 contains the re-
maining terms. In S1, each difference Mk(f) - Mk(J)is small because of continuity
and hence a large number of such terms can occur and still keep S1 small. In S21
however, the differences Mk(f) - mk(f) need not be small; but because they are
bounded (say by M), we have IS21 < M Y_Lxk, so that S2 will be small if the sum
of the lengths of the subintervals corresponding to S2 is small. Hence we may
expect that the set of discontinuities of an integrable function can be covered by
intervals whose total length is small.

This is the central idea in Lebesgue's theorem. To formulate it more precisely
we introduce sets of measure zero.

Definition 7.43. A set S of real numbers is said to have measure zero if, for every
e > 0, there is a countable covering of S by open intervals, the sum of whose lengths

is less than

If the intervals are denoted by (ak, bk), the definition requires that

S g U (ak, bk) and E (bk - ak) < e. (3)
k k



170 The Riemann-Stieltjes Integral Th. 7.44

If the collection of intervals is finite, the index k in (3) runs over a finite set. If the
collection is countably infinite, then k goes from 1 to oo, and the sum of the lengths
is the sum of an infinite series given by

00 N

E (bk - ak) = lim E (bk - ak).
k=1 N-.oo k=1

Besides the definition, we need one more result about sets of measure zero.

Theorem 7.44. Let F be a countable collection ofsets in R, say

F= {F1,F2,...},
each of which has measure zero. Then their union

00

S = U Fk,
k=1

also has a measure zero.

Proof. Given a > 0, there is a countable covering of Fk by open intervals, the sum
of whose lengths is less than E/2k. The union of all these coverings is itself a
countable covering of S by open intervals and the sum of the lengths of all the
intervals is less than

00

= E.
k = 1 2k

Examples. Since a set consisting of just one point has measure zero, it follows that every
countable subset of R has measure zero. In particular, the set of rational numbers has
measure zero. However, there are uncountable sets which have measure zero. (See Exer-
cise 7.32.)

Next we introduce the concept of oscillation.

Definition 7.45. Let f be defined and bounded on an interval S. If T c S, the
number

nf(T) = sup {f(x) - f(y) : x e T, y e T},

is called the oscillation off on T. The oscillation off at x is defined to be the number

co f(x) = lim l2 f(B(x; h) r S).
h-+o+

NOTE. This limit always exists, since S2 f(B(x; h) r S) is a decreasing function of
h. In fact, T1 c T2 implies Of(TI) < Q f(T2). Also, w f(x) = 0 if, and only if,
f is continuous at x (Exercise 4.24).

The next theorem tells us that if cof(x) < E at each point of a compact interval
[a, b], then Of(T) < e for all sufficiently small subintervals T.

Theorem 7.46. - Let f be defined and bounded on [a, b], and let E > 0 be given.
Assume that w f(x) < E for every x in [a, b]. Then there exists a 6 > 0 (depending
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only on ) such that for every closed subinterval T c [a, b], we have O f(T) <
whenever the length of T is less than 8.

Proof. For each x in [a, b] there exists a 1-ball Bx = B(x; 8x) such that

D f(Bx n [a, b]) < co f(x) + [ - w1(x)] = .
The set of all halfsize balls B(x; 6x/2) forms an open covering of [a, b]. By
compactness, a finite number (say k) of these cover [a, b]. Let their radii be
8112, ..., 8k/2 and let 8 be the smallest of these k numbers. When the interval
T has length <8, then T is partly covered by at least one of these balls, say by
B(x p; 8 p/2). However, the ball B(x p; 8 p) completely covers T (since 8p >- 28).
Moreover, in B(xp; 8 p) n [a, b] the oscillation off is less than s. This implies
that O f(T) < and the theorem is proved.

Theorem 7.47. Let f be defined and bounded on [a, b]. For each > 0 define the
set J. as follows:

JJ = {x: x c- [a, b], co f(x) }.
Then JE is a closed set.

Proof. Let x be an accumulation point of J. If x 0 J, we have (of (x) < .
Hence there is a 1-ball B(x) such that

El f(B(x) n [a, b]) < .

Thus no points of B(x) can belong to JE, contradicting the statement that x is an
accumulation point of JE. Therefore, x e J. and JE is closed.

Theorem 7.48 (Lebesgue's criterion for Riemann-integrability). Let f be defined
and bounded on [a, b] and let D denote the set of discontinuities off in [a, b]. Then
f e R on [a, b] if, and only if, D has measure zero.

Proof (Necessity). First we assume that D does not have measure zero and show
that f is not integrable. We can write D as a countable union of sets

00

D = U D.,
r=1

where

D, = x : oo f(x) > 11 .

r
If x e D, then co f(x) > 0, so D is the union of the sets D, for r = 1, 2, .. .

Now if D does not have measure zero, then some set D, does not (by Theorem
7.44). Therefore, there is some > 0 such that every countable collection of open
intervals covering D, has a sum of lengths > . For any partition P of [a, b] we
have

_

U(P,f) - L(P,f) = L.i [Mk(J) - mk(J )] Axk = S1 + S2 >_ S1,
k=1
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where Sl contains those terms coming from subintervals containing points of D
in their interior, and S2 contains the remaining terms. The open intervals from S1
cover D, except possibly for a finite subset of D which has measure 0, so the sum
of their lengths is at least s. Moreover, in these intervals we have

Mk(f) - Mk(f) >_ 1 and hence S1 >
s

r r
This means that

U(P,f) - L(P,f) ? E,r

for every partition P, so Riemann's condition cannot be satisfied. Therefore f is
not integrable. In other words, if f e R, then D has measure zero.

(Sufficiency). Now we assume that D has measure zero and show that the
Riemann condition is satisfied. Again we write D = Ur- 1, D,, where D, is the set of
points x at which co f(x) >- 1 /r. Since D, s D, each D, has measure 0, so D, can
be covered by open intervals, the sum of whose lengths is < 1 /r. Since D, is compact
(Theorem 7.47), a finite number of these intervals cover D,. The union of these
intervals is an open set which we denote by A,. The complement B, = [a, b] - A,
is the union of a finite number of closed subintervals of [a, b]. Let I be a typical
subinterval of B,. If x e I, then co f(x) < 1 /r so, by Theorem 7.46, there is a S > 0
(depending only on r) such that I can be further subdivided into a finite number of
subintervals T of length <6 in which D f(T) < l/r. The endpoints of all these
subintervals determine a partition P, of [a, b]. If P is finer than P, we can write

U(P, f) - L(P, f) = E [Mk(f) - mk(f )] Axk = S 1 + S2,
k=1

where S1 contains those terms coming from subintervals containing points of
D,, and S2 contains the remaining terms. In the kth term of S2 we have

Mk(f) - mk(f) < 1 and hence S2 <
b - a

r r

Since A, covers all the intervals contributing to S1, we have

Si
< M - m

r

where M and m are the sup and inf off on [a, b]. Therefore

U(P,f)-L(P,f)<M-m+b-a

r

Since this holds for every r > 1, we see that Riemann's condition holds, so f e R
on [a, b].

NOTE. A property is said to hold almost everywhere on a subset S of Rl if it holds
everywhere on S except for a set of measure 0. Thus, Lebesgue's theorem states
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that a bounded function f on a compact interval [a, b] is Riemann integrable on
[a, b] if, and only if, f is continuous almost everywhere on [a, b].

The following statements (some of which were proved earlier in the chapter)
are immediate consequences of Lebesgue's theorem.

Theorem 7.49. a) If f is of bounded variation on [a, b], then f e R on [a, b].

b) If f e R on [a, b], then f e R on [c, d] for every subinterval [c, d] c [a, b],
If I E R and f 2 e R on [a, b]. Also, f- g e R on [a, b] whenever geR on
[a, b].

c) If f e R and g e R on [a, b], then f/g e R on [a, b] whenever g is bounded away
from 0.

d) If f and g are bounded functions having the same discontinuities on [a, b], then
f e R on [a, b] if, and only if, g e R on [a, b].

e) Let g e R on [a, b] and assume that m < g(x) < M for all x in [a, b]. If f is
continuous on [m, M], the composite function h defined by h(x) = f [g(x)] is
Riemann-integrable on [a, b].

NOTE. Statement (e) need not hold if we assume only that fe R on [m, M].
(See Exercise 7.29.)

7.27 COMPLEX-VALUED RIEMANN-STIELTJES INTEGRALS

Riemann-Stieltjes integrals of the form f o f da, in which f and a are complex-
valued functions defined and bounded on an interval [a, b], are of fundamental
importance in the theory of functions of a complex variable. They can be intro-
duced by exactly the same definition we have used in the real case. In fact,
Definition 7.1 is meaningful when f and a are complex-valued. The sums of the
products f(tk)[a(xk) - a(xk_,)] which are used to form Riemann-Stieltjes sums
need only be interpreted as sums of products of complex numbers. Since complex
numbers satisfy the commutative, associative, and distributive laws which hold
for real numbers, it is not surprising that complex-valued integrals share many of
the properties of real-valued integrals. In particular, Theorems 7.2, 7.3, 7.4, 7.6,
and 7.7 (as well as their proofs) are all valid (word for word) when f and a are
complex-valued functions. (In Theorems 7.2 and 7.3, the constants c1 and c2 may
now be complex numbers.) In addition, we have the following theorem which, in
effect, reduces the theory of complex Stieltjes integrals to the real case.

Theorem 7.50. Let f = f1 + if2 and a = al
defined on an interval [a, b]. Then we have

+ ia2 be complex-valued functions

dal - $/2 dal) +
fabf da

(fa" f,

whenever all four integrals on the right exist.

i
(fbf2

dal + J bf1 da),
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The proof of Theorem 7.50 is immediate from the definition and is left to the
reader.

The use of this theorem permits us to extend most of the important properties
of real integrals to the complex case. For example, the connection between
differentiation and integration established in Theorem 7.32 remains valid for
complex integrals if we simply define such notions as continuity, differentiability
and bounded variation by components, as with vector-valued functions. Thus, we
say that the complex-valued function a = al + ia2 is of bounded variation on
[a, b] if each component al and a2 is of bounded variation on [a, b]. Similarly,
the derivative a'(t) is defined by the equation a'(t) = ai(t) + k2(t) whenever the
derivatives a'1(t) and a2(t) exist. (One-sided derivatives are defined in the same
way.) With this understanding, Theorems 7.32 and 7.34 (the fundamental theorems
of integral calculus) both remain valid when f and a are complex-valued. The
proofs follow from the real case by using Theorem 7.50 in a straightforward
manner.

We shall return to complex-valued integrals in Chapter 16, when we study
functions of a complex variable in more detail.

EXERCISES

Riemann-Stieltjes integrals

7.1 Prove that f .b da(x) = a(b) - a(a), directly from Definition 7.1.

7.2 If f e R(a) on [a, b ] and if f; f da = 0 for every f which is monotonic on [a, b ],

prove that a must be constant on [a, b].
7.3 The following definition of a Riemann-Stieltjes integral is often used in the literature:

We say f is integrable with respect to a if there exists a real number A having the property
that for every e > 0, there exists a b > 0 such that for every partition P of [a, b] with
norm IIPII < 6 and for every choice of tk in [xk_1, xk], we have IS(P, f, a) - AI < S.

a) Show that if S Q f da exists according to this definition, then it also exists according
to Definition 7.1 and the two integrals are equal.

b) Let f (x) = a(x) = 0 for a 5 x < c, f (x) = a(x) = I for c < x <- b, f (c) = 0,
a(c) = 1. Show that f

a
f da exists according to Definition 7.1 but does not exist

by this second definition.

7.4 If f e R according to Definition 7.1, prove that fa f(x) dx also exists according to the
definition of Exercise 7.3. [Contrast with Exercise 7.3(b). ] Hint. Let I = fa f(x) dx,
M = sup {I f(x)I : x e [a, b]}. Given e > 0, choose Pt so that U(P, f) < I + e/2
(notation of Section 7.11). Let N be the number of subdivision points in PE and let
S = e/(2MN). If IIPII < 6, write

U(P, f) _ Mk(f) Axk = S1 + S2,

where S1 is the sum of terms arising from those subintervals of P containing no points of
PE and S2 is the sum of the remaining terms. Then

Sl <_ U(PE, f) < I + e/2 and S2 < NMIIPII < NM6 = e/2,
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and hence U(P, f) < I + B. Similarly,

L(P, f) > I - e if 11 P11 < b' for some S'.

Hence I S(P, f) - II < e if 11P11 < min (S, 8').

7.5 Let {an} be a sequence of real numbers. For x >- 0, define
[x7

A(x) Ea"= Ea,,,
nsx n=1

where [x] is the greatest integer in x and empty sums are interpreted as zero. Let f have
a continuous derivative in the interval 1 <- x < a. Use Stieltjes integrals to derive the
following formula :

E a"f(n)

fa

A(x)f'(x) dx + A(a)f(a).
nsa

7.6 Use Euler's summation formula, or integration by parts in a Stieltjes integral, to
derive the following identities:

n 1 1

J"
[x]a) E s= n 1

s-1 I s s+1 d x ifs 0 1.
k=1 k X

b) - = log n - 2 dx + 1.
" 1

Tx-[x]x

7.7 Assume f' is continuous on [1, 2n] and use Euler's summation formula or integra-
tion by parts to prove that

2n

( - 2[x/2J) dx.1)kf(k) =
flit

7.8 Let p1(x) = x - [x] - j if x # integer, and let VI(x) = 0 if x = integer. Also,
let 'P2(x) = fo p1(t) dt. If f" is continuous on [1, n] prove that Euler's summation
formula implies that

n n

Ef(k) = 1 f(x) dx - fi 'P2(x)f"(x) dx + f(1)
2

f(n)

7.9 Take f(x) = log x in Exercise 7.8 and prove that

log n! = (n + 1) log n - n + I + f " (022t) dt.
1 t

7.10 If x >- 1, let ir(x) denote the number of primes <- x, that is,

7r(x) = E 1,
psx

where the sum is extended over all primes p <- x. The prime number theorem states that

lira n(x) log x = 1.

x-+OD x
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This is usually proved by studying a related function 9 given by

9(x) = E log P,
p5x

where again the sum is extended over all primes p <- x. Both functions n and 9 are step
functions with jumps at the primes. This exercise shows how the Riemann-Stieltjes
integral can be used to relate these two functions.

a) If x >- 2, prove that ir(x) and 9(x) can be expressed as the following Riemann-
Stieltjes integrals:

3(x) =
f3X1

logt dir(t), 7r(x) =
J

I d9(t).
2 ,1312 log t

NOTE. The lower limit can be replaced by any number in the open interval (1, 2).

b) If x >_ 2, use integration by parts to show that

3(x) = 7r(x) log x - f x n(t)
dt,

2 t

70) = 9(x)
+ 3(t) dt.

log x f2x t loge t

These equations can be used to prove that the prime number theorem is equivalent
to the relation limx 3(x)/x = 1.

7.11 If a/ on [a, b], prove that we have

ba) ffda= fcfda+ fbfda, (a<c<b),
Ja Ja Jc

fda+ fgda,b) f.' (f+g)da< fb 6

Ja Ja

f
c) b(f + g) doe >- fb f da + f6 g da.

Ja a

7.12 Give an example of a bounded function f and an increasing function a defined on
[a, b] such that if I E R(a) but for which fQ f da does not exist.

7.13 Let a be a continuous function of bounded variation on [a, b]. Assume g e R(a)
on [a, b ] and define fl(x) = J.' g(t) da(t) if x e [a, b ]. Show that :

a) If f, on [a, b], there exists a point xo in [a, b] such that

J 6 f d/ = f (a) f
x0

g da + f (b) f 6 g da.
a a ,Jxoo

b) If, in addition, f is continuous on [a, b ], we also have

fab f(x)g(x) dx(x) = f (a) fax g doe + f (b) 6 g da.
Jxo
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7.14 Assume f e R(a) on [a, b], where a is of bounded variation on [a, b]. Let V(x)
denote the total variation of a on [a, x] for each x in (a, b], and let V(a) = 0. Show that

fdaf
b f IfI dV < MV(b),

where M is an upper bound for If I on [a, b]. In particular, when a(x) = x, the inequality
becomes

a

f(x) dx < M(b - a).

7.15 Let {a,,} be a sequence of functions of bounded variation on [a, b]. Suppose there
exists a function a defined on [a, b] such that the total variation of a - an on [a, b] tends
to 0 as n -> co. Assume also that a(a) = aa(a) = 0 for each n = 1, 2,... If f is con-
tinuous on [a, b], prove that

Jim
f f (X)

da(x)b
n -. c0 a a

7.16 If f e R(a), f 2 e R(a), g e R(a), and g2 e R(a) on [a, b], prove that

I
b b f(x) 9(x) 2 da(y) da(x)

2 1 LJa If(y) 9(Y)I

= (f"f(x)2 da(x))
(f.' 9(x)2 da(x))

\J
bf(x)9(x) da(x)) .

a 1

When ax on [a, b], deduce the Cauchy-Schwarz inequality

(fbf(x)g(x)

da(x)) < (5a2 da(x)I
(Jb

9(x)2 da(x))

1

(Compare with Exercise 1.23.)

7.17 Assume that f e R(a), g e R(a), and f g e R(a) on [a, b]. Show that

1 b b 1

2
fa [fa (f(y) - .f(x))(9(Y) - 9(x)) da(Y)] da(x)

b

_ (a(b) - a(a))
b

f f (x)g(x) da(x) - (f f (x) da(x)) (f g(x) da(x)) .

a a

b

/
(f

/

If a/ on [a, b], deduce the inequality

(f"b

f(x) da(x))

(Ia

b

g(x) da(x)) < (a(b) - a(a)) f f(x)g(x) da(x)

/ /J Ja

b

when both f and g are increasing (or both are decreasing) on [a, b ]. Show that the reverse
inequality holds if f increases and g decreases on [a, b].
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Riemann integrals

7.18 Assume f e R on [a, b]. Use Exercise 7.4 to prove that the limit

limb - a
n-00 n k=1 n

exists and has the value fa f(x) dx. Deduce that

lim n = n
, lim (n2 + k2)-1I2 = log (1 + -F2).nEj+ n2 4 n-,c k=1

7.19 Define

2 1 -x2(t2+1)

f(x) = (f' e '2 dt) , g(x) = f
o

et2 + 1
dt.

J

a) Show that g'(x) + f'(x) = 0 for all x and deduce that g(x) + f(x) = n14.
b) Use (a) to prove that

lim Ixe t2dt= 11,17t.
x-.00 0 2

7.20 Assume g e R on [a, b] and define f(x) = fa g(t) dt if x e [a, b]. Prove that the
integral fa Jg(t)j dt gives the total variation off on [a, x].

7.21 Let f = (fl, . . . , f.) be a vector-valued function with a continuous derivative f' on
[a, b]. Prove that the curve described by f has length

b

Af(a, b) = I IIf'(t) II dt.

7.22 If f(n+1) is continuous on [a, x], define
X

4(x) = n, (x - t)"f (n+1)(t) dt.
a

a) Show that

Ik-1(x) - Ik(x) _ " k)(Q)(x - Q)k
k !

k = 1, 2, ... , n.

b) Use (a) to express the remainder in Taylor's formula (Theorem 5.19) as an integral.

7.23 Let f be continuous on [0, a]. If x e [0, a], define fo(x) = f(x) and let

fn+1(x)= 1 fx(x-t)"f(t)dt, n = 0, 1, 2,...
n! o

a) Show that the nth derivative of fn exists and. equals f.

b) Prove the following theorem of M. Fekete: The number of changes in sign of f
in [0, a] is not less than the number of changes in sign in the ordered set of
numbers

f(a), fl(a), ... , fn(a)

Hint. Use mathematical induction.



c) Use (b) to prove the following theorem of L. Fejbr: The number of changes in
sign off in [0, a] is not less than the number of changes in sign in the ordered set

f (O), f af (t) dt,
a

tf(t) dt, ..., t"f (t) dt.
0 0

foa

7.24 Let f be a positive continuous function in [a, b]. Let M denote the maximum value
off on [a, b ]. Show that

lim
n-+ 00

(fbf(x)" )1/fl
= M.

7.25 A function f of two real variables is defined for each point (x, y) in the unit square
0 -< x 5 1, 0 5 y< I as follows:

f(x, y) _ (2y,
1, if x is rational,

if x is irrational.

a) Compute Jo f(x, y) dx and Jol f(x, y) dx in terms of y.

b) Show that Jo f(x, y) dy exists for each fixed x and compute Jo f(x, y) dy in terms
of xand tfor 0-x51,0-<<t5 1.

c) Let F(x) = Jo f(x, y) dy. Show that Jo F(x) dx exists and find its value.
7.26 Let f be defined on [0, 1 ] as follows: f(0) = 0; if 2-R-1 < x 5 2'°, thenf(x) = 2'",
for n = 0, 1, 2, .. .

a) Give two reasons why Jo f(x) dx exists.

b) Let F(x) = Jo f(t) dt. Show that for 0 < x _< 1 we have

F(x) = xA(x) - 3A(x)2,

where A(x) = 2-1-1o9x/1o82] and where [y] is the greatest integer in y.
7.27 Assume f has a derivative which is monotonic decreasing and satisfies f'(x) z
m > 0 for all x in [a, b]. Prove that

IJ6cosf(x)dxI -<2.
a m

Hint. Multiply and divide the integrand by f'(x) and use Theorem 7.37(ii).

7.28 Given a decreasing sequence of real numbers {G(n)} such that G(n) --* 0 as n - oo.
Define a function f on [0, 1 ] in terms of {G(n)} as follows: f(0) = 1; if x is irrational, then
f(x) = 0; if x is the rational m/n (in lowest terms), then f(m/n) = G(n). Compute the
oscillation co f(x) at each x in [0, 1 ] and show that f e R on [0, 1 ].

7.29 Let f be defined as in Exercise 7.28 with G(n) = 1/n. Let g(x) = 1 if 0 < x 5 1,
g(0) = 0. Show that the composite function h defined by h(x) = g[f(x)] is not Riemann-
integrable on [0, 1 ], although both f e R and g e R on [0, 1 ].

7.30 Use Lebesgue's theorem to prove Theorem 7.49.

7.31 Use Lebesgue's theorem to prove that if f e R and g e R on [a, b] and if f(x)
m > 0 for all x in [a, b ], then the function h defined by

h(x) = f(x)a(x)

is Riemann-integrable on [a, b ].
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7.32 Let I = [0, 1] and let Al = I - (;, 1) be that subset of I obtained by removing
those points which lie in the open middle third of I; that is, Al = [0, 1] v [1, 1 J. Let
A2 be that subset of Al obtained by removing the open middle third of [0, 3 ] and of
[ , 11. Continue this process and define A3, A4, ... The set C = nn,=1 A. is called the
Cantor set. Prove that:

a) C is a compact set having measure zero.

b) x e C if, and only if, x = n 1 a"3-", where each a" is either 0 or 2.
c) C is uncountable.

d) Let f(x) = I if x e C, f(x) = 0 if x C. Prove that f e R on [0, 1 ].
7.33 This exercise outlines a proof (due to Ivan Niven) that n2 is irrational. Let f(x) _
x"(1 - x)"/n!. Prove that:

a)0<f(x)< 1/n! if0<x<1.
b) Each kth derivative f (k)(0) and f (k)(1) is an integer.

Now assume that R2 = a/b, where a and b are positive integers, and let
n

F(x) = b" E (- I)k f(2k)(x) x2n-2k
k=0

Prove that :

c) F(0) and F(1) are integers.

d) n2a"f(x) sin nx = dx {F'(x) sin nx - xF(x) cos 7rx}.

1e) F(1) + F(0) = na" f f (x) sin 7Cx dx.
0

f) Use (a) in (e) to deduce that 0 < F(1) + F(0) < 1 if n is sufficiently large. This
contradicts (c) and shows that 7C2 (and hence n) is irrational.

7.34 Given a real-valued function a, continuous on the interval [a, b] and having a finite
bounded derivative a' on (a, b). Let f be defined and bounded on [a, b] and assume that
both integrals

lb

f (x) a'(x) dxf (x) da(x) and
fa

6

exist. Prove that these integrals are equal. (It is not assumed that a' is continuous.)
7.35 Prove the following theorem, which implies that a function with a positive integral
must itself be positive on some interval. Assume that f e R on [a, b] and that 0 5 f(x) <
M on [a, b], where M > 0. Let I = f a f (x) dx, let h = +I/(M + b - a), and assume
that I > 0. Then the set T = {x : f(x) >- h} contains a finite number of intervals, the
sum of whose lengths is at least h. Hint. Let P be a partition of [a, b] such that every
Riemann sum S(P, f) = Ek=1 f (tk) Axk satisfies S(P, f) > 1/2. Split S(P, f) into two
parts, S(P, f) _ L A + LkEB, Where

A = {k:[xk_1,xk]ST}, and B = {k:kOA}.
If k e A, use the inequality f (tk) s M; if k e B, choose tk so that f(tk) < h. Deduce that
L 4 AXk > h.
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Existence theorems for integral and differential equations

The following exercises illustrate how the fixed-point theorem for contractions (Theorem
4.48) is used to prove existence theorems for solutions of certain integral and differential
equations. We denote by C [a, b] the metric space of all real continuous functions on
[a, b] with the metric

d(f, g) = Ilf - g11 = max If(x) - g(x)I,
a5xsb

and recall that C [a, b] is a complete metric space (Exercise 4.67).

7.36 Given a function g in C [a, b], and a function K continuous on the rectangle
Q = [a, b ] x [a, b ], consider the function T defined on C [a, b ] by the equation

T(rp)(x) = g(x) + A r K(x, t)rp(t) dt,b

Ja
where A is a given constant.

a) Prove that T maps C [a, b ] into itself.

b) If IK(x, y)I < M on Q, where M > 0, and if JAI < M-1(b - a)-1, prove that
T is a contraction of C [a, b] and hence has a fixed point rp which is a solution of
the integral equation rp(x) = g(x) + A fa K(x, t)rp(t) dt.

7.37 Assume f is continuous on a rectangle Q = [a - h, a + h] x [b - k, b + k],
where h > 0, k > 0.

a) Let rp be a function, continuous on [a - h, a + h], such that (x, (O(x)) e Q for
all x in [a - h, a + h]. If 0 < c <- h, prove that c satisfies the differential
equation y' = f(x, y) on (a - c, a + c) and the initial condition p(a) = b if,
and only if, rp satisfies the integral equation

,p(x) = b + ff(t49(t )) dt on (a - c, a + c).

b) Assume that I f (x, y)l < M on Q, where M > 0, and let c = min {h, k/M }.
Let S denote the metric subspace of C [a - c, a + c] consisting of all rp such
that I rp(x) - bI < Me on [a - c, a + c]. Prove that S is a closed subspace of
C [a - c, a + c] and hence that S is itself a complete metric space.

c) Prove that the function T defined on S by the equation

T(rp)(x) = b + ff(t49(t)) dt

maps S into itself.

d) Now assume that f satisfies a Lipschitz condition of the form

I f(x, y) - f(x, z)I < Al y - z l

for every pair of points (x, y) and (x, z) in Q, where A > 0. Prove that T is a
contraction of S if h < 1/A. Deduce that for h < 1/A the differential equation
y' = f(x, y) has exactly one solution y = 49(x) on (a - c, a + c) such that
p(a) = b.
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CHAPTER 8

INFINITE SERIES
AND INFINITE PRODUCTS

8.1 INTRODUCTION

This chapter gives a brief development of the theory of infinite series and infinite
products. These are merely special infinite sequences whose terms are real or
complex numbers. Convergent sequences were discussed in Chapter 4 in the setting
of general metric spaces. We recall some of the concepts of Chapter 4 as they apply
to sequences in C with the usual Euclidean metric.

8.2 CONVERGENT AND DIVERGENT SEQUENCES OF COMPLEX NUMBERS

Definition 8.1. A sequence of points in C is said to converge if there is a point p
in C with the following property:

For every e > 0 there is an integer N (depending on e) such that

Ian - PI < e whenever n > N.

If converges to p, we write lim, a = p and call p the limit of the sequence.
A sequence is called divergent if it is not convergent.

A sequence in C is called a Cauchy sequence if it satisfies the Cauchy condition;
that is, for every e > 0 there is an integer N such that

Ian - aml < e whenever n > N and m > N.

Since C is a complete metric space, we know from Chapter 4 that a sequence in C
is convergent if, and only if, it is a Cauchy sequence.

The Cauchy condition is particularly useful in establishing convergence when
we do not know the actual value to which the sequence converges.

Every convergent sequence is bounded (Theorem 4.3) and hence an unbounded
sequence necessarily diverges.

If a sequence {an} converges to p, then every subsequence {ak.} also converges
to p (Theorem 4.5).

A sequence whose terms are real numbers is said to diverge to + oo if,
for every M > 0, there is an integer N (depending on M) such that

a, > M whenever n >- N.

In this case we write limn- a _ + oo.
If (-an) = + oo, we write a oo and say that {an) diverges

to - Co. Of course, there are divergent real-valued sequences which do not diverge

183
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to + oo or to - oo. For example, the sequence {(-1)n(1 + 1/n)} diverges but does
not diverge to + o0 or to - co.

8.3 LIMIT SUPERIOR AND LIMIT INFERIOR OF A REAL-VALUED SEQUENCE

Definition 8.2. Let {an} be a sequence of real numbers. Suppose there is a real
number U satisfying the following two conditions:

i) For every s > 0 there exists an integer N such that n > N implies

an < U + s.

ii) Givens > 0 and given m > 0, there exists an integer n > m such that

an> U - s.

Then U is called the limit superior (or upper limit) of {an} and we write

U = lim sup an.

Statement (i) implies that the set {al, a2, ... } is bounded above. If this set is not
bounded above, we define

lim sup an = + oo.
n-00

If the set is bounded above but not bounded below and if {an} has no finite limit
superior, then we say lim sup, an = - oo. The limit inferior (or lower limit) of
{an} is defined as follows:

lim inf an = -lim sup bn, where b = - an for n = 1, 2, .. .
n- 00 n- 00

NOTE. Statement (i) means that ultimately all terms of the sequence lie to the left,
of U + E. Statement (ii) means that infinitely many terms lie to the right of U - s.
It is clear that there cannot be more than one U which satisfies both (i) and (ii).
Every real sequence has a limit superior and a limit inferior in the extended real
number system R*. (See Exercise 8.1.)

The reader should supply the proofs of the following theorems:

Theorem 8.3. Let {an} be a sequence of real numbers. Then we have:

a) lim info-. an < Jim sup.-. an.
b) The sequence converges if, and only if, Jim sup.. an and lim inf,, an are both

finite and equal, in which case Jim.-. an = lim inf.-.,, an = lim sup.-. an.
c) The sequence diverges to + oo if, and only if, lim inf.-, an = lim sup.-,,,, an =

+00.
d) The sequence diverges to - oo if, and only if, lim inf, an = lim supn-,,, an =

-00.
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NOTE. A sequence for which lim info,,, an # lim supn,oo an is said to oscillate.

Theorem 8.4. Assume that an < bn for each n = 1, 2.... Then we have:

lim inf an < lim inf bn and lim sup an < lim sup bn.
n-00 n_00 n-OD n_00

Examples

1. an = (-1)"(1 + 1/n), Jim info,,,) a" _ -1, lim sup an = + 1.
2. a" _ (-1)", lim info,,. an = -1, Jim supra-,o a,, = + 1.

3. an = (-1)" n, lim inf,-,, an = - oo, Jim suPn-.ao an = + oo.

4. an = n2 sin2 (Imr), Jim info.,, an = 0, lim sup an = + 00.

8.4 MONOTONIC SEQUENCES OF REAL NUMBERS

Definition 8.5. Let {a,,} be a sequence of real numbers. We say the sequence is
increasing and we write anT if an < an+1 for n = 1, 2.... If an > a,,+1 for all n,
we say the sequence is decreasing and we write an ' . A sequence is called monotonic
if it is increasing or if it is decreasing.

The convergence or divergence of a monotonic sequence is particularly easy
to determine. In fact, we have

Theorem 8.6. A monotonic sequence converges if, and only if, it is bounded.

P r o o f. If an / , limn," an = sup {an : n = 1, 2, ... }. If a" N, lim,, a" _
inf {an : n = 1, 2, ... }.

8.5 INFINITE SERIES

Let {an} be a given sequence of real or complex numbers, and form a new sequence
{sn} as follows:

n

sn = a1 + ... + an = E ak (n = 1, 2, ... ). (1)
k=1

Definition 8.7. The ordered pair of sequences ({an), {sn}) is called an infinite series.
The number s,, is called the nth partial sum of the series. The series is said to con-
verge or to diverge according as {sn} is convergent or divergent. The following
symbols are used to denote the series defined by (1):

Go

a1 + a2 + - + an + ... , a1 + a2 + a3 + ... , z ak.
k=1

NOTE. The letter k used in F_k 1 ak is a "dummy variable" and may be replaced
by any other convenient symbol. If p is an integer >_ 0, a symbol of the form
E p bra is interpreted to mean En 1 an where a,, = bn+ p_ When there is no
danger of misunderstanding, we write sbn instead of E ,'=p bra.
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If the sequence {sn} defined by (1) converges to s, the number s is called the sum
of the series and we write

Go

S = E ak.
k=1

Thus, for convergent series the symbol Eak is used to denote both the series and
its sum.

Example. If x has the infinite decimal expansion x = ao.ala2 (see Section 1.17), then
the series Ek o akl0'k converges to x.

Theorem 8.8. Let a = Lan and b = Ebn be convergent series. Then, for every
pair of constants a and f, the series Y_(aan + fib.) converges to the sum as + fib.
That is,

00 00

"0E(aan+ fbn)=a1: b,.
nQ=1 nQ/=1 n=1

Proof. -k=1 (aak + Nbk) = a Ek=1 ak + fi Ek=1 bk.

Theorem 8.9. Assume that an Z 0 for each n = 1, 2, ... Then Lan converges if,
and only if, the sequence of partial sums is bounded above.

Proof. Let sn = a1 + + a. Then sn / and we can apply Theorem 8.6.

Theorem 8.10 (Telescoping series). Let {an} and {bn} be two sequences such that
an = bn+1 - bn for n = 1, 2,... Then Ean converges if, and only if, limn-. bn
exists, in which case we have

00

E an = lim bn - b 1.
n=1 n ao

Proof. Jk=1 ak = Lk=1 (bk+l - bk) - bn+1 - bl

Theorem 8.11 (Cauchy condition for series). The series ian converges if, and only
if, for every e > 0 there exists an integer N such that n > N implies

<e for each p = 1,2,... (2)

Proof. Let sn = Y_,= 1 ak, write sn+ p - sn = an+ 1 + + an+ p, and apply
Theorem 4.8 and Theorem 4.6.

Taking p = I in (2), we find that limn,, an = 0 is a necessary condition for
convergence of Ean. That this condition is not sufficient is seen by considering the
example in which an = 1/n. When n = 2m and p = 2m in (2), we find

1 1 2m 1
an+1

+... F an+p= + ... } __
2m + 1

2m

+
2m

_ 2m+2m

2

and hence the Cauchy condition cannot be satisfied when e < f. Therefore the
series Eh 1 1 /n diverges. This series is called the harmonic series.
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8.6 INSERTING AND REMOVING PARENTHESES
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Definition 8.12. Let p be a function whose domain is the set of positive integers and
whose range is a subset of the positive integers such that

i) p(n) < p(m), if n < m.

Let Ea" and Ebn be two series related as follows:

ii)

bl=al+a2+...+ap(1),

bn+1 = ap(n)+1 + ap(n)+2 + ... + ap(n+1) if n

Then we say that Ebn is obtained from Ean by inserting parentheses, and that Ea" is
obtained from Ebn by removing parentheses.

Theorem 8.13. If Fan converges to s, every series Ebn obtained from Ea" by in-
serting parentheses also converges to s.

Proof. Let Ea" and Ebn be related by (ii) and write s" = Ek=1 ak, t" = En =1 bk.
Then {t"} is a subsequence of {s"}. In fact, t" = sp(n). Therefore, convergence of
{s"} to s implies convergence of {t,} to s.

Removing parentheses may destroy convergence. To see this, consider the
series Ebn in which each term is 0 (obviously convergent). Let p(n) = 2n and let
a" = (-1)". Then (i) and (ii) hold but Ea" diverges.

Parentheses can be removed if we further restrict Ea" and p.

Theorem 8.14. Let Ea., Ebn be related as in Definition 8.12. Assume that there
exists a constant M > 0 such that p(n + 1) - p(n) < M for all n, and assume that
1imn,,o a" = 0. Then Ean converges if, and only if, Eb" converges, in which case
they have the same sum.

Proof. If Ean converges, the result follows from Theorem 8.13. The whole
difficulty lies in the converse deduction. Let

sn=a1 to=b1 t=limtn.
n-' ao

Let e > 0 be given and choose N so that n > N implies

stn - t I < 2 and Ia"I <
2M

If n > p(N), we can find m > N so that N 5 p(m) < n < p(m + 1). [Why?]
For such n, we have

sn = al + ... + ap(m+l) - (an+1 + an+2 + ... + ap(m+1))

= tm+1 - (an+1 + an+2 + - - - + ap(m+1)),
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and hence

ISn - tI < Itm+l - tI + Ian+1 + an+2 + ... + ap(m+1)I

S Itm+1 - tI + Iap(m)+1I + Iap(m)+21 + + Iap(m+l)I

<E+(Am+1)-p(m)) E <E+E=E.
2 2M 2 2

This proves that limn-. sn = t.

8.7 ALTERNATING SERIES

Def. 8.15

Definition 8.15. If an > 0 for each n, the series E0 1 1)"+' an is called an
alternating series.

Theorem 8.16. If {an} is a decreasing sequence converging to 0, the alternating
series Y(-1)"+ 1 an converges. Ifs denotes its sum and sn its nth partial sum, we have
the inequality

0 < (-1)"(s - sn) < an+1i for n = 1, 2, ... (3)

NOTE. Inequality (3) tells us that when we "approximate" s by sn, the error made
has the same sign as the first neglected term and is less than the absolute value of
this term.

Proof. We insert parentheses in Y_(-1)"+1 an, grouping together two terms at a
time. That is, we take p(n) = 2n and form a new series Ebn according to Definition
8.12, with .

b1 = a1 - a2, b2 = a3 - a4, ... , bn = a2n-1 - a2,-

Since an -+ 0 and p(n + 1) - p(n) = 2, Theorem 8.14 tells us that 7-(-1)"+1 an
converges if Ebn converges. But Ebn is a series of nonnegative terms (since an N
and its partial sums are bounded above, since

bk = a1 - (a2 - a3) - ... - (a2n-2 - a2n-1) - a2n < a1.
k=1

Therefore Ebn converges, so F_(- 1)"' an also converges.
Inequality (3) is a consequence of the following relations:

00

00

(-1)"(S - sn) = 1 (-1)k+lan+k = r̀(an+2k-I - an+2k) > 0,
k=1 k=1

and
00

(-I)n(S - Sn) = an+l - (an+2k - an+2k+1) < an+1.
k=1
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8.8 ABSOLUTE AND CONDITIONAL CONVERGENCE
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Definition 8.17. A series Ea is called absolutely convergent if EIanI converges. It
is called conditionally convergent if Y_a converges but EIanI diverges.

Theorem 8.18. Absolute convergence of )a implies convergence.

Proof. Apply the Cauchy condition to the inequality

Ian+1 + ' ' ' + an+pI Ian+1I + - - - + Ian+pI

To see that the converse is not true, consider the example

E
(-1)n+1

n=1 n

This alternating series converges, by Theorem 8.16, but it does not converge
absolutely.

Theorem 8.19. Let Y _an be a given series with real-valued terms and define

Pn = lanl + an
,

q°
= lanl - an (n = 1, 2, ... ). (4)

2 2

Then:

i) If Ean is conditionally convergent, both Y_pn and Eqn diverge.

ii) If EIanI converges, both pn and sqn converge and we have

Ej an =E Pn - E q,,.
n=1 n=1 n=1

NOTE. P. = an and qn = 0 if an >- 0, whereas q = - an and p = 0 if an < 0.

Proof. We have an = Pn - qn, Ianl = Pn + qn. To prove (i), assume that Fan
converges and >Ianl diverges. If sq converges, then Y_p,, also converges (by
Theorem 8.8), since pn = an + qn. Similarly, if Epn converges, then sqn also
converges. Hence, if either Epn or >2q converges, both must converge and we
deduce that EIa,I converges, since Ia,,I = Pn + This contradiction proves (i).

To prove (ii), we simply use (4) in conjunction with Theorem 8.8.

8.9 REAL AND IMAGINARY PARTS OF A COMPLEX SERIES

Let Ecn be a series with complex terms and write cn = an + ibn, where an and bn
are real. The series Ea,, and Ebn are called, respectively, the real and imaginary
parts of Y _c.. In situations involving complex series, it is often convenient to treat
the real and imaginary parts separately. Of course, convergence of both Ean and
Eb implies convergence of Ec implies con-
vergence of both Ean and Ebn. The same remarks hold for absolute convergence.
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However, when Ec is conditionally convergent, one (but not both) of Y-an and
Ebn might be absolutely convergent. (See Exercise 8.19.)

If Y_c" converges absolutely, we can apply part (ii) of Theorem 8.19 to the real
and imaginary parts separately, to obtain the decomposition.

Ec = E(pn + E(9. + ivn),

where F_pn, Y_gn, Eu", F_vn are convergent series of nonnegative terms.

8.10 TESTS FOR CONVERGENCE OF SERIES WITH POSITIVE TERMS

Theorem 8.20 (Comparison test). If a" > 0 and b" > 0 for n = 1, 2, ... , and
if there exist positive constants c and N such that

an < cb" for n > N,

then convergence of > b" implies convergence of Ea..

Proof. The partial sums ofY_a" are bounded if the partial sums of Ebn are bounded.
By Theorem 8.9, this completes the proof.

Theorem 8.21 (Limit comparison test). Assume that an > 0 and bn > 0 for
n = 1, 2, ... , and suppose that

alim ° = I.
ny00 bn

Then Y_an converges if, and only if, Ebn converges.

Proof There exists N such that n >- N implies # < anlbn < 2. The theorem fol-
lows by applying Theorem 8.20 twice.

NOTE. Theorem 8.21 also holds if limnyco anlb" = c, provided that c # 0. If
limn.. an/bn = 0, we can only conclude that convergence of Ebn implies con-
vergence of Fan.

8.11 THE GEOMETRIC SERIES

To use comparison tests effectively, we must have at our disposal some examples of
series of known behavior. One of the most important series for comparison
purposes is the geometric series.

Theorem 8.22. If Jxi < 1, the series 1 + x + x2 + converges and has sum

1/(1 - x). If Ixl > 1, the series diverges.

Proof. (1 - x) yk=o xk = Ek=o (xk - xk+1) = 1 -x"". When jxj < 1, we
find lim, x- +I = 0. If lxi > 1, the general term does not tend to zero and the
series cannot converge.



11. 8.23 The Integral Test

8.12 THE INTEGRAL TEST
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Further examples of series of known behavior can be obtained very simply by
applying the integral test.

Theorem 8.23 (Integral test). Let f be a positive decreasing function defined on
[1, + oo) such that lim, +,, f(x) = 0. For n = 1, 2, ... , define

n

sn = E f(k), t =
f

f(x) dx, d = sn -
k=1 1

Then we have:

i) 0 < f(n + 1) < dn+ 1 <d <f(1), forn= 1,2,...
ii) d exists.

iii) Y- 1 f(n) converges if, and only if, the sequence converges.

iv) 0 < d k - d < f ( k ) , f o r k

Proof. To prove (i), write

('n+ 1 f(x) dx = n /`k+ 1 f(x) dx < (`k+ 1 f(k)
dx

J1
k=1 Jk k=1 Jk

n

_ > f(k) =
k=1

This implies that f(n + 1) = sn+ 1 - sn <- sn+ 1 - tn+ 1 = dn+ 1, and we obtain

But we also have
n+1

do - to - (sn+1 - sn) = f(x) dx - f(n + 1) (5)
n

`n + 1

J f(n+l)dx-f(n+l)=0,
n

and hence d < d1 = f(l). This proves (i). But now it is clear that (i)
implies (ii) and that (ii) implies (iii).

To prove part (iv), we use (5) again to write
+ 1n

f(n) dx - f(n + 1) = f(n) - f(n + 1).

Summing on n, we get
00 Go

05 J ifk> 1.
1-1, n=k

When we evaluate the sums of these telescoping series, we get (iv).
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NOTE. Let D = Then (i) implies 0 < D < f(l), whereas (iv) gives us

0 S
k

f(k) -
J i

f (x) dx - D <- f(n). (6)

This inequality is extremely useful for approximating certain finite sums by
integrals.

8.13 THE BIG OH AND LITTLE OH NOTATION

Definition 8.24. Given two sequences and such that b > 0 for all n. We
write

a = (read: "a is big oh of

if there exists a constant M > 0 such that lanl < Mb for all n. We write

a = as n -- oo (read: "a is little oh of

if lim, 0.

NOTE. An equation of the form a = c + means a - c = Sim-
ilarly, a = c + means a - c = The advantage of this notation
is that it allows us to replace certain inequalities by equations. For example, (6)
implies

E f (k) = Jf(x) dx + D + 0(f (n)). (7)

Example 1. Let f(x) = 1/x in Theorem 8.23. We find t = log n and hence Y_1/n
diverges. However, (ii) establishes the existence of the limit

lim (± 1 - log n) ,
n-00 k=1 k

a famous number known as Euler's constant, usually denoted by C (or by y). Equation (7)
becomes

k = log n + C + O(nl . (8)
k=1

Example 2. Let f(x) = x-S, s ;4 1, in Theorem 8.23. We find that F_n_s converges if
s > 1 and diverges if s < 1. For s > 1, this series defines an important function known
as the Riemann zeta function:

00 1

C(s) _ s (s > 1).
n=1 n

For s > 0, s -A 1, we can apply (7) to write

1 _ n1-S - 1 (1
ks 1-s +C(s)+O

where C(s) = lim (Y'k=1
k_3 - (hl--' - 1)/(1 - s)).
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8.14 THE RATIO TEST AND ROOT TEST

Theorem 8.25 (Ratio test). Given a series > an of nonzero complex terms, let

r = lim inf
n-oc

an+1

an n - 00

an+1

an
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a) The series Ean converges absolutely if R < 1.

b) The series Ean diverges if r > 1.

c) The test is inconclusive if r < 1 < R.

Proof. Assume that R < I and choose x so that R < x < 1. The definition of R
implies the existence of N such that Ian+lla.I < x if n >_ N. Since x = xn+1/x",
this means that

In+ 1 < 'an' < 1xN1 , if n > N,x

and hence IanI < cx" if n > N, where c = IaNIx-N. Statement (a) now follows by
applying the comparison test.

To prove (b), we simply observe that r > 1 implies Ian+1 1 > IanJ for all n >_ N
for some N and hence we cannot have limn-,, an = 0.

To prove (c), consider the two examples En' 1 and Y-n - 2. In both cases,
r = R = I but Y_n -1 diverges, whereas F_n - 2 converges.

Theorem 8.26 (Root test). Given a series Y_an of complex terms, let

p = lim sup V Ianl
n-00

a) The series F _a,, converges absolutely if p < 1.

b) The series Ea diverges if p > 1.
c) The test is inconclusive if p = 1.

Proof. Assume that p < I and choose x so that p < x < 1. The definition of p
implies the existence of N such that lanI < x" for n >_ N. Hence, ZIa,,I converges
by the comparison test. This proves (a).

To prove (b), we observe that p > 1 implies lan1 > 1 infinitely often and
hence we cannot have limn an = 0.

Finally, (c) is proved by using the same examples as in Theorem 8.25.

NOTE. The root test is more "powerful" than the ratio test. That is, whenever the
root test is inconclusive, so is the ratio test. But there are examples where the ratio
test fails and the root test is conclusive. (See Exercise 8.4.)

8.15 DIRICHLET'S TEST AND ABEL'S TEST,

R = lim sup

All the tests in -the previous section help us to determine absolute convergence of a
series with complex terms. It is also important to have tests for determining
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convergence when the series might not converge absolutely. The tests in this
section are particularly useful for this purpose. They all depend on the partial
summation formula of Abel (equation (9) in the next theorem).

Theorem 8.27. If {an} and {bn} are two sequences of complex numbers, define

An=a1 +...+an.
Then we have the identity

n n

E akbk = Anbn+ 1 - E Ak(bk+ 1 - bk) (9)
k=1 k=1

Therefore, Ek 1 akbk converges if both the series Ek 1 Ak(bk+ 1 - bk) and the
sequence {Anbn+ 1 } converge.

Proof. Writing AO = 0, we have
n n nn rn

E akbk = (Ak - Ak-l)bk = L Akbk - Lj Akbk+l
k=1 k=1 k=1 k=1

+ Anbn+ 1

The second assertion follows at once from this identity.

NOTE. Formula (9) is analogous to the formula for integration by parts in a
Riemann-Stieltjes integral.

Theorem 8.28 (Dirichlet's test). Let Ian be a series of complex terms whose partial
sums form a bounded sequence. Let {bn} be a decreasing sequence which converges
to 0. Then Eanbn converges.

Proof. Let A. = a1 + + an and assume that IAn1 < M for all n. Then

lim Anbn+ 1 = 0.
n - 00

Therefore, to establish convergence of we need only show that EAk(bk+ 1 - bk)
is convergent. Since bn ' , we have

IAk(bk+1 bk)I < M(bk - bk+1)

But the series E(bk+ 1 - bk) is a convergent telescoping series. Hence the com-
parison test implies absolute convergence of EAk(bk+1 - bk).

Theorem 8.29 (Abel's test). The series Eanbn converges if La,, converges and if
{bn} is a monotonic convergent sequence.

Proof. Convergence of Lan and of {bn} establishes the existence of the limit
lim, Anbn+1, where An = a1 + + an. Also, {An} is a bounded sequence.
The remainder of the proof is similar to that of Theorem 8.28. (Two further tests,
similar to the-above, are given in Exercise 8.27.)
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8.16 PARTIAL SUMS OF THE GEOMETRIC SERIES Ez" ON THE
UNIT CIRCLE Izl = 1

To use Dirichlet's test effectively, we must be acquainted with a few series having
bounded partial sums. Of course, all convergent series have this property. The next
theorem gives an example of a divergent series whose partial sums are bounded.
This is the geometric series E z" with IzI = 1, that is, with z = eix where x is real.
The formula for the partial sums of this series is of fundamental importance in the
theory of Fourier series.

Theorem 8.30. For every real x 2mn (m is an integer), we have

" inxeikx = eix 1 - e = sin (nx/2) ei(n+1)x/2

k=1 1 - e'x sin (x/2)

NOTE. This identity yields the following estimate:

1

Isin (x/2)1

Proof. (1 - e") Y_k=1 eikx = Yk (eikx - ei(k+1)x) =eix - ei(n+l)x

lishes the first equality in (10). The second follows from the identity

inx 1nx12 -inx/2eix 1 - e = e - e- ei(n+1)x/z
1 - eix eix/z _ e- 1x/2

NOTE. By considering the real and imaginary parts of (10), we obtain

E cos kx = sin nx cos (n + 1) x
sin

x
k=1 2 2/ 2

1- 2 +
2

sin (2n + 1) 2 /sin -x ,

sin kx = sin nx sin (n + 1) x
sin

x
.

k=1 2 2/ 2

Using (10), we can also write

n n
r ei(2k-I)x = e-ix E eik(2x) = Sin nx einx'

k=1 k=1 sin x

(10)

This estab-

(12)

(13)

(14)

an identity valid for every x 96 m7r (m is an integer). Taking real and imaginary
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parts of (14) we obtain

cos (2k - 1)x = sin 2nx
k=1 2sinx'

sin (2k - 1)x = sine nx
k=1 sin x

Formulas (12) and (16) occur in the theory of Fourier series.

(15)

(16)

8.17 REARRANGEMENTS OF SERIES

We recall that Z+ denotes the set of positive integers, Z+ = {1, 2, 3, ... }.

Definition 8.31. Let f be a function whose domain is Z+ and whose range is Z+,

and assume that f is one-to-one on V. Let Ea and >bn be two series such that

bn = af(n) for n = 1, 2, ... (17)

Then Y_bn is said to be a rearrangement of Ean.

NOTE. Equation (17) implies a = bf-1(n) and hence Ean is also a rearrangement
of Ebn.

Theorem 8.32. Let Ean be an absolutely convergent series having sum s. Then
every rearrangement of Ean also converges absolutely and has sum s.

Proof. Let {bn} be defined by (17). Then
OD

Ib11 + ... + IbnI = Iaf(1)I + ... + Iaf(n)I -< E lakl,
k=1

so Y, IbnI has bounded partial sums. Hence Ebn converges absolutely.
To show thatEbn=s, let +a.. Given

c > 0, choose N so that IsN - sI < e/2 and so that Ek 1 IaN+kI < E/2. Then

Itn - SI < Itn - SNI+ISN - SI < Itn-SNl+2.

Choose M so that {1, 2, ... , N} c {f (1), f (2), ... , f (M)}. Then n > M implies
f (n) > N, and for such n we have

Itn-SNI=Ib1+...+bn-(a1+...+aN)I
= I af(1) + ... + a f(.) - (a1 + ... + aN)I

<IaN+1I+IaN+21+...<<25

since all the terms a1, ... , aN cancel out in the subtraction. Hence, n > M im-
plies It,, - sl < s and this means Y_bn = s.
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8.18 RIEMANN'S THEOREM ON CONDITIONALLY CONVERGENT SERIES

The hypothesis of absolute convergence is essential in Theorem 8.32. Riemann
discovered that any conditionally convergent series of real terms can be rearranged
to yield a series which converges to any prescribed sum. This remarkable fact is a
consequence of the following theorem:

Theorem 8.33. Let Y_an be a conditionally convergent series with real-valued terms.
Let x and y be given numbers in the closed interval [ - oo, + co], with x < y. Then
there exists a rearrangement >.b of Ean such that

lim inf to =-x and lim sup to = y,
n - co n- co

where to = b1 + + bn.

Proof. Discarding those terms of a series which are zero does not affect its con-
vergence or divergence. Hence we might as well assume that no terms of Ean are
zero. Let pn denote the nth positive term of > an and let - qn denote its nth negative
term. Then Y_pn and Y_gn are both divergent series of positive terms. [Why?]
Next, construct two sequences of real numbers, say {xn} and {yn}, such that

lim X. = x, lim Y. = y, with xn < yn, Yi > 0.
n-ao n- oo

The idea of the proof is now quite simple. We take just enough (say k1) positive
terms so that

P1 +"'+Pkl>Y1,
followed by just enough (say r1) negative terms so that

P1 +...+A, - q1 q <x1.
Next, we take just enough further positive terms so that

p1 +...+pk, -q1 -...-q., +pk,+1 +...+Pk2>Y2,

followed by just enough further negative terms to satisfy the inequality

PL + " ' + Pk, - q1 - " ' - qr, + Pk, + 1 + "
+ pk2 - q,.,+1 - "' - q.2 < x2.

These steps are possible since Y_pn and Y_gn are both divergent series of positive
terms. If the process is continued in this way, we obviously obtain a rearrangement
of Ea.. We leave it to the reader to show that the partial sums of this rearrangement
have limit superior y and limit inferior x.

8.19 SUBSERIES

Definition 8.34. Let f be a function whose domain is Z + and whose range is an
infinite subset of Z+, and assume that f is one-to-one on Z+. Let Y_an and Ebn be



198 Infinite Series and Infinite Products

two series such that

bn = af(n),
ifnEZ+.

Th. 8.35

Then Ebn is said to be a subseries of Ea..

Theorem 8.35. If Ean converges absolutely, every subseries Ebn also converges
absolutely. Moreover, we have

00

E bn
n=1

00 00

< Ibnl < IanI.
n=1 n=1

Proof. Given n, let N be the largest integer in the set {f(l), ... , f(n)}. Then
N aro

bk E Ibkl E Iakl < ` IakI
I k=1 k=1 k=1lk=n

The inequality Ek=
1 Ibkl -< Ek 1 IakI implies absolute convergence of Ebn.

Theorem 8.36. Let { f1, f2, ... } be a countable collection of functions, each defined
on Z+, having the following properties:

a) Each fn is one-to-one on Z+.

b) The range fn(Z+) is a subset Qn of Z+.
c) {Q1, Q2, ... } is a collection of disjoint sets whose union is Z+.

Let Ean be an absolutely convergent series and define

bk(n) = afk(n), if n e Z+, k e Z+.

Then:

i) For each k, En 1 bk(n) is an absolutely convergent subseries of Ea..

ii) If sk = E 1 bk(n), the series Y_, ';O= sk converges absolutely and has the same
sum as Ek 1 ak.

Proof. Theorem 8.35 implies (i). To prove (ii), let tk = Is1I + .. + IskI. Then
00 00 OD

tk 5 E I b1(n)I + ... + I bk(n)I = E (I b1(n)I + ... + I bk(n)I )
n=1 n=1 n=1

00

_ E (Ia.fi(n)I + ... + Iafk(n)I)
n=1

But E00 1 (laf,(n)I + ... + Iajk(n)I) < En= 1 lanl This proves that EIskI has
bounded partial sums and hence Esk converges absolutely.

To find the sum of Esk, we proceed as follows : Let e > 0 be given and choose
N so that n >_ N implies

00 nr

IakI - L IakI < 2 (18)
k=1 k=1
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Choose enough functions f1 i ... , f, so that each term a1, a2, ... , aN will appear
somewhere in the sum

00

E ati(n) +...+
n=1

00

E af,( ).
n=1

The number r depends on N and hence on F. If n > r and n > N, we have

IS1 + S2 + + S, -kI:akl < IaN+lI + IaN+2I +...< (19)
=1 2

because the terms a1, a2, ... , ay cancel in the subtraction. Now (18) implies
00

IFak - Eak
k=1 k=1

When this is combined with (19) we find

s,
+...+sn-

ak
k=1

if n > r, n > N. This completes the proof of (ii).

< E,

8.20 DOUBLE SEQUENCES

Definition 8.37. A .function f whose domain is Z+ x Z+ is called a double sequence.

NOTE. We shall be interested only in real- or complex-valued double sequences.

Definition 8.38. If a e C, we write limp,,- f(p, q) = a and we say that the
double sequence f converges to a, provided that the following condition is satisfied:
For every s > 0, there exists an N such that If(p, q) - al < E whenever both
p>Nandq>N.
Theorem 8.39. Assume that limp,q. , f(p, q) = a. For each fixed p, assume that
the limit limq-,,f(p, q) exists. Then the limit limp-. (limq..,f(p, q)) also exists
and has the value a.

NOTE. To distinguish limp,q-,,,, f(p, q) from limp-,,,, (limq-. f(p, q)), the first is
called a double limit, the second an iterated limit.

Proof Let F(p) = limq-d. f(p, q). Given e > 0, choose N1 so that

If(p,q)-aj <-, ifp> N1 and q > N1. (20)

For each p we can choose N2 so that

IF(p) -f(p, q)I < 2 , if q > N2. (21)
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(Note that N2 depends on p as well as on e.) For each p > N1 choose N2i and then
choose a fixed q greater than both N1 and N2. Then both (20) and (21) hold and
hence

IF(p) - al < e, ifp>N1.
Therefore, limp . F(p) = a.

NOTE. A similar result holds if we interchange the roles of p and q.

Thus the existence of the double limit f(p, q) and of limq-. f(p, q)
implies the existence of the iterated limit

lim(limf(p,q)
P_ q-.ao

The following example shows that the converse is not true.

Example. Let

f(p, q) = 2pq 2, (p = 1, 2,..., q = 1, 2,...).p + q
Then limq_. f(p, q) = 0 and hence limp-,,, (limq-, f(p, q)) = 0. But f(p, q) _
when p = q and f(p, q) = 5 when p = 2q, and hence it is clear that the double limit
cannot exist in this case.

A suitable converse of Theorem 8.39 can be established by introducing the
notion of uniform convergence. (This is done in the next chapter in Theorem 9.16.)

Further examples illustrating the behavior of double sequences are given in
Exercise 8.28.

8.21 DOUBLE SERIES

Definition 8.40. Let f be a double sequence and let s be the double sequence defined
by the equation

p 9

s(p, q) =E E f(m, n).
m=1 n=1

The pair (f, s) is called a double series and is denoted by the symbol Lm,n f(m, n) or,
more briefly, by Ef(m, n). The double series is said to converge to the sum a if

lim s(p, q) = a.
p,9- oc

Each number f(m, n) is called a term of the double series and each s(p, q) is
a partial sum. If Y_f(m, n) has only positive terms, it is easy to show that it con-
verges if, and only if, the set of partial sums is bounded. (See Exercise 8.29.) We
say F_f(m, n) converges absolutely if El f(m, n)l converges. Theorem 8.18 is valid
for double series. (See Exercise 8.29.)
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Definition 8.41. Let f be a double sequence and let g be a one-to-one function
defined on Z+ with range Z+ x Z+. Let G be the sequence defined by

G(n) = f [g(n)] if n e Z.

Then g is said to be an arrangement of the double sequence f into the sequence G.

Theorem 8.42. Let Y-f(m, n) be a given double series and let g be an arrangement
of the double sequence f into a sequence G. Then

a) EG(n) converges absolutely if, and only if Ef(m, n) converges absolutely.

Assuming that Ef(m, n) does converge absolutely, with sum S, we have further:

b) Y- 1 G(n) = S.

c) E 1 f(m, n) and Em=1 f(m, n) both converge absolutely.

d) If A. = E
1

f(m, n) and B. = Em= 1 J '(m, n), both series EAm and FB
converge absolutely and both have sum S. That is,

00 OD DD 00

E f(m, n) = F, E f(m, n) = S.
m=1 n=1 n=1 m=1

Proof. Let T. = IG(1)I + + IG(k)I and let

P 9

S(p, q) = E E If(m, n)I
M=1 n=1

Then, for each k, there exists a pair (p, q) such that Tk < S(p, q) and, conversely,
for each pair (p, q) there exists an integer r such that S(p, q) < T,. These in-
equalities tell us that EIG(n)I has bounded partial sums if, and only if, EI f(m, n))
has bounded partial sums. This proves (a).

Now assume that EI f(m, n)I converges. Before we prove (b), we will show that
the sum of the series Y_G(n) is independent of the function g used to construct G
from f. To see this, let h be another arrangement of the double sequence f into a
sequence H. Then we have

G(n) =.f [g(n)] and H(n) = f [h(n)].

But this means that G(n) = H[k(n)], where k(n) = h-1[g(n)]. Since k is a one-
to-one mapping of Z+ onto Z+, the series EH(n) is a rearrangement of EG(n),
and hence has the same sum. Let us denote this common sum by S. We will
show later that S' = S.

Now observe that each series in (c) is a subseries of EG(n). Hence (c) follows
from (a). Applying Theorem 8.36, we conclude that EAm converges absolutely
and has sum S'. The same thing is true of EBn. It remains to prove that S' = S.



202 Infinite Series and Infinite Products Th. 8.43

For this purpose let T = limp,q., S(p, q). Given e > 0, choose N so that
0 < T - S(p, q) < E/2 whenever p > N and q > N. Now write

k p q

tk = 1 G(n), s(p, q) = E E f(m, n).
n=1 m=1 n=1

Choose M so that tM includes all terms f(m, n) with

1<m<N+1, 1<n<N+1.
Then tM - s(N + 1, N + 1) is a sum of terms f(m, n) with either m > N or
n > N. Therefore, if n > M, we have

s(N+1,N+1)1 <T-S(N+1,N+1)<2.
Similarly,

IS - s(N+ 1, N + 1)1 <T-S(N+1,N+1)<2.

Thus, given e > 0, we can always find M so that It. - SI < e whenever n >- M.
Since Jimt = S', it follows that S' = S.

NoTE. The series Em= En 1 f(m, n) and E 1 Ym=1 f(m, n) are called "iterated
series". Convergence of both iterated series does not imply their equality. For
example, suppose

1 , ifm = n + 1, n = 1, 2, ... ,
f(m,n)= -1, ifm=n-1,n=1,2,...,

0, otherwise.
Then

E E f(m, n) but E E f(m, n) = 1.
M=1 n=1 n=1 m=1

8.23 A SUFFICIENT CONDITION FOR EQUALITY OF ITERATED SERIES

Theorem 8.43. Let f be a complex-valued double sequence. Assume that En 1 f(m, n)
converges absolutely for each fixed m and that

E E If(m, n)I,
m=1 n=1

converges. Then:

a) The double series Em, f(m, n) converges absolutely.

b) The series Y_m=1 f(m, n) converges absolutely for each n.
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c) Both iterated series Y_,'= 1 Em=1 f(m, n) and Em=1 E' 1 f(m, n) converge
absolutely and we have

00 00 00 00

E E f(m, n) = E E f(m, n) _ E f(m, n).
m=1 n=1 n=1 m=1 m,n

Proof. Let g be an arrangement of the double sequence f into a sequence G. Then
EG(n) is absolutely convergent since all the partial sums of EIG(n)I are bounded
by Em=1 En 1 I f(m, n)I. By Theorem 8.42(a), the double series Em,n f(m, n)
converges absolutely, and statements (b) and (c) also follow from Theorem 8.42.

As an application of Theorem 8.43 we prove the following theorem concerning
double series Em,n f(m, n) whose terms can be factored into a function of m times
a function of n.

Theorem 8.44. Let Eam and Ebb be two absolutely convergent series with sums
A and B, respectively. Let f be the double sequence defined by the equation

f(m, n) = ambn, if (m, n) e Z+ X Z+.

Then Em,n f(m, n) converges absolutely and has the sum AB.

Proof We have

OD

OD '0 OD

00 OD

E Iaml E Ibnl = E (iami E Ibnl) _ ± ± Iaml Ibni.
M=1 n=1 m=1 n=1 m=1 n=1

Therefore, by Theorem 8.43, the double series Em,n ambn converges absolutely and
has sum AB.

8.24 MULTIPLICATION OF SERIES

Given two series Ean and Ebn, we can always form the double series Ef(m, n),
where f(m, n) = ambn. For every arrangement g off into a sequence G, we are led
to a further series EG(n). By analogy with finite sums, it seems natural to refer to
Ef(m, n) or to EG(n) as the "product" of Ean and Ebb, and Theorem 8.44 justifies
this terminology when the two given series Ean and Ebb are absolutely convergent.
However, if either Ean or Ebb is conditionally convergent, we have no guarantee
that either E f(m, n) or EG(n) will converge. Moreover, if one of them does
converge, its sum need not be AB. The convergence and the sum will depend on
the arrangement g. Different choices of g may yield different values of the product.
There is one very important case in which the terms f(m, n) are arranged "diag-
onally" to produce EG(n), and then parentheses are inserted by grouping together
those terms ambn for which m + it has a fixed value. This product is called the
Cauchy product and is defined as follows :
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Definition 8.45. Given two series Y_.'= 0 an and E 0 bn, define

Def. 8.45

n

ifCn =
rLI akbn-kg iJ n = 0, 1, 2, ... (22)
k=0

The series F_.'= 0 c,, is called the Cauchy product of Ean and Ebn.

NOTE. The Cauchy product arises in a natural way when we multiply two power
series. (See Exercise 8.33.)

Because of Theorems 8.44 and 8.13, absolute convergence of both Ean and
Ebn implies convergence of the Cauchy product to the value

00 00 OD

E cn an bn
n=0 - (n=0 ) (n=0 ) (23)

This equation may fail to hold if both Ean and Ebn are conditionally convergent.
(See Exercise 8.32.) However, we can prove that (23) is valid if at least one of
Ea,,, Ebn is absolutely convergent.

Theorem 8.46 (Mertens). Assume that En=O a,, converges absolutely and has sum
A, and suppose E 0 bn converges with sum B. Then the Cauchy product of these
two series converges and has sum AB.

Proof. Define An = Ek= O ak, B,, = Ek= o bk, Cn = Ek = 0 Ck, where ck is given by
(22). Let d,, = B - Bn and en = Ek=0 akdn-k. Then

P n P P

CP E E akbn-k = 1 E fn(k),n=0 k=0 n=0 k=0
where

fn(k) = abn-k,

to,

ifn>>-k,
ifn < k.

Then (24) becomes

P P P P P P-k P

Cp = E E fn//

(k) = E E akbn-k = E ak E bm = E akBp-k
k=0 n=0 k=0 n=k k=0 m=0 k=0

P

E ak(B - dP-k) = APB - ep.
k=0

(24)

To complete the proof, it suffices to show that ep - 0 as p -+ oo. The sequence
{dn} converges to 0, since B = Ebn. Choose M > 0 so that Idni < M for all n,
and let K = F,, '=o lanl Given e > 0, choose Nso that n > Nimplies Idnl < e/(2K)
and also so that

00
e

n=N+1 2M
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Then, for p > 2N, we can write

I epl <- E Iakdp-kI + L I akd p-kI -<
E

E Iakl + M E I akI
k=0 k=N+1 2K k=0 k=N+1

00 00

<-

E
lakl +M E Iakl G E+ E= E.

2K k=0 k=N+1 2 2
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This proves that ep -4 0 asp -+ co, and hence Cp - AB asp - co.

A related theorem (due to Abel), in which no absolute convergence is assumed,
will be proved in the next chapter. (See Theorem 9.32.)

Another product, known as the Dirichlet product, is of particular importance
in the Theory of Numbers. We take ao = bo = 0 and, instead of defining cn by
(22), we use the formula

cn = adb",d, (n = 1, 2, ... ), (25)
din

where Eden means a sum extended over all positive divisors of n (including 1 and
n). For example, c6 = a1b6 + a2b3 + a3b2 + a6b1, and c7 = alb? + a7b1.
The analog of Mertens' theorem holds also for this product. The Dirichlet product
arises in a natural way when we multiply Dirichlet series. (See Exercise 8.34.)

8.25 CESARO SUMMABILITY

Definition 8.47. Let sn denote the nth partial sum of the 'series an, and let (a,,) be
the sequence of arithmetic means defined by

an
sl .} ... S" if n = 1, 2, .. .

n
(26)

The series F_an is said to be Cesdro summable (or (C, 1) summable) if {an} converges.
If lim,, vn = S, then S is called the Cesdro sum (or (C, 1) sum) of Y-an, and we
write

Ean = S (C, 1).

Example 1. Let an = z", Iz I = 1, z 0 1. Then

s - 1 -
zn

and v - 1 - 1 z(1 - z")

" 1z z 1-z n(1-z)2
Therefore,

zn-1 =
(C,1)E 1 - z

In particular,
00

E (-1)"-1 =
n=1

1

(C, 1).
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Example 2. Let an = (-1)"+1n. In this case,

1im sup an = 1, lim inf an = 0,
n-00 n-oo

Th. 8.48

and hence E(-1)nt1n is not (C, 1) summable.

Theorem 8.48. If a series is convergent with sum S, then it is also (C, 1) summable
with Cesdro sum S.

Proof. Let sn denote the nth partial sum of the series, define an by (26), and
introduce to = sn - S, T. = Qn - S. Then we have

t1 + ... + to
Tn =

n
(27)

and we must prove that Tn -+ 0 as n -+ oo. Choose A > 0 so that each It,, < A.
Given e > 0, choose N so that n > N implies It, I < s. Taking n > N in (27),
we obtain

ITnI <
IiI

i+...+ItNI+ItN+II+...+It,, <NA+E.
n n n

Hence, lim sup, IT,I < E. Since s is arbitrary, it follows that limn-W ITnI = 0.

NOTE. We have really proved that if a sequence {sn} converges, then the sequence
{°n} of arithmetic means also converges and, in fact, to the same limit.

Cesiiro summability is just one of a large class of "summability methods"
which can be used to assign a "sum" to an infinite series. Theorem 8.48 and
Example I (following Definition 8.47) show us that Cesiiro's method has a wider
scope than ordinary convergence. The theory of summability methods is an
important and fascinating subject, but one which we cannot enter into here. For
an excellent account of the subject the reader is referred to Hardy's Divergent
Series (Reference 8.1). We shall see later that (C, 1) summability plays an impor-
tant role in the theory of Fourier series. (See Theorem 11.15.)

8.26 INFINITE PRODUCTS

This section gives a brief introduction to the theory of infinite products.

Definition 8.49. Given a sequence {un} of real or complex numbers, let

pi = U1,
n

P2 = u1u2, Pn = u1u2 ... un = Id uk (28)
k=1

The ordered-pair of sequences ({un}, { pn}) is called an infinite product (or simply,
a product). The number pn is called the nth partial product and u,, is called the nth
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factor of the product. The following symbols are used to denote the product defined
by (28):

00

uiu2 ... un ... , ]a un
n=1

(29)

NOTE. The symbol jjn=N+ 1 un means 1I 1 uN+n We also write 11u,, when there
is no danger of misunderstanding.

By analogy with infinite series, it would seem natural to call the product (29)
convergent if {pn} converges. However, this definition would be inconvenient
since every product having one factor equal to zero would converge, regardless of
the behavior of the remaining factors. The following definition turns out to be
more useful:

D e f i n i t i o n 8.50. Given an i n fi n i t e product fl 1 u,,, let p,, = l1k=1 uk.

a) If infinitely many factors u are zero, we say the product diverges to zero.
b) If no factor u is zero, we say the product converges if there exists a number

p 0 such that {p,,} converges to p. In this case, p is called the value of the
product and we write p = fl1 u,,. If J p.} converges to zero, we say the product
diverges to zero.

c) If there exists an N such that n > N implies un # 0, we say H 1 un converges,
provided that fln N+1 un converges as described in (b). In this case, the value
of the product 1J.'= 1 un is

OD

u1u2 ... UN un.
n=N+1

d) Iln 1 un is called divergent if it does not converge as described in (b) or (c).

Note that the value of a convergent infinite product can be zero. But this happens
if, and only if, a finite number of factors are zero. The convergence of an infinite
product is not affected by inserting or removing a finite number of factors, zero or
not. It is this fact which makes Definition 8.50 very convenient.

Example. [J 1 (1 + 1/n) and Iln' 2 (1 - 1/n) are both divergent. In the first case,
pn = n + 1, and in the second case, pn = 1 /n.

Theorem 8.51 (Cauchy condition for products). The infinite product jjun con-
verges if, and only if, for every s > 0 there exists an N such that n > N implies

Iun+lun+2 "' un+k - 11 < e, for k = 1, 2, 3, ... (30)

Proof. Assume that the product IN converges. We can assume that no un is
zero (discarding a few terms if necessary). Let pn = u1 un and p = limn-.. P,,.
Then p : 0 and hence there exists an M > 0 such that IPnl > M. Now {Pn}
satisfies the Cauchy condition for sequences. Hence, given s > 0, there is an N
such that n > -N implies IPn+k - Pn1 < eM for k = 1, 2, ... Dividing by IPnI,
we obtain (30).
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Now assume that condition (30) holds. Then n > N implies un # 0. [Why?]
Take e = I in (30), let No be the corresponding N, and let qn = t2No+ 1UNo+2 ' ' ' un
if n > No. Then (30) implies # < Ignl < 2. Therefore, if {qn} converges, it cannot
converge to zero. To show that {qn} does converge, let s > 0 be arbitrary and
write (30) as follows:

< E.

This gives us I qn+k - qnl < EIgnI < ze. Therefore, {qn} satisfies the Cauchy
condition for sequences and hence is convergent. This means that the product
jlun converges.

NOTE. Taking k = 1 in (30), we find that convergence of Hun implies
limn,, un = 1. For this reason, the factors of a product are written as un = I + an.
Thus convergence of 1(1 + an) implies limn.cc an = 0.

Theorem 8.52. Assume that each an > 0. Then the product f(1 + an) converges
if, and only if, the series Y _a,, converges.

Proof. Part of the proof is based on the following inequality:

I + x < ex. (31)

Although (31) holds for all real x, we need it only for x Z 0. When x > 0, (31)
is a simple consequence of the Mean-Value Theorem, which gives us

ex - I = xex°, where 0 < x0 < x.

Since ex0 1, (31) follows at once from this equation.
Now let sn = a, + a2 + - + an, pn = (1 + a,)(1 + a2) (1 + an). Both

sequences {sn} and {pn} are increasing, and hence to prove the theorem we need
only show that {sn} is bounded if, and only if, {p,,} is bounded.

First, the inequality pn > Sn is obvious. Next, taking x = ak in (31), where
k = 1, 2, ... , n, and multiplying, we find pn < en. Hence, {sn} is bounded if,
and only if, {pn} is bounded. Note that {pn} cannot converge to zero since each
pn >- 1. Note also that

Pn -'+ao if sn--*+Co.

Definition 8.53. The product jl(1 + an) is said to converge absolutely if Ij(1 + Ial)
converges.

Theorem 8.54. Absolute convergence of jl(1 + an) implies convergence.

Proof.

/

Use the Cauchy condition along with the inequality

l(1 + a.+,)(' + a,,+2) ... (1 + an+k) - 11
< (1 + Ian+il)(1 + Ian+2I) ... (1 + Ian+kI) - 1
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NOTE. Theorem 8.52 tells us that 11(1 + an) converges absolutely if, and only if,
'an converges absolutely. In Exercise 8.43 we give an example in which 11(1 + an)
converges but Ea diverges.

A result analogous to Theorem 8.52 is the following:

Theorem 8.55. Assume that each an > 0. Then the product 11(1 - converges
if, and only if, the series Ea converges.

Proof. Convergence of Ea. implies absolute convergence (and hence convergence)
of 11(1 - an).

To prove.the converse, assume that Ea diverges. If does not converge to
zero, then 11(1 - an) also diverges. Therefore we can assume that a,, -+ 0 as
n --> oo. Discarding a few terms if necessary, we can assume that each an < 1.
Then each factor 1 - a > I (and hence : 0). Let

p, = (1 - a1)(1 - a2) ... (1 - q _ (1 + a1)(1 + a2) ... (1 + an)-
Since we have

(1 - ak)(1 + ak) = 1 - a' <_ 1,
we can write p,< < But in the proof of Theorem 8.52 we observed that
qn -> + oo if Ea diverges. Therefore, pn - 0 as n --* oo and, by part (b) of
Definition 8.50, it follows that 11(1 - diverges to 0.

8.27 EULER'S PRODUCT FOR THE RIEMANN ZETA FUNCTION

We conclude this chapter with a theorem of Euler which expresses the Riemann
zeta function C(s) = El 1 n_s

as an infinite product extended over all primes.

Theorem 8.56. Let pk denote the kth prime number. Then ifs > 1 we have
0 0 1

r(S)= s= II
n=1 n k=1 1- pk

The product converges absolutely.

Proof. We consider the partial product P. = j1k 1 (1 - pk s)-1 and show that
Pm -+ C(s) as m -+ oo. Writing each factor as a geometric series we have

pm= M I+ + +...1
k=1 A A'S

a product of a finite number of absolutely, convergent series. When we multiply
these series together and rearrange the terms according to increasing denominators,
we get another absolutely convergent series, a typical term of which is

1 1

Pi's p22s ... pm s - ns where n = Pi' . - - Pm



210 Infinite Series and Infinite Products

and each a; >- 0. Therefore we have

P.
=

1
,

i n s

where Y_1 is summed over those n having all their prime factors <pm. By the
unique factorization theorem (Theorem 1.9), each such n occurs once and only
once in Y_1. Subtracting Pm from c(s) we get

°° 1 r 1 1
C(S) - P. = -m

n=1 ns `1' ns 2 ns

where Z2 is summed over those n having at least one prime factor >pm. Since these
n occur among the integers >pm, we have

IC(S) - PmI < S
n>p.n n

As m - oo the last sum tends to 0 because Y _n-' converges, so Pm -4 (s).
To prove that the product converges absolutely we use Theorem 8.52. The

product has the form 11(1 + ak), where

1 1 .. .ak =
s

+ +2s
pk Pk

The series >ak converges absolutely since it is dominated by En-s. Therefore
11(1 + ak) also converges absolutely.

EXERCISES

Sequences

8.1 a) Given a real-valued sequence {an) bounded above, let un = sup {ak : k >- n}.
Then un and hence U = limn un is either finite or - oo. Prove that

U = lim sup an = lim (sup {ak : k >- n}).
n- CO n-00

b) Similarly, if {an} is bounded below, prove that

V = lim inf an = lim (inf {a : k >- n}).
n- ao n- o0

If U and V are finite, show that:
c) There exists a subsequence of {an} which converges to U and a subsequence

which converges to V.

d) If U = V, every subsequence of {an} converges to U.

8.2 Given two real-valued sequences {an} and {bn} bounded below. Prove that

a) lim sup,, (an + bn) 5 lim sup, an + lim sup,,-,,, bn.
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b) lim sup... (lim sup.-,, an)(lim sup.-, bn) if an > 0, bn > 0 for all n,
and if both lim sup,,_,,, an and lim supny,,, b,, are finite or both are infinite.

8.3 Prove Theorems 8.3 and 8.4.

8.4 If each an > 0, prove that

lim inf as +1 < lim inf Van <- lim sup Ian <- lim sup a"
n-.ao an n-.co n-.oo n- 00 an

8.5 Let an = n"/n!. Show that limn-,,, an+1/an = e and use Exercise 8.4 to deduce that

Jim
n = e.

n- oo (n!)1/"

8.6 Let {a,,} be a real-valued sequence and let an = (a1 + - - - + a,,)/n. Show that

lim inf an < lim inf an < lim sup an <- lim sup an.
n-Go n-ao n -.oo n -.w

8.7 Find lim sup,, a,, and lim infn_ an if an is given by

a) cos n, b) I + 1 cos nn, c) n sin nir
,

n 3

d) sin 2 cos 2 , e) (-1)"n/(1 + n)", f)
3 - [3]

NOTE. In (f), [x] denotes the greatest integer <-x.

8.8 Let a,, = Y"=1 11V. Prove that the sequence {an} converges to a limit p
in the interval 1 < p < 2.

In each of Exercises 8.9 through 8.14, show that the real-valued sequence {an} is con-
vergent. The given conditions are assumed to hold for all n >- 1. In Exercises 8.10
through 8.14, show that {an} has the limit L indicated.

8.9 lanl < 2, lan+2 - an+1l < *lan+i - a2.1-

8.10 a1 0, a2 0, a,,+2 = (anan+l)1/2, L = (a1a2)1/3-

8.11 a1 = 2, a2 = 8, a2n+1 = Z a2n + a2n+1)+ a2n+2 -- a2na2n-1 L = 4.11(

a2n+ 1

8.12 a1 - -i-, 3an+1 = 2 + L = 1. Modify a1 to make L = -2.

8.13 a1 = 3, an+l - 3(1 +
L V3.

3 + an

8.14 an = where b1 = b2 = 1, bnt2 = b,, + bn+1, L = 1 +'15bn 2

Hint. Show that bn+2bn - b,+1 = (-1)"+i and deduce that la,, - an+,1 < n'2, if
n > 4.
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8.15 Test for convergence (p and q denote fixed real numbers).

00a) E n3e-",
n=1

00

c) E p"n° (P > 0),
n=1

00e) E n-
n=1

g)

i)

I

En log (1 + 1/n)'
00

nE n log n (log log n)°'

k) 7(V1 + n2 - n),
n=1

00

m) E (Jn - 1)",
n=1

b) E (log n)°,
n=2

00

d) E n° - nqn=2

f)

00
1

R
n

n=1 p - q

h)

J)

CO
1

E (log n)logn

(0 < q < P),

(0<q<p),

ao log log n

(log log n)

1) n°
n=2

(
Vn - 1 Vn

0

n) En°(Vn+ 1 -2Vn+Vn- 1).
n=1

8.16 Let S = {n1, n2, ... } denote the collection of those positive integers that do not
involve the digit 0 in their decimal representation. (For example, 7 e S but 101 0 S.)
Show that Y_k 1 1/nk converges and has a sum less than 90.

8.17 Given integers a1, a2, ... such that 1 5 an 5 n - 1, n = 2, 3,... Show that the
sum of the series Y_ 1 an/n! is rational if, and only if, there exists an integer N such that
a" = n - 1 for all n >- N. Hint. For sufficiency, show that 2 (n - 1)/n! is a tele-
scoping series with sum 1.

8.18 Let p and q be fixed integers, p q >- 1, and let
pn n (-1)k+1

X"= E k,
s n = E k

k=qn+1 k=1

a) Use formula (8) to prove that limn, xn = log (p/q).
b) When q = 1, p = 2, show that stn = x,, and deduce that

n (-1)n+1

n=1
= log 2.

n

c) Rearrange the series in (b), writing alternately p positive terms followed by q
negative terms and use (a) to show that this rearrangement has sum

log 2 + I log (p/q).

n=1 (-1)"+1(1/(3n - 2) - 1/(3n - 1)).d) Find the sum of 1'

I

8.19 Let cn = -an + ibn, where an = (-1)"/N/n, bn = 1/nz. Show that Y-c,, is conditionally
convergent.
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8.20 Use Theorem 8.23 to derive the following formulas:

a)
log k = I log2

n + A + O
(log n1

n
/1 (A is constant).

=1 k 2

b),
k2 k log k = log (log n) + B + O(n

log n)
(B is constant).

8.21 If 0 < a <- 1, s > 1, define C(s, a) _ r°=o (n + a)-s.

a) Show that this series converges absolutely for s > 1 and prove that
k

k
C(s, -/ = ksZ(s) if k = 1, 2, ... ,

h=1

where C(s) = C(s, 1) is the Riemann zeta function.

b) Prove that En 1 (-1)n-'Ins = (I - 21 -%(s) if s > 1.

8.22 Given a convergent series Y_a,,, where each an >- 0. Prove that converges
if p > 1. Give a counterexample for p = #.
8.23 Given that Ean diverges. Prove that Enan also diverges.

8.24 Given that F _a. converges, where each an > 0. Prove that

L(anan+ 1)1 /2

also converges. Show that the converse is also true if {an} is monotonic.

8.25 Given that Ean converges absolutely. Show that each of the following series also
converges absolutely:

aa) E an, b) E 1 +n a
(if no a = -1),

2C) n

1 + an

8.26 Determine all real values of x for which the following series converges:

1 sinI
1

n1 n

nx

8.27 Prove the following statements:

a) Y_anbn converges if Ean converges and if E(bn - bn+ 1) converges absolutely.

b) Eanbn converges if Ean has bounded partial sums and if E(bn - bn+1) converges
absolutely, provided that bn 0 as n -+ oo.

Double sequences and double series

8.28 Investigate the existence of the two iterated limits and the double limit of the double
sequence f defined by

a) f(p, q) =
I

, b) f(p, q) = pP
+ q p + q
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c) f(P, q) _
(-1)°p
p + q

e)f(P,q)=(-1)a

q

g) f(P, q) =
cos p

q

d) f(P, q) _ (-1)"+4 (1 + 1)
p q

f) f(p, q) = (-1)n+9,

h)f(P,9)= P sin"
9 nn=1 P

Answer. Double limit exists in (a), (d), (e), (g). Both iterated limits exist in (a), (b), (h).
Only one iterated limit exists in (c), (e). Neither iterated limit exists in (d), (f).

8.29 Prove the following statements:

a) A double series of positive terms converges if, and only if, the set of partial sums
is bounded.

b) A double series converges if it converges absolutely.

c) m ne-cm2+"Z converges.

8.30 Assume that the double series a(n)x'" converges absolutely for jxj < 1. Call
its sum S(x). Show that each of the following series also converges absolutely for lxi < I
and has sum S(x) :

00
x"

00

1: a(n) E" , A(n)x", where A(n) = E a(d).
n=1 I - x n=1 din

8.31 If a is real, show that the double series (m + in)` converges absolutely if,
and only if, a > 2. Hint. Let s(p, q). _ YP"=1 Eq1 Im + inI -°`. The set

{m+in:m= 1,2,...,p,n= 1,2,...,p}
consists of p2 complex numbers of which one has absolute value 'J2, three satisfy
11 + 2i j <- I m + inj <- 2N/2, five satisfy 11 + Y J <- I m + inj 5 3'J2, etc. Verify this
geometrically and deduce the inequality

/2°2n- 1 ° 2n- 1
2 E nn 5 s(p, P) : E (n2 + 1)a/2n=1 n=1

8.32 a) Show that the Cauchy product of En (, (-1)"+1/.n + 1 with itself is a divergent
series.

b) Show that the Cauchy product of (-1)n+1/(n + 1) with itself is the series

n1)2E(+11 I12+...+n)
n-1

Does this converge? Why?

8.33 Given two absolutely convergent power series, say Y_n o and Y_R o bnx", having
sums A(x) and B(x), respectively, show that 10 cnx" = A(x)B(x) where

C" = akbn-k
k=0
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8.34 A series of the form Y_,'=1 an/n-' is called a Dirichlet series. Given two absolutely
convergent Dirichlet series, say an/ns and Y_', bn/ns, having sums A(s) and B(s),
respectively, show that Y_,'=1 cn/ns = A(s)B(s) where cn = Ldjn adbnid

8.35 If C(s) = En 1 1/n, s > 1, show that C2(s) = d(n)/n?, where d(n) is the
number of positive divisors of n (including 1 and n).

Cesaro summability

8.36 Show that each of the following series has (C, 1) sum 0:

a) 1 - 1 - 1 + I + 1 - 1 - l + I + 1 - - + + .

b) -- 1 +f+I - 1 +f+ - 1
c) cos x + cos 3x + cos 5x + (x real, x j4 mrz).

8.37 Given a series Ea,,, let
n n n

sn= Eak, to= Ekak, vn=->sk.
k=1 k=1 n k=1

Prove that

a) to = (n + 1)sn - nvn.

b) If Fan is (C, 1) summable, then >2an converges if, and only if, to = o(n) as n -1- 00.

c) Y _a. is (C, 1) summable if, and only if, Y_n 1 tn/n(n + 1) converges.

8.38 Given a monotonic sequence {an} of positive terms, such that limn, a,, = 0. Let
n n n

Sn = E ak, un = E (- 1)kak, V. =
L.d (- 1)kSk.

k=1 k=1 k=1
Prove that :

a) vn = 4 un + (-1)"Sn/2.

b) ins,, is (C, 1) summable and has Cesaro sum (-1)nan

c) znw= (-1)"(1 + I + + i/n) _ -log 2 (C, 1).

Infinite products

8.39 Determine whether or not the following infinite products converge. Find the value
of each convergent product.

a)

1 2

2 ( n(n + 1)) '

b) (1-n-2),
ao n3 - 1

C) 11 n3+1, d)

1

00

Al

00

1110
+ z2") if IzI < 1.

8.40 If each partial sum sn of the convergent series >.an is not zero and if the sum itself
is not zero, show that the infinite product a1 HnD= 2 (1 + an/s._ 1) converges and has the
value Y_n 1 an.
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8.41 Find the values of the following products by establishing the following identities and
summing the series:

/(i+2"-2 =2E2-". b) ft 1+ n2 )=2v' 00
1)"=1 n=2 1 n=1 n(n +

8.42 Determine all real x for which the product lI' 1 cos (x/2") converges and find the
value of the product when it does converge.

8.43 a) Let a,, _ (-1)"/,[n for n = 1, 2.... Show that II(1 + a") diverges but that
Y_a,, converges.

b) Let a2n_ 1 = -1/Jn, a2n = 1/,J + 1/n for n = 1, 2.... Show that Il(1 + an)
converges but that Ean diverges.

8.44 Assume that a,, >: 0 for each n = 1, 2.... Assume further that

a2n
a2n+2 < a2,+1 < 1 + a2n

for n = 1, 2, .. .

Show that Ilk 1 (1 + (-1)kak) converges if, and only if, Y_k 1 (-1)kak converges.

8.45 A complex-valued sequence {f(n)} is called multiplicative if f(1) = 1 and if f(mn) _
f(m)f(n) whenever m and n are relatively prime. (See Section 1.7.) It is called com-
pletely multiplicative if

f(1) = I and f(mn) = f(m)f(n) for all m and n.

a) If {,'(n)} is multiplicative and if the series >f(n) converges absolutely, prove that

,f(n)= II{1 +f(pk)+f(pk)+...},
n=1 k=1

where pk denotes the kth prime, the product being absolutely convergent.

b) If, in addition, {f(n)} is completely multiplicative, prove that the formula in (a)
becomes

00 W
I

R=1 k=1 I - f(pk) .

Note that Euler's product for C(s) (Theorem 8.56) is the special case in which
f(n) = n-s.

8.46 This exercise outlines a simple proof of the formula C(2) = n2/6. Start with the
inequality sin x < x < tan x, valid for 0 < x < it/2, take reciprocals, and square each
member to obtain

cot2 x <
1

< 1 + cot2 X.
x2

Now put x = k7r/(2m + 1), where k and m are integers, with 1 <- k <- m, and sum on k
to obtain

'" kn (2m + 1)2 m 1

cot22m+
1

< n2k2 < m +
k=1 k=1

E cot2
k=1

kn

2m+1'
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Use the formula of Exercise 1.49(c) to deduce the inequality

m(2m - 1)n2 "` I 2m(m + 1)n2
3(2m + 1)2 < E k2 <

3(2m + 1)2

Now let m -4 oo to obtain C(2) = n2/6.

8.47 Use an argument similar to that outlined in Exercise 8.46 to prove that C(4) = rr4/90.

SUGGESTED REFERENCES FOR FURTHER STUDY

8.1 Hardy, G. H., Divergent Series. Oxford University Press, Oxford, 1949.

8.2 Hirschmann, I. I., Infinite Series. Holt, Rinehart and Winston, New York, 1962.

8.3 Knopp, K., Theory and Application of Infinite Series, 2nd ed. R. C. Young, trans-
lator. Hafner, New York, 1948.



CHAPTER 9

SEQUENCES
OF FUNCTIONS

9.1 POINTWISE CONVERGENCE OF SEQUENCES OF FUNCTIONS

This chapter deals with sequences { fn} whose terms are real- or complex-valued
functions having a common domain on the real line R or in the complex plane C.
For each x in the domain we can form another sequence { fn(x)} whose terms are
the corresponding function values. Let S denote the set of x for which this second
sequence converges. The function f defined by the equation

f(x) = lim fn(x), if x e S,
n- 00

is called the limit function of the sequence { fn}, and we say that { fn} converges
pointwise to f on the set S.

Our chief interest in this chapter is the following type of question : If each
function of a sequence {f,,} has a certain property, such as continuity, differen-
tiability, or integrability, to what extent is this property transferred to the limit
function? For example, if each function fn is continuous at c, is the limit function
f also continuous at c? We shall see that, in general, it is not. In fact, we shall
find that pointwise convergence is usually not strong enough to transfer any of the
properties mentioned above from the individual terms f to the limit function f
Therefore we are led to study stronger methods of convergence that do preserve
these properties. The most important of these is the notion of uniform convergence.

Before we introduce uniform convergence, let us formulate one of our basic
questions in another way. When we ask whether continuity of each fn at c implies
continuity of the limit function fat c, we are really asking whether the equation

lim fn(x) = .fn(c),

implies the equation
X--C

lim f(x) = f(c). (1)
X-C

But (1) can also be written as follows:

lim Jim fn(x) = Jim Jim fn(x).
X-+C n-oo X-.c

(2)

Therefore our question about continuity amounts to this: Can we interchange the
limit symbols in (2)? We shall see that, in general, we cannot. First of all, the
limit in (1) may not exist. Secondly, even if it does exist, it need not be equal to

218
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f(c). We encountered a similar situation in Chapter 8 in connection with iterated
series when we found that Em=1 Eh 1 f(m, n) is not necessarily equal to
Ln 1 Lm= 1 f(m, n).L

The general question of whether we can reverse the order of two limit pro-
cesses arises again and again in mathematical analysis. We shall find that uniform
convergence is a far-reaching sufficient condition for the validity of interchanging
certain limits, but it does not provide the complete answer to the question. We
shall encounter examples in which the order of two limits can be interchanged
although the sequence is not uniformly convergent.

9.2 EXAMPLES OF SEQUENCES OF REAL-VALUED FUNCTIONS

The following examples illustrate some of the possibilities that might arise when
we form the limit function of a sequence of real-valued functions.

fa (x) +
X2n

x2n , n=1,2,3. f (x) = lim f" (x) .
n-M

Figure 9.1

Example 1. A sequence of continuous functions with a discontinuous limit function. Let
f"(x) = x2n/(1 + x2") if x e R, n = 1, 2,... The graphs of a few terms are shown in
Fig. 9.1. In this case f"(x) exists for every real x, and the limit function f is given by

Each f" is continuous on R, but f is discontinuous at x = landx= -1.
Example 2. A sequence of functions for which f o f"(x) dx :0 f o lim,- w f"(x) dx. Let
f"(x) = n2x(1 - x)" if x e R, n = 1, 2, ... If 0 < x 5 1 the limit f(x) f"(x)
exists and equals 0. (See Fig. 9.2.) Hence fo f(x) dx = 0. But

f 1 f"(x) dx = n2 f 1 x(1 - x)" dx
Jo

= n2 101(1 - t)tdt = n2 - n2 = n2

n+1 n+2 (n+1)(n+2)
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Figure 9.2

n=

so 5 f .(X) dx = 1. In other words, the limit of the integrals is not equal to the
integral of the limit function. Therefore the operations of "limit" and "integration"
cannot always be interchanged.

Example 3. A sequence of differentiable functions (f.) with limit 0 for which (f.} diverges.
Let f .(x) = (sin n = 1, 2.... Then f (x) = 0 for every x. But

f,(x) = Vn cos nx, so limp.. f,,(x) does not exist for any x. (See Fig. 9.3.)

Figure 9.3

9.3 DEFINITION OF UNIFORM CONVERGENCE

Let { f } be a sequence of functions which converges pointwise on a set S to a
limit function f. This means that for each point x in S and for each s > 0, there
exists an N (depending on both x and c) such that

n > N implies 1 f(x) - f (x)I < e.
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If the same N works equally well for every point in S, the convergence is said to be
uniform on S. That is, we have

Definition 9.1. A sequence of functions {f.} is said to converge uniformly to f on a
set S if, for every s > 0, there exists an N (depending only on E) such that n > N
implies

f (x) - f(x)J < 8, for every x in S.

We denote this symbolically by writing

f -+ f uniformly on S.

When each term of the sequence {f.) is real-valued, there is a useful geometric
interpretation of uniform convergence. The inequality If(x) - f(x)I < s is then
equivalent to the two inequalities

f(x) - s < A(x) < f(x) + S. (3)

If (3) is to hold for all n > N and for all x in S, this means that the entire graph
of f (that is, the set {(x, y) : y = f (x), x e S}) lies within a "band" of height 2E
situated symmetrically about the graph off (See Fig. 9.4.)

Figure 9.4

A sequence {f.) is said to be uniformly bounded on S if there exists a constant
M > 0 such that I f,(x)I < M for all x in S and all n. The number M is called a
uniform bound for f f.}. If each individual function is bounded and if f - f
uniformly on S, then it is easy to prove that {f.} is uniformly bounded on S. (See
Exercise 9.1.) This observation often enables us to conclude that a sequence is
not uniformly convergent. For instance, a glance at Fig. 9.2 tells us at once that
the sequence of Example 2 cannot converge uniformly on any subset containing a
neighborhood of the origin. However, the convergence in this example is uniform
on every compact subinterval not containing the origin.

9.4 UNIFORM CONVERGENCE AND CONTINUITY

Theorem 9.2. Assume that f -+ f uniformly on S. If each f is continuous at a
point c of S, then the limit function f is also continuous at c.

NOTE. If c is an accumulation point of S, the conclusion implies that

lim lim f (x) = lim lim f (x).
x-c n-oo n-oo x-c
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Proof. If c is an isolated point of S, then f is automatically continuous at c.
Suppose, then, that c is an accumulation point of S. By hypothesis, for every
e > 0 there is an M such that n >- M implies

f(x)I < 3 for every x in S.

Since fm is continuous at c, there is a neighborhood B(c) such that x e B(c) n S
implies

I fM(x) - fM(c)I < 3

But

If(x) - f(c)I < If(x) - fM(x)I + I fM(x) - fM(C)I + I fM(c) - f(c)I.

If x e B(c) n S, each term on the right is less than s/3 and hence If(x) - f(c)I < s.
This proves the theorem.

NOTE. Uniform convergence of {f.} is sufficient but not necessary to transmit
continuity from the individual terms to the limit function. In Example 2 (Section
9.2), we have a nonuniformly convergent sequence of continuous functions with
a continuous limit function.

9.5 THE CAUCHY CONDITION FOR UNIFORM CONVERGENCE

Theorem 9.3. Let {f.) be a sequence of functions defined on a set S. There exists a
function f such that f, -+ f uniformly on S if, and only if, the following condition
(called the Cauchy condition) is satisfied: For every e > 0 there exists an N such
that m > N and n > N implies

Ifm(x) - f(x)I < e, for every x in S.

Proof. Assume that f -+ f uniformly on S. Then, given e > 0, we can find N so
that n > N implies If(x) - f(x)I < e/2 for all x in S. Taking m > N, we also
have I fm(x) - f(x)I < e/2, and hence I fm(x) - f (x)I < e for every x in S.

Conversely, suppose the Cauchy condition is satisfied. Then, for each x in S,
the sequence converges. Let f(x) = if x e S. We must show
that f -+ f uniformly on S. If e > 0 is given, we can choose N so that n > N
implies I f (x) - f +k(x)I < e/2 for every k = 1, 2, ... , and every x in S. There-
fore, limk-. I f,(x) - f +k(x)I = If(x) - f(x)I < e/2. Hence, n > N implies
I f(x) e for every x in S. This proves that f - f uniformly on S.

NOTE. Pointwise and uniform convergence can be formulated in the more general
setting of metric spaces. If f. and f are functions from a nonempty set S to a metric
space (T, dT), we say that f -+ f uniformly on S, if, for every s > 0, there is an
N (depending only on e) such that n N implies

f(x)) < c for all x in S.
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Theorem 9.3 is valid in this more general setting and, if S is a metric space, Theorem
9.2 is also valid. The same proofs go through, with the appropriate replacement
of the Euclidean metric by the metrics ds and dT. Since we are primarily interested
in real- or complex-valued functions defined on subsets of R or of C, we will not
pursue this extension any further except to mention the following example.

Example. Consider the metric space (B(S), d) of all bounded real-valued functions on a
nonempty set S, with metric d(f g) = if - gll, where if II = supXEs If(x)I is the sup
norm. (See Exercise 4.66.) Thenfn --+ f in the metric space (B(S), d) if and only if fn -> f
uniformly on S. In other words, uniform convergence on S is the same as ordinary con-
vergence in the metric space (B(S), d).

9.6 UNIFORM CONVERGENCE OF INFINITE SERIES OF FUNCTIONS

Definition 9.4. Given a sequence { fn} of functions defined on a set S. For each x in
S, let

n

Sn(x) _ E Jf(x) (n = 1, 2, ... ). (4)
k=1

If there exists a function f such that sn -+ f uniformly on S, we say the series >fn(x)
converges uniformly on S and we write

co

E fn(x) = f(x) (uniformly on S).
n=1

Theorem 9.5 (Cauchy condition for uniform convergence of series). The infinite series
Efn(x) converges uniformly on S if, and only if, for every E > 0 there is an N such
that n > N implies

n+p

E fk(x)I < E, for each p = 1, 2, ... , and every x in S.
k=n+1

Proof. Define sn by (4) and apply Theorem 9.3.

Theorem 9.6 (Weierstrass M-test). Let {Mn} be a sequence of nonnegative numbers
such that

0 < If,,(x)I < Mn, for n = 1, 2, ... , and for every x in S.

Then >fn(x) converges uniformly on S if Y-Mn converges.

Proof. Apply Theorems 8.11 and 9.5 in conjunction with the inequality

n+p

E fk(x)
k=n+i

+ pn[
< G, Mk.

k=n+1

Theorem 9.7. Assume that Yfn(x) = f(x) (uniformly on S). If eachfn is continuous
at a point x0 of S, then f is also continuous at x0.
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Proof. Define s" by (4). Continuity of each fn at xo implies continuity of s" at
x0, and the conclusion follows at once from Theorem 9.2.

NOTE. If xo is an accumulation point of S, this theorem permits us to interchange
limits and infinite sums, as follows :

lim E fn(x) = E lim fn(x).
x-'xo n=1 n=1 x-'xo

9.7 A SPACE-FILLING CURVE

We can apply Theorem 9.7 to construct a space-filling curve. This is a continuous
curve in R2 that passes through every point of the unit square [0, 1] x [0, 1].
Peano (1890) was the first to give an example of such a curve. The example to be
presented here is due to I. J. Schoenberg (Bulletin of the American Mathematical
Society, 1938) and can be described as follows:

Let 0 be defined on the interval [0, 2] by the following formulas :

0, if0<t< orif3 <t<2,
3t- 1, if1<t<*,

-3t+5, if3<t3.
Extend the definition of ¢ to all of R by the equation

q5(t + 2) = 0(t).

This makes 0 periodic with period 2. (The graph of 0 is shown in Fig. 9.5.)

Figure 9.5

Now define two functions f1 and f2 by the following equations :

00{{

°D

/i(t) = ± 0(32n 2t)'
f2(t)

=
± 0(3 2n2n- 1

t)

Both series converge absolutely for each real t and they converge uniformly on
R. In fact, since 10(t)l < 1 for all t, the Weierstrass M-test is applicable with
Mn = 2-". Since 0 is continuous on R, Theorem 9.7 tells us that f, and f2 are
also continuous on R. Let f = (fl, f2) and let F denote the image of the unit
interval [0, 1] under f. We will show that F "fills" the unit square, i.e., that
F=[0,1] x [0, 1].

First, it is clear that 0 < fl(t) < I and 0 < f2(t) < 1 for each t, since
Y 1 2-" = 1. Hence, F is a subset of the unit square. Next, we must show that
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(a, b) e F whenever (a, b) e [0, 1] x [0, 1]. For this purpose we write a and b
in the binary system. That is, we write

00

00_ E a" _ E b"

a n=12"'
b

n=12"'

where each a" and each bn is either 0 or 1. (See Exercise 1.22.) Now let
00

c = 2 E C" where c2n_1 = an and c2n = b", n = 1, 2, .. .
n=1 3"

Clearly, 0 < c < 1 since 2y_' 1 3-" = 1. We will show that f1(c) = a and that
f2(c) = b.

If we can prove that

0(3kc) = ek+1, for each k = 0, 1, 2, ... , (5)

then we will have j(32n-2c) = c2,,_1 = a" and 0(32n-1c) = c2n = bn, and this
will give us f1(c) = a, f2(c) = b. To prove (5), we write

k ao

3kc = 2 E cn E c'.
n=1 3"-k

+ 2
n-k+1 3n k

= (an even integer) + dk,

where dk = 2En=1 Cn+k/3". Since (p has period 2, it follows that

0(3kc) = 0(dk)

If ck+ 1 = 0, then we have 0 < dk < 2Y00 2 3-m and hence 0(dk) = 0.
Therefore, 0(3kc) = ck+ 1 in this case. The only other case to consider is ck+ 1 = 1.
But then we get < dk < 1 and hence 0(dk) = 1. Therefore, 4 (3kc) = ck+ 1 in
all cases and this proves that f1(c) = a, f2(c) = b. Hence, IF fills the unit square.

9.8 UNIFORM CONVERGENCE AND RIEMANN-STIELTJES INTEGRATION

Theorem 9.8. Let a be of bounded variation on [a, b]. Assume that each term of
the sequence { fn} is a real-valued function such that fn e R(a) on [a, b] for each
n = 1, 2, ... Assume that fn -+ f uniformly on [a, b] and define g"(x) = f

a
fn(t) da(t)

if x e [a, b], n = 1, 2, ... Then we have:

a) f e R(a) on [a, b].
b) gn -+ g uniformly on [a, b], where g(x) = f; f(t) da(t).

NOTE. The conclusion implies that, for each x in [a, b], we can write

lim f nda(t) = f x Jim fn(t) do(t).
n-ao

J"f(t)
a ,Ja

This property is often described by saying that a uniformly convergent sequence
can be integrated term by term.
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Proof. We can assume that a is increasing with a(a) < a(b). To prove (a), we
will show that f satisfies Riemann's condition with respect to a on [a, b]. (See
Theorem 7.19.)

Given is > 0, choose N so that

I f(x) - fN(X) I <
E

, for all x in [a, b].
3[a(b) - a(a)]

Then, for every partition P of [a, b], we have

I U(P, f - IN, a)I <- 3 and I L(P, f - IN, a)1 .5 3

(using the notation of Definition 7.14). For this N, choose Pe so that P finer than
P. implies U(P, fN, a) - L(P, fN, a) < E/3. Then for such P we have

U(P, f, a) - L(P, f, a) < U(P, f - IN, a) - L(P, f - fN, a)

+ U(P, fN, a) - L(P, IN, a)

< I U(P, f - IN, a) I + I L(P, f - IN, 001 + 3 <

This proves (a). To prove (b), let s > 0 be given and choose N so that

If (t) - f(t)I <
E

2[a(b) - a(a)] '

for all n > N and every tin [a, b]. If x e [a, b], we have

E.

I9n(x) - g(X)1 < E Ifn(t) - f(t)I daft) <
a(x) - a(a) e < E <
a(b) - a(a) 2 2

This proves that gn - g uniformly on [a, b].

Theorem 9.9. Let a be of bounded variation on [a, b] and assume that E fn(x) = f(x)
(uniformly on [a, b]), where each f is a real-valued function such that fn e R(a) on
[a, b]. Then we have:

a) f E R(a) on [a, b].

b) f
a

1 fn(t) da(t) = En f
a

fn(t) da(t) (uniformly on [a, b]).

Proof. Apply Theorem 9.8 to the sequence of partial sums.

NOTE. This theorem is described by saying that a uniformly convergent series
can be integrated term by term.

9.9 NONUNIFORMLY CONVERGENT SEQUENCES THAT CAN BE
INTEGRATED TERM BY TERM

Uniform convergence is a sufficient but not a necessary condition for term-by-
term integration, as is seen by the following example.
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Figure 9.6
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Example. Let f"(x) = x" if 0 <_ x < 1. (See Fig. 9.6.) The limit function f has the value
0 in [0, 1) and f(l) = 1. Since this is a sequence of continuous functions with discon-
tinuous limit, the convergence is not uniform on [0, 1 ]. Nevertheless, term-by-term
integration on [0, 1 ] leads to a correct result in this case. In fact, we have

f f. (x) dx = I x" dx = 1 -* 0 as n -- oo,
0 o n + 1

so lim, f o f"(x) dx = f f (x) dx = 0.

The sequence in the foregoing example, although not uniformly convergent
on [0, 1], is uniformly convergent on every closed subinterval of [0, 1] not con-
taining 1. The next theorem is a general result which permits term-by-term inte-
gration in examples of this type. The added ingredient is that we assume that {f.)
is uniformly bounded on [a, b] and that the limit function f is integrable.

Definition 9.10. A sequence of functions {f.) is said to be boundedly convergent on
T if {f.) is pointwise convergent and uniformly bounded on T.

Theorem 9.11. Let {f.} be a boundedly convergent sequence on [a, b]. Assume that
each f" e R on [a, b], and that the limit function f e R on [a, b]. Assume also that
there is a partition P of [a, b], say

P = {xo, X1, ... , xm},

such that, on every subinterval [c, d] not containing any of the points xk, the sequence
{f.} converges uniformly to f Then we have

b lim f"(t) dt = r f(t) dt.Jim f f"(t) dt = f.' b

a "" °D .J a

(6)

Proof. Since f is bounded and {f.) is uniformly bounded, there is a positive
number M such that I f(x)I 5 M and i f"(x)I 5 M for all x in [a, b] and all
n >- 1. Given a > 0 such that 2e < IIPII, let h = a/(2m), where m is the number
of subintervals of P, and consider a new partition P' of [a, b] given by

P' = {xo, xp + h, xl - h, xl + h, ... , xm_ 1 - h, xm_ 1 + h, xm - h, xm}.

Since If - f"I is integrable on [a, b] and bounded by 2M, the sum of the integrals
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of If - taken over the intervals

[x0, x0 + h], [xl - h, x1 + h], ... , [xm- 1 - h, xm _ 1 + h], [xm - h, xm],

is at most 2M(2mh) = 2Ms. The remaining portion of [a, b] (call it S) is the
union of a finite number of closed intervals, in each of which {f.} is uniformly
convergent to f. Therefore, there is an integer N (depending only on E) such that
for all x in S we have

I.f(x) - f(x)I < E whenever n >- N.

Hence the sum of the integrals of If - fl over the intervals of S is at most E(b - a),
so

If(x) - f (x)I dx < (2M + b - a)e whenever n >- N.

This proves that f
;
f (x) dx -+ J .a f(x) dx as n - oo.

There is a stronger theorem due to Arzelii which makes no reference whatever
to uniform convergence.

Theorem 9.12 (Arzela). Assume that f f.) is boundedly convergent on [a,b] and sup-
pose each fa is Riemann-integrable on [a, b]. Assume also that the limit function
f is Riemann-integrable on [a, b]. Then

b 6lim f(x) dx f f b
a

The is
Theorem and the a

on Lebesgue integrals which includes Arzela's theorem as a special case.
(See Theorem 10.29).

NOTE. It is easy to give an example of a boundedly convergent sequence { f}
of Riemann-integrable functions whose limit f is not Riemann-integrable. If
{r1, r2, . . . } denotes the set of rational numbers in [0, 1], define fa(x) to have the
value I if x = rk for all k = 1, 2, ... , n, and put f (x) = 0 otherwise. Then the
integral f o f(x) dx = 0 for each n, but the pointwise limit function f is not
Riemann-integrable on [0, 1].

9.10 UNIFORM CONVERGENCE AND DIFFERENTIATION

By analogy with Theorems 9.2 and 9.8, one might expect the following result to
hold: If fa - f uniformly on [a, b] and if f exists for each n, then f' exists and
f -> f' uniformly on [a, b]. However, Example 3 of Section 9.2 shows that this
cannot be true. Although the sequence { fa} of Example 3 converges uniformly on
R, the sequence {f,.} does not even converge pointwise on R. For example,
{ f,,(0)} diverges since f;,(0) = Jn. Therefore the analog of Theorems 9.2 and
9.8 for differentiation must take a different form.
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Theorem 9.13. Assume that each term of is a real-valued function having a
finite derivative at each point of an open interval (a, b). Assume that for at least one
point x0 in (a, b) the sequence { converges. Assume further that there exists
a function g such that f;, -+ g uniformly on (a, b). Then:

a) There exists a function f such that f - f uniformly on (a, b).
b) For each x in (a, b) the derivative f'(x) exists and equals g(x).

Proof. Assume that c e (a, b) and define a new sequence as follows:

.f (x) - 4(c) if x c,
gn(x) x-c

if x = c.
(8)

The sequence so formed depends on the choice of c. Convergence of {g (c)}
follows from the hypothesis, since g (c) = f,,(c). We will prove next that
converges uniformly on (a, b). If x c, we have

g (x) - gm(x) =
h(x) - h(c) , (9)

x - c

where h(x) = fm(x). Now h'(x) exists for each x in (a, b) and has the value
f ;, (x) - Applying the Mean-Value Theorem in (9), we get

gn(x) - gm(x) = fn(x1) - f,(x 1), (10)

where x1 lies between x and c. Since f f,,') converges uniformly on (a, b) (by hy-
pothesis), we can use (10), together with the Cauchy condition (Theorem 9.3),
to deduce that {g} converges uniformly on (a, b).

Now we can show that f f.} converges uniformly on (a, b). Let us form the
particular sequence corresponding to the special point c = xo for which
{ f (x0)} is assumed to converge. From (8) we can write

.(x) = f,,(xo) + (x - x0)g.(x),

an equation which holds for every x, in (a, b). Hence we have

.fn(x) - .fn,(x) = .fn(x0) - .fm(x0) + (x - x0)[gn(x) - gm(x0)]

This equation, with the help of the Cauchy condition, establishes the uniform
convergence of {f,,} on (a, b). This proves (a).

To prove (b), return to the sequence {gn} defined by (8) for an arbitrary point
c in (a, b) and let G(x) = The hypothesis that f exists means that
lim, In other words, each g is continuous at c. Since g - G
uniformly on (a, b), the limit function G is also continuous at c. This means that

G(c) = lim G(x), (11)
X-C
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the existence of the limit being part of the conclusion. But, for x c, we have

G(x) = lim 9n(x) = lim fn(x) - fn(c) = f(x) - f(c)
n- 00 n- 00 x - C X- C

Hence, (11) states that the derivative f'(c) exists and equals G(c). But

G(c) = lim gn(c) = lim .(c) = g(c);
n-00 M 00

hence f'(c) = g(c). Since c is an arbitrary point of (a, b), this proves (b).

When we reformulate Theorem 9.13 in terms of series, we obtain

Theorem 9.14. Assume that each fn is a real-valued function defined on (a, b) such
that the derivative f (x) exists for each x in (a, b). Assume that, for at least one
point x0 in (a, b), the series F_fn(xo) converges. Assume further that there exists a
function g such that g(x) (uniformly on (a, b)). Then:

a) There exists a function f such that > fn(x) = f(x) (uniformly on (a, b)).
b) If x e (a, b), the derivative f'(x) exists and equals Ef(x).

9.11 SUFFICIENT CONDITIONS FOR UNIFORM CONVERGENCE OF
A SERIES

The importance of uniformly convergent series has been amply illustrated in some
of the preceding theorems. Therefore it seems natural to seek some simple ways of
testing a series for uniform convergence without resorting to the definition in each
case. One such test, the Weierstrass M-test, was described in Theorem 9.6. There
are other tests that may be useful when the M-test is not applicable. One of these
is the analog of Theorem 8.28.

Theorem 9.15 (Dirichlet's test for uniform convergence). Let F,,(x) denote the nth
partial sum of the series E fn(x), where each fn is a complex-valued function defined
on a set S. Assume that {Fn} is uniformly bounded on S. Let {gn} be a sequence of
real-valued functions such that gn+1(x) < gn(x) for each x in S and for every
n = 1, 2, ... , and assume that gn y 0 uniformly on S. Then the series F_fn(x)gn(x)
converges uniformly on S.

Proof. Let sn(x) = Ek=, fk(x)gk(x). By partial summation we have
n

Sn(x) = E F'k(x)(9k(x) - 9k+1(x)) + gn+1(X)Fn(X),
k=1

and hence if n > m, we can write

nn

Sn(x) - Sm(X) = `j Fk(x)(9k(x) - gk+1(x)) + 9n+1(x)Fn(x) - gm+1(X)Fm(x)
- k=m+1
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Therefore, if M is a uniform bound for {F"}, we have

231

ISn(x) - Sm(x)I 5 M E (gk(x) - gk+1(x)) + Mgn+1(x) + Mgm+1(x)
k=m+1

= M(gm+1(x) - gn+1(x)) + Mg"+1(x) + Mgm+1(x)

= 2Mgm+1(x).

Since g" - 0 uniformly on S, this inequality (together with the Cauchy condition)
implies that Yfn(x)gn(x) converges uniformly on S.

The reader should have no difficulty in extending Theorem 8.29 (Abel's test)
in a similar way so that it yields a test for uniform convergence. (Exercise 9.13.)

Example. Let F"(x) = Y_k=1 e'kx. In the last chapter (see Theorem 8.30), we derived the
inequality IF,,(x)I 5 1/Isin (x/2)J, valid for every real x 0 2mn (m is an integer). There-
fore, if 0 < 6 < n, we have the estimate

I F"(x) l 5 I /sin (6/2) if 6 <- x < 2n - J.

Hence, {F,,} is uniformly bounded on the interval [6, tic - b]. If {g"} satisfies the condi-
tions of Theorem 9.15, we can conclude that the series >g"(x)e`"x converges uniformly
on [6, 27r - 6]. In particular, if we take gn(x) = 1/n, this establishes the uniform con-
vergence of the series

on [6, 2,r - 6] if 0 < 6 < n. Note that the Weierstrass M-test cannot be used to estab-
lish uniform convergence in this case, since le'nxl = 1.

9.12 UNIFORM CONVERGENCE AND DOUBLE SEQUENCES

As a different type of application of uniform convergence, we deduce the following
theorem on double sequences which can be viewed as a converse to Theorem 8.39.

Theorem 9.16. Let f be a double sequence and let Z+ denote the set of positive
integers. For each n = 1, 2, ... , define a function gn on Z+ as follows:

gn(m) = f(m, n), if m c- Z+.

Assume that gn -+ g uniformly on Z+, where g(m) = limn, f(m, n). If the iterated
limit lim, . (lim"-. f(m, n)) exists, then the double limit limm,. f(m, n) also
exists and has the same value.

Proof. Given E > 0, choose N1 so that n > N1 implies

, for every m in Z+.If(m, n) = g(m)l <
2
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Let a = limm (limn-, f(m, n)) = g(m). For the same s, choose N2 so
that m > N2 implies l g(m) - al < e/2. Then, if N is the larger of N1 and N2, we
have I f(m, n) - al < e whenever both m > N and n > N. In other words,
limm,n oo f(m, n) = a.

9.13 MEAN CONVERGENCE

The functions in this section may be real- or complex-valued.

Definition 9.17 Let { fn} be a sequence of Riemann-integrable functions defined on
[a, b]. Assume that f e R on [a, b]. The sequence {f,,} is said to converge in the
mean to f on [a, b], and we write

l.i.m. fn = f on [a, b],
n-ao

if

Jim
fb

Ifn(x) -f(x)IZ dx = 0.
n- 00

If the inequality If(x) - f"(x)I < c holds for every x in [a, b], then we have
J .b 1 f(x) - f" (x)12 dx < e2(b - a). Therefore, uniform convergence of {f.} to f
on [a, b] implies mean convergence, provided that each fn is Riemann-integrable
on [a, b]. A rather surprising fact is that convergence in the mean need not imply
pointwise convergence at any point of the interval. This can be seen as follows:
For each integer n Z 0, subdivide the interval [0, 1] into 2" equal subintervals
and let 2-1k denote that subinterval whose right endpoint is (k + 1)/2", where
k = 0, 1, 2, ... , 2" - 1. This yields a collection {11, I2, ... } of subintervals of
[0, 1], of which the first few are:

11 = [0, 11, 12 = [0, 1], 13 = [11 1],

14 = [0, 1], 15 = [11 +], 16 =

and so forth. Define fn on [0, 1] as follows :

f"(x) _ 1. if x e I",
0 if x e [0, 1] - In.

Then { fn} converges in the mean to 0, since $u I fn(x)12 dx is the length of In, and
this approaches 0 as n .- oo. On the other hand, for each x in [0, 1] we have

lim sup fn(x) = 1 and lim inf fn(x) = 0.
n -co n- co

[Why?] Hence, {fn(x)} does not converge for any x in [0, 1].

The next t-heorem illustrates the importance of mean convergence.
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Theorem 9.18. Assume that l.i.m.,,.. fa = f on [a, b]. If g e R on [a, b], define

h(x) =
J

xf(t)g(t) dt, h.(x) = dt,
a a

if x e [a, b]. Then h -+ h uniformly on [a, b].

Proof. The proof is based on the inequality

0 < (J x If(t) - fn(t)I Ig(t)I dt)2
a I

-< (J
X If(t) - f(t)I2 dt)( f z Ig(t)12 dt), (12)/

which is a direct application of the Cauchy-Schwarz inequality for integrals. (See
Exercise 7.16 for the statement of the Cauchy-Schwarz inequality and a sketch of
its proof.) Given E > 0, we can choose N so that n > N implies

Sat' If(t) - ff(t)12 dt (13)

where A = 1 + f .b I g(t)12 dt. Substituting (13) in (12), we find that n > N implies
0 < I h(x) - h (x)I < e for every x in [a, b].

This theorem is particularly useful in the theory of Fourier series. (See Theorem
11.16.) The following generalization is also of interest.

Theorem 9.19. Assume that l.i.m.,,y,, fa = f and l.i.m.a.. ga = g on [a, b].
Define

h(x) =
$Xf(t)g(t)

dt, h(x) =
J

fn(t)g(t) dt,
a

if x e [a, b]. Then h - h uniformly on [a, b].

Proof. We have

ha(x) - h(x) =
J

x (f - fn)(g - gn) dt
a

+
($Xfg

dt -
$Xfg

d) +

(JXfg
t 1 .n dt -

$Xfg
d//

Applying the Cauchy-Schwarz inequality, we can write

0<(fxIf-f.1Ig-galdt)2
<(JabIf-f.12dtX fIg-gn12dt).a

'a

The proof is now an easy consequence of Theorem 9.18.

J l
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9.14 POWER SERIES

An infinite series of the form

written more briefly as

00

a0 + L.r a"(z - zo)",
n=1

OD

Th. 9.20

E a"(z - z0)", (14)
n=0

is called a power series in z - zo. Here z, zo, and a" (n = 0, 1, 2, ...) are complex
numbers. With every power series (14) there is associated a disk, called the disk
of convergence, such that the series converges absolutely for every z interior to
this disk and diverges for every z outside this disk. The center of the disk is at zo
and its radius is called the radius of convergence of the power series. (The radius
may be 0 or + oo in extreme cases.) The next theorem establishes the existence of
the disk of convergence and provides us with a way of calculating its radius.

Theorem 9.20. Given a power series Y_,=0 a"(z - zo)", let

A=limsup"Ia,, r= i,
A

(where r = 0 if .. = + oo and r = + oo if A = 0). Then the series converges
absolutely if Iz - zol < r and diverges if Iz - zol > r. Furthermore, the series
converges uniformly on every compact subset interior to the disk of convergence.

Proof. Applying the root test (Theorem 8.26), we have

lim sup V Ian(z - zo)"I = Iz - zol
nyao r

and hence Ea"(z - zo)" converges absolutely if Iz - zol < r and diverges if
Iz - zol>r.

To prove the second assertion, we simply observe that if T is a compact subset
of the disk of convergence, there is a point p in T such that z e T implies

Iz-zol<Ip-zol<r.
Hence, la"(z - zo)nl < Ia"(p - zo)"I for each z in T, and the Weierstrass M-test
is applicable.

NOTE. If the limit lim"y., l ala"+ 11 exists (or if this limit is + 00), its value is also
equal to the radius of convergence of (14). (See Exercise 9.30.)

Example 1. The two series F,,'=o z" and z"/n2 have the same radius of convergence,
namely, r = 1. - On the boundary of the disk of convergence, the first converges nowhere,
the second converges everywhere.
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Example 2. The series Y_n 1 z"ln has radius of convergence r = 1, but it does not con-
verge at z = 1. However, it does converge everywhere else on the boundary because of
Dirichlet's test (Theorem 8.28).

These examples illustrate why Theorem 9.20 makes no assertion about the be-
havior of a power series on the boundary of the disk of convergence.

Theorem 9.21. Assume that the power series Y_,'= 0 a"(z - zo)" converges for each
z in B(zo; r). Then the function f defined by the equation

00

f(z) = an(z - zo)", if z e B(zo; r), (15)
n=0

is continuous on B(zo; r).

Proof. Since each point in B(zo; r) belongs to some compact subset of B(zo; r),
the conclusion follows at once from Theorem 9.7.

NOTE. The series in (15) is said to represent f in B(zo; r). It is also called a power
series expansion of f about zo. Functions having power series expansions are
continuous inside the disk of convergence. Much more than this is true, however.
We will later prove that such functions have derivatives of every order inside the
disk of convergence. The proof will make use of the following theorem:

Theorem 9.22. Assume that Ea"(z - zo)" converges if z e B(zo; r). Suppose that
the equation

{'
o0

J (z) = Lj an(z - zo)",
n=0

is known 'to be valid for each z in some open subset S of B(zo; r). Then, for each
point z1 in S, there exists a neighborhood B(z1; R) s S in which f has a power
series expansion of the form

where

f(z) = Ej bk(z - z1)k, (16)00
k=0

x

bk = E (ul)an(zi - z0)"-k (k = 0, 1, 2, ... ).
n=k

Proof. If z e S, we have

f(z) = E zo)" = F an(z - z1 + z1 - zo)"
H=O n=0

ao n

a"
(n)n (z - z1)k(z1 - Z0)" -k

n=0 k=o

(17)

= 1 (: c.(k),
n=0 k=0
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where

Th. 9.23

(Jn an(Z - zl)k(z, - ZO)"-k, if k <_ n,
cn(k) _ k)

to, if k > n.

Now choose R so that B(zl ; R) c S and assume that z e B(zl ; R). Then the
iterated series En o Ek 0 cn(k) converges absolutely, since

00 00 00 00

E E Icn(k)I = E lanl(Iz - zll + Izl - zol)n = E Ianl(z2 - Zn)", (18)
n=0 k=0 n=0 n=0

where
z2 = zo + Iz - zll + lzl - zol.

But
Iz2-z01 <R+1z, -zol <r,

and hence the series in (18) converges. Therefore, by Theorem 8.43, we can inter-
change the order of summation to obtain

00 00 00 00

f(z) = E E c .(k) = E E (n ) an(z - z1)k(z1 - Z0)"-k

k=0 n=0 k=0 n=k k
00

E bk(z - Z1)k,
k=0

where bk is given by (17). This completes the proof.

NOTE. In the course of the proof we have shown that we may use any R > 0 that
satisfies the condition

B(z1; R) S S. (19)

Theorem 9.23. Assume that Ean(z - zo)" converges for each z in B(zo; r). Then
the function f defined by the equation

f(z) = E an(z - zo)", if z e B(zo; r), (20)00
n=0

has a derivative f'(z) for each z in B(zo; r), given by

f'(z) _ zo)"-1

n=1

NOTE. The series in (20) and (21) have the same radius of convergence.

(21)

Proof. Assume that z1 a B(zo; r) and expand fin a power series about z1, as
indicated in (16). Then, if z e B(z1; R), z z1, we have

z z
Co

f( ) - f( 1) = b1 + E bk+l(z - Z1)k.
Z - Z1 k=1

(22)
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By continuity, the right member of (22) tends to b, as z -+ z,. Hence, f'(zl) exists
and equals b,. Using (17) to compute b,, we find

00

b, _ E na"(z, - zo)"-'

n=1

Since z, is an arbitrary point of B(zo; r), this proves (21). The two series have the
same radius of convergence because 1 as n - oo.

NOTE. By repeated application of (21), we find that for each k = 1, 2, ... , the
derivative f(k)(z) exists in B(zo; r) and is given by the series

00
t

J (k)(Z) = E
n. an(Z - Zo)"-k. (23)

n = k (n - k)!

If we put z = zo in (23), we obtain the important formula

f(k)(Zo) = k!ak (k = 1, 2, ... ). (24)

This equation tells us that if two power series >an(z - zo)" and Ybn(z - zo)" both
represent the same function in a neighborhood B(zo; r), then a" = b" for every n.
That is, the power series expansion of a function f about a given point zo is uniquely
determined (if it exists at all), and it is given by the formula

()
f(z) = L..r f (z0) (z - z0)",

n=0 n!

valid for each z in the disk of convergence.

9.15 MULTIPLICATION OF POWER SERIES

Theorem 9.24. Given two power series expansions about the origin, say

00

f(z) = E a"z", if z c- B(0; r),

and
n=0

g(z) = E b"z", if z e B(0; R).00
n=0

Then

where

the product f(z)g(z) is given by the power series

f(z)g(z) _ E CnZn,00
n=0

nnCn = ` akbn-k

if z E B(0; r) n B(0; R),

(n = 0, 1, 2, ... ).
k=0
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Proof. The Cauchy product of the two given series is

OD 00

akz
k bn-kzn-k n

E CnZ ,

to k=0 n=0

and the conclusion follows from Theorem 8.46 (Mertens' Theorem).

NOTE. If the two series are identical, we get

Th. 9.25

00

f(z)2 = E c,z",
n=0

where cn = Ek=0 akan-k = E., +.,,=. amiam2. The symbol Lmi+m2=n indicates
that the summation is to be extended over all nonnegative integers ml and m2
whose sum is n. Similarly, for any integer p > 0, we have

AZ)" = cn(p)Z",
n=0

where

cn(p) = E ami ... amp.
mi+ +mp=n

9.16 THE SUBSTITUTION THEOREM

Theorem 9.25. Given two power series expansions about the origin, say

00

f(z) = E anz", if z e B(0; r),

and
n=0

00

g(z) = E bnz", if z e B(0; R).
n=0

If, for a fixed z in B(0; R), we have E o r, then for this z we can write

00

f[g(z)] = E CkZk,

k=0

where the coefficients ek are obtained as follows: Define the numbers bk(n) by the
equation

n

g(Z)" bkzk/ = E bk(n)zk.00

00
k 0 k=0

Then ck = En 0 anbk(n) for k = 0, 1, 2, .. .

NOTE. The series Ek 0 ckzk is the power series which arises formally by substituting
the series for g(,z) in place of z in the expansion off and then rearranging terms in
increasing powers of z.
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Proof By hypothesis, we can choose z so that Y_ 0 Ibnznl < r. For this z we have
Ig(z)I < r and hence we can write

J [9(z)] = E an9(z)n = E E anbk(n)z".
n=0 n=0 k=0

If we are allowed to interchange the order of summation, we obtain

"0 00

00

.f [9(z )] = L
I

anbk(n) zk = ckzk
,

k=O n=0 k=0

which is the statement we set out to prove. To justify the interchange, we will
establish the convergence of the series

E E lanbk(n)zkl = E Ianl E Ibk(n)Zkl. (25)
n=0 k=0 n=0 k=0

Now each number bk(n) is a finite sum of the form

bk(n) _ E bm, ... bm,,,

and hence Ibk(n)I < Y-.,+ Ibm,l ... Ibmnl On the other hand, we have

r n

(E Ibklzk) = Bk(n)Zk,
k=0 k=0

where Bk(n) = Em,+ Ibm,I ... Returning to (25), we have
00 00 eo 00 OD 00 n

E Ianl E Ibk(n)z"I < 1 Ianl E Bk(n)IZk9 = E Ian) (E Ibkzkl) ,n=0 k=0 n=0 k=0 n=0 k-0

and this establishes the convergence of (25).

9.17 RECIPROCAL OF A POWER SERIES

As an application of the substitution theorem, we will show that the reciprocal of
a power series in z is again a power series in z, provided that the constant term is
not 0.

Theorem 9.26. Assume that we have

p(Z) _ pnzn, if z E B(0; h),
n=0

where p(O) # 0. Then there exists a neighborhood B(0; S) in which the reciprocal of
p has a power series expansion of the form

1 = gnzn
p(Z) n=0

Furthermore, q0 = l /po.
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Proof. Without loss in generality we can assume that po = 1. [Why?] Then
p(O) = 1. Let P(z) = 1 + Y_ 1 (Pnz"I if z e B(0; h). By continuity, there exists
a neighborhood B(0; S) such that IP(z) - II < 1 if z e B(0; S). The conclusion
follows by applying Theorem 9.25 with

00 00

f(z) = i = E z" and g(z) = 1 - p(z) = E paz"1
z

9.18 REAL POWER SERIES

If x, x0, and a" are real numbers, the series Y_a"(x - x0)" is called a real power
series. Its disk of convergence intersects the real axis in an interval (xo - r, x0 + r)
called the interval of convergence.

Each real power series defines a real-valued sum function whose value at each
x in the interval of convergence is given by

f(x) = L an(x - x0)".
n=0

The series is said to represent f in the interval of convergence, and it is called a
power-series expansion off about x0.

Two problems concern us here:

1) Given the series, to find properties of the sum function f.
2) Given a function f, to find whether or not it can be represented by a power

series.

It turns out that only rather special functions possess power-series expansions.
Nevertheless, the class of such functions includes a large number of examples that
arise in practice, so their study is of great importance.

Question (1) is answered by the theorems we have already proved for complex
power series. A power series converges absolutely for each x in the open subinterval
(xo - r, x0 + r) of convergence, and it converges uniformly on every compact
subset of this interval. Since each term of the power series is continuous on R, the
sum function f is continuous on every compact subset of the interval of convergence
and hence f is continuous on (xo - r, x0 + r).

Because of uniform convergence, Theorem 9.9 tells us that we can integrate a
power series term by term on every compact subinterval inside the interval of con-
vergence. Thus, for every x in (x0 - r, x0 + r) we have

S

x x 00

+E (x - x0)nf(t) dt = a"
J

(t - X0)" dt = a

xo o n=0 x0 n=0 n + 1

The integrated series has the same radius of convergence.
The sum function has derivatives of every order in the interval of convergence

and they can be obtained by differentiating the series term by term. Moreover,
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f (")(x0) = n !an so the sum function is represented by the power series

f(x) = E f(")(Xo) (X - Xo)".
n=o n!
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(26)

We turn now to question (2). Suppose we are given a real-valued function f
defined on some open interval (xo - r, x0 + r), and suppose f has derivatives of
every order in this interval. Then we can certainly form the power series on the
right of (26). Does this series converge for any x besides x = x0? If so, is its sum
equal to f(x)?, In general, the answer to both questions is "No." (See Exercise
9.33 for a counter example.) A necessary and sufficient condition for answering
both questions in the affirmative is given in the next section with the help of
Taylor's formula (Theorem 5.19.)

9.19 THE TAYLOR'S SERIES GENERATED BY A FUNCTION

Definition 9.27. Let f be a real-valued function defined on an interval I in R. If f has
derivatives of every order at each point of I, we write f e C°° on I.

If f e C°° on some neighborhood of a point c, the power series

n=o n!

00 (n)(CEf )
(x-c)",

is called the Taylor's series about c generated by f To indicate that f generates
this series, we write

(n)

f(x) ~ : f (x - c)".
n!

TheThe question we are interested in is this: When can we replace the symbol - by
the symbol = ? Taylor's formula states that if f e C°° on the closed interval [a, b]
and if c e [a, b], then, for every x in [a, b] and for every n, we have

f(x) = E f k( X - C)" + f (nn X ') (x - c)", (27)

where x, is some point between x and c. The point x, depends on x, c, and on n.
Hence a necessary and sufficient condition for the Taylor's series to converge to
f(x) is that

(n)

lim f i (x - c)" = 0.
n_00 n!

(28)

In practice it may be quite difficult to deal with this limit because of the unknown
position of x, : In some cases, however, a suitable upper bound can be obtained
for f (")(x,) and the limit can be shown to be zero. Since An/n! -+ 0 as n -+ oc for
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all A, equation (28) will certainly hold if there is a positive, constant M such that
If(n)(x)I

<_
Mn,

for all x in [a, b]. In other words, the Taylor's series of a function f converges if
the nth derivative f (") grows no faster than the nth power of some positive number.
This is stated more formally in the next theorem.

Theorem 9.28. Assume that f E C°° on [a, b] and let c e [a, b]. Assume that there
is a neighborhood B(c) and a constant M (which might depend on c) such that
If(x) I < M" for every x in B(c) n [a, b] and every n = 1, 2, ... Then, for
each x in B(c) n [a, b], we have

f(x) = E f () (x - c)".00
n=0 n!

9.20 BERNSTEIN'S THEOREM

Another sufficient condition for convergence of the Taylor's series off, formulated
by S. Bernstein, will be proved in this section. To simplify the proof we first obtain
another form of Taylor's formula in which the error term is expressed as an
integral.

Theorem 9.29. Assume f has a continuous derivative of order n + 1 in some open
interval I containing c, and define E"(x) for x in I by the equation

(k) C
(x)) = F f () (x - )k + Ef( (29)" .x c

k=0 k!

Then E"(x) is also given by the integral

E"(x) = 1 x (x - t)n f(n+1)(t) dt. (30)
n! J

Proof The proof is by induction on n. For n = I we have

E1(x) = f(x) - f(c) - f'(c)(x - c) = J x [f '(t) - f '(c)] dt = f x u(t) dv(t),

where u(t) = f'(t) - f'(c) and v(t) = t - x. Integration by parts gives

u(t) dv(t) = u(x)v(x) - u(c)v(c) - fCX v(t) du(t) = fCX (x - t)f "(t) dt.

This proves (30) for n = 1. Now we assume (30) is true for n and prove it for
n + 1. From (29) we have

(n+1) C

En+1(x) = En(x) - ( +
1)!

(x - c)"+1
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We write E"(x) as an integral and note that (x - c)"' = (n + 1) fx (x - t)" dt
to obtain

En+1(x) =
I

J
x (x - t)"f("+1)(t) dt - f("+1)(c ('x (x - t)" dt

n. n!

= 1 f (x - t)" [f + 1)(t) - f("+1)(c)] dt = 1 Ix u(t) dv(t),
n

where u(t) = f("+ 1)(t) - f(n+1)(c) and v(t) _ -(x - t)"+1/(n + 1). Integration
by parts gives us

E.+ 1(x)
n! J v(t) du(t) (n + 1)!

fx (x - t)"+1 f("+2)(t) A

This proves (30).

NOTE. The change of variable t = x + (c - x)u transforms the integral in (30)
to the form

-c"+1 1

E"(x) _ (x ) unf("+1)[x + (c - x)u] du. (31)
n! o

Theorem 9.30 (Bernstein). Assume f and all its derivatives are nonnegative on a
compact interval [b, b + r]. Then, if b < x < b + r, the Taylor's series

f (k) !

(x - b)k ,
k=o k!

converges to fix).

Proof. By a translation we can assume b = 0. The result is trivial if x = 0 so
we assume 0 < x < r. We use Taylor's formula with remainder and write

f(x) = E f(k) (o)
xk + E"(x). (32)

k=o k!

We will prove that the error term satisfies the inequalities
x +1

0 < f(r).
r

This implies that E"(x) - 0 as n -+ oo since (x/r)"+1 -, 0 if 0 < x < r.
To prove (33) we use (31) with c = 0 and find

x"+1
E"(x) =

fo,
u"f ("+ 1)(x - xu) du,

n!

for each x in [0, r]. If x # 0, let
(`

F"(x) = .s- 1 = 1 1 1 unf("+ 1)(x - xu) du.
x n! o l

(33)
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The function f(n+1) is monotonic increasing on [0, r] since its derivative is non-
negative. Therefore we have

f(n+1)(X - xu) = f(n+1)[x(1 - u)] < f(n+1)[r(1 - u)],
if 0 5 u < 1, and this implies F"(x) < F,(r) if 0 < x < r. In other words,

En(x)lx"+1 < En(r)lrn+1, or

E"(x) < X
+1

E"(r). (34)
r

Putting x = r in (32), we see that En(r) < f(r) since each term in the sum is
nonnegative. Using this in (34), we obtain (33) which, in turn, completes the proof.

9.21 THE BINOMIAL SERIES

As an example illustrating the use of Bernstein's theorem, we will obtain the fol-
lowing expansion, known as the binomial series:

00

(1 + x)° = E
Ca

x", if -1 < x < 1, (35)
n=0 n/

where a is an arbitrary real number and a(a - 1) . (a - n + 1)ln!.
Bernstein's theorem is not directly applicable in this case. However we can argue
as follows : Let f (x) = (1 - x) - `, where c > 0 and x < 1. Then

f (")(x) = c(c + 1) (c + n - 1)(1 - X)-",

and hence f (")(x) 0 for each n, provided that x < 1. Applying Bernstein's
theorem with b = -1 and r = 2 we find that f (x) has a power series expansion
about the point b = -1, convergent for -1 < x < 1. Therefore, by Theorem
9.22, f (x) also has a power series expansion about 0, f (x) = Ek ° f (k)(0)xklk!,
convergent for -1 < x < 1. But f (k)(0) 1)k k!, so

_ ( l(- 1)kxk, if -1 < x < 1.
(1 1 x)` k = ° \k c)

Replacing c by -a and x by -x in (36) we find that (35) is valid for each a < 0.
But now (35) can be extended to all real a by successive integration.

Of course, if a is a positive integer, say a = m, then 0 for n > m, and
(35) reduces to a finite sum (the Binomial Theorem).

9.22 ABEL'S LIMIT THEOREM

If -1 < x < 1, integration of the geometric series



Th. 9.31 Abel's Limit Theorem

gives us the series expansion
00

log (1 - x) = - E
xn

n=1 n

245

(37)

also valid for -1 < x < 1. If we put x = -1 in the righthand side of (37), we
obtain a convergent alternating series, namely, E(- 1)n+1/n. Can we also put
x = -1 in the lefthand side of (37)? The next theorem answers this question in
the affirmative.

Theorem 9.31 (Abel's limit theorem). Assume that we have

00

f(x) = E anx", if -r < x < r. (38)
n=0

If the series also converges at x = r, then the limit f(x) exists and we have

00lim f(x) = E anr".
x-4r- n=0

Proof. For simplicity, assume that r = 1 (this amounts to a change in scale).
Then we are given that f(x) = Y_anx" for -1 < x < 1 and that Y_a. converges.
Let us write f(1) = E,01 0 an. We are to prove that limx..1- f(x) = f(l), or, in
other words, that f is continuous from the left at x = 1.

If we multiply the series for f(x) by the geometric series and use Theorem
9.24, we find

00 n

1 f(x) = E cnx", where cn = E ak.1 - x n-0 k=0

Hence we have
CO

f(x) - f(1) = (1 - x) E [cn - ff(1)]x
n=0

if -I < x < 1. (39)

By hypothesis, limn cn = f(1). Therefore, given s > 0, we can find N such that
n >- N implies Icn - f(1)1 < s/2. If we split the sum (39) into two parts, we get

N-1 00

.f(x) - .f(1) x) 1: [cn - .f(1)]x" + (1 - x) 1: [cn - ff(1)]xn (40)
n=0 n=N

Let M denote the largest of the N numbers Icn - f(1)1, n = 0, 1, 2, ... , N - 1.
If 0 < x < 1, (40) gives us

00

11(x)-1(1)1 :5 (1-x)NM+(1-x)8EXn
2 n=N

N

(1 -x)NM+(1 - x) --x <(1 -x)NM+2.
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Now let 6 = e/2NM. Then 0 < 1 - x < 6 implies If(x) - f(1)l < e, which
means lima- 1 - f(x) = f(1). This completes the proof.

Example. We may put x = -1 in (37) to obtain

00log 2 =
1)n+

n=1 n

(See Exercise 8.18 for another derivation of this formula.)

As an application of Abel's theorem we can derive the following result on
multiplication of series:

Theorem 9.32. Let F,,'=0 a" and F,.'=0 bn be two convergent series and let Y-,'=0 c"
denote their Cauchy product. If En 0 cn converges, we have

NOTE. This result is similar to Theorem 8.46 except that we do not assume absolute
convergence of either of the two given series. However, we do assume convergence
of their Cauchy product.

Proof. The two power series and Eb,,.e both converge for x = 1, and hence
they converge in the neighborhood B(0; 1). Keep IxI < I and write

G r00

CnXn = (E a,
n=0 "=0

using Theorem 9.24. Now let x --+ 1- and apply Abel's theorem.

9.23 TAUBER'S THEOREM

The converse of Abel's limit theorem is false in general. That is, if f is given by
(38), the limit f(r-) may exist but yet the series Fanr" may fail to converge. For
example, take an = (-1)". Then f(x) = 1/(1 + x) if -1 < x < 1 and f(x) -+ I
as x - 1-. However, F,(-1)" diverges. A. Tauber (1897) discovered that by
placing further restrictions on the coefficients an, one can obtain a converse to
Abel's theorem. A large number of such results are now known and they are
referred to as Tauberian theorems. The simplest of these, sometimes called Tauber's
first theorem, is the following:

Theorem 9.33 (Tauber). Let f(x) = Y_ 0 anx" for -1 < x < 1, and assume that
limn. nan = 0. If f(x) - S as x - 1-, then E 0 a" converges and has sum S.

Proof Let nan = Fk=o klakl Then an - 0 as n --> oo. (See Note following
Theorem 8.48) Also, lim,, f(xn) = S if x,, = 1 - 1/n. Hence, given c > 0,
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we can choose N so that n >- N implies

IJ (xn) - SI <
3

, an < 3 , nlanl < 3

Now let sn = Ek=0 ak. Then, for -1 < x < 1, we can write
n 00

Sn - S =
f (X)

- S + E a,(1 - xk) - E akxk.
k=0 k=n+1

Now keep x in (0, 1). Then

(1 - xk)= (1 -x)(1 +x+ +x"`-1) <-k(1 -x),
for each k. Therefore, if n >- N and 0 < x < 1, we have

247

Isn - SI <- I.f(x) - SI + (1 - x) klakl +
s

k=o 3n(1 - x)

Taking x = xn = 1 - 1/n, we find Isn - SI < s/3 + E/3 + E/3 = s. This com-
pletes the proof.

NOTE. See Exercise 9.37 for another Tauberian theorem.

EXERCISES

Uniform convergence

9.1 Assume that fn - f uniformly on S and that each fn is bounded on S. Prove that
{fn } is uniformly bounded on S.

9.2 Define two sequences {fn} and {gn} as follows:

fn(x) = x 1 +
1
1 ifxeR, n = 1, 2,...,
n

I if x = 0 or if x is irrational,
gn(x) =

n

b + n if x is rational, say x = a
, b > 0.

Let hn(x) = fn(x)gn(x)
a) Prove that both {fn } and (gn ) converge uniformly on every bounded interval.

b) Prove that {hn } does not converge uniformly on any bounded interval.

9.3 Assume that fn - f uniformly on S, gn - g uniformly on S.

a) Prove that fn + gn - f + g uniformly on S.
b) Let hn(x) = fn(x)gn(x), h(x) = f(x)g(x), if x e S. Exercise 9.2 shows that the

assertion hn -+ h uniformly on S is, in general, incorrect. Prove that it is correct
if each f and each gn is bounded on S.
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9.4 Assume that f" -+ f uniformly on S and suppose there is a constant M > 0 such
that I f(x)1 < M for all x in S and all n. Let g be continuous on the closure of the disk
B (O; M) and define h"(x) = g [ f"(x) ], h(x) = g [ f(x) J, if x e S. Prove that h" - h
uniformly on S.

9.5 a) Let f"(x) = 1/(nx + 1) if 0 < x < 1, n = 1, 2, ... Prove that {f"} converges
pointwise but not uniformly on (0, 1).

b) Let g"(x) = x/(nx + 1) if 0 < x < 1, n = 1, 2,... Prove that g" -+ 0 uni-
formly on (0, 1).

9.6 Let f"(x) = x". The sequence f f.} converges pointwise but not uniformly on [0, 1 ].
Let g be continuous on [0, 1 ] with g(l) = 0. Prove that the sequence {g(x)x"} converges
uniformly on [0, 1 ].

9.7 Assume that f" - f uniformly on S, and that each f" is continuous on S. If x e S,
let {x"} be a sequence of points in S such that x" - x. Prove that f"(x") - fix).
9.8 Let {f"} be a sequence of continuous functions defined on a compact set S and

assume that {f"} converges pointwise on S to a limit function f. Prove that f" - f uni-
formly on S if, and only if, the following two conditions hold:

i) The limit function f is continuous on S.

ii) For every e > 0, there exists an m > 0 and a S > 0 such that n > m and
I f k ( x ) - f (x)I < 8 implies I fk+"(x) - f (x)I < e f o r all x in S and all k = 1, 2, .. .

Hint. To prove the sufficiency of (i) and (ii), show that for each xo in S there is a neigh-
borhood B(xo) and an integer k (depending on xo) such that

Ifk(x) - f(x)I < 6 if x e B(xo).

By compactness, a finite set of integers, say A = {k1,..., kr}, has the property that, for
each x in S, some k in A satisfies I fk(x) - f(x)I < 6. Uniform convergence is an easy
consequence of this fact.

9.9 a) Use Exercise 9.8 to prove the following theorem of Dini : If {f} is a sequence of
real-valued continuous functions converging pointwise to a continuous limit function
f on a compact set S, and if f"(x) >_ f"+ 1(x) for each x in S andevery n = 1, 2, ... ,
then f" -+ f uniformly on S.

b) Use the sequence in Exercise 9.5(a) to show that compactness of S is essential in
Dini's theorem.

9.10 Let f"(x) = n`x(1 - x2)" for x real and n >- 1. Prove that {f"} converges pointwise
on [0, 1 ] for every real c. Determine those c for which the convergence is uniform on
[0, 1 ] and those for which term-by-term integration on [0, 1 ] leads to a correct result.

9.11 Prove that Ex"(1 - x) converges pointwise but not uniformly on [0, 11, whereas
F_(-1)"x"(1 - x) converges uniformly on 10, 1 ]. This illustrates that uniform convergence
of E f"(x) along with pointwise convergence of FI f"(x)I does not necessarily imply uniform
convergence of EI f"(x)I.

9.12 Assume that gnt 1(x) 5 g"(x) for each x in T and each n = 1, 2, ... , and suppose
that g" - 0 uniformly on T. Prove that F_(-1)n+1g"(x) converges uniformly on T.

9.13 Prove Abel's test for uniform convergence: Let {g"} be a sequence of real-valued
functions such that g"+1(x) < g"(x) for each x in T and for every n = 1, 2, ... If {g"}
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is uniformly bounded on T and if E fn(x) converges uniformly on T, then E fn(x)gn(x)
also converges uniformly on T.

9.14 Let fn(x) = x/(1 + nx2) if x E R, n = 1, 2.... Find the limit function f of the
sequence { fn } and the limit function g of the sequence ff.).

a) Prove that f'(x) exists for every x but that f'(0) 0 g(0). For what values of x is
f'(x) = g(x)?

b) In what subintervals of R does fn - f uniformly?

c) In what subintervals of R does f,' g uniformly?

9.15 Let fn(x) = (1/n)e_n2x2 if x e R, n = 1, 2,... Prove that fn - 0 uniformly on R,
that f - 0 pointwise on R, but that the convergence of { f } is not uniform on any interval
containing the origin.

9.16 Let { fn} be a sequence of real-valued continuous functions defined on [0, 1 ] and
assume that fn f uniformly on [0, 11. Prove or disprove

urn
fo

1-1/n
fn(x) dx f (x) A.

o

9.17 Mathematicians from Slobbovia decided that the Riemann integral was too compli-
cated so they replaced it by the Slobbovian integral, defined as follows: If f is a function
defined on the set Q of rational numbers in [0, 1 ], the Slobbovian integral of f, denoted
by S(f), is defined to be the limit

1
n n)

,.,o n k=1 n

whenever this limit exists. Let {fn) be a sequence of functions such that S(fn) exists for
each n and such that fn - f uniformly on Q. Prove that {S(fn)} converges, that S(f)
exists, and that S(fn) - S(f) as n oo.

9.18 Let fn(x) = 1/(1 + n2x2) if 0 < x <- 1, n = 1, 2,... Prove that {J.) converges
pointwise but not uniformly on [0, 1 ]. Is term-by-term integration permissible?

9.19 Prove that En 1 x/na(1 + nx2) converges uniformly on every finite interval in R
if a > 1. Is the convergence uniform on R?

9.20 Prove that the series ER 1 sin (1 + (x/n)) converges uniformly on every
compact subset of R.

9.21 Prove that the series Y _,'=o (x2"+1/(2n + 1) - x"+1/(2n + 2)) converges pointwise
but not uniformly on [0, 1 ].

9.22 Prove that En 1 an sin nx and F_,'=1 a,, cos nx are uniformly convergent on R if
En 1 la"I converges.

9.23 Let (an) be a decreasing sequence of positive terms. Prove that the series Ean sin nx
converges uniformly on R if, and only if, nan -' 0 as n - oo.

9.24 Given a convergent series F_', an. Prove that the Dirichlet series En 1
ann-s

converges uniformly on the half-infinite interval 0 - s < + oo. Use this to prove that
ao -s o0

limn ..o+ En=1 ann = n=1 an.



9.25 Prove that the series C(s) = n_S
converges uniformly on every half-infinite

interval 1 + h < s < + oo, where h > 0. Show that the equation

log n
CI(S) n,

n=1

is valid for each s > 1 and obtain a similar formula for the kth derivative Cmkl(s).

Mean convergence

9.26 Let f"(x) = n312xe-"Zx2. Prove that If,,) converges pointwise to 0 on [ -1, I] but
that I.i.m."y. f" 7,- 0 on [-1, 1 ].

9.27 Assume that {f"} converges pointwise to f on [a, b] and that l.i.m.n-oo f" = g on
[a, b]. Prove that f = g if both f and g are continuous on [a, b].

9.28 Let f"(x) = cos" x if 0 < x 5 jr.

a) Prove that l.i.m.n-. fn = 0 on [0, 7r] but that { f"(ir) } does not converge.
b) Prove that ff.) converges pointwise but not uniformly on [0, 7r/2).

9.29 Let f (x) = 0 if 0 < x < lln or if 2/n < x < 1, and let f"(x) = n if 1/n < x < 2/n.
Prove that {f.} converges pointwise to 0 on [0, 1 ] but that f" 76 0 on [0, 1 ].

Power series

9.30 If r is the radius of convergence of Ya"(z - zo)", where each an : 0, show that

lim inf
"-00

an

an+ 1
< r 5 lim sup

n-ao

an

an+1

9.31 Given that the power series Fn '=0 anz" has radius of convergence 2. Find the radius
of convergence of each of the following series :

00

00

a) akz", b) azkn c) E az"2

"=0 n=0 n=0

In (a) and (b), k is a fixed positive integer.

9.32 Given a power series F_o whose coefficients are related by an equation of the
form

a " + Aa"_1 + Ba"_2 = 0 (n = 2, 3, ... ).

Show that for any x for which the series converges, its sum is

ao + (a1 + Aao)x
1 + Ax + Bx2

9.33 Let f(x) = e- /_V2 if x 7 0, f(0) = 0.
a) Show that f()(0) exists for all n > 1.
b) Show that the Taylor's series about 0 generated by f converges everywhere on R

but that it represents f only at the origin.
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9.34 Show that the binomial series 1 + x)' = Y( n°°=0 () x" exhibits the following be-
havior at the points x = ± 1. n

a) If x = -1, the series converges for a >_ 0 and diverges for a < 0.
b) If x = 1, the series diverges for a < - 1, converges conditionally for a in the

interval -1 < a < 0, and converges absolutely for a >_ 0.

9.35 Show that Eanx" converges uniformly on [0, 1 ] if Lan converges. Use this fact to
give another proof of Abel's limit theorem.

9.36 If each an > 0 and if F_an diverges, show that Ea,,x" + oo as x 1- . (Assume
Eanx" converges for jxI < 1.)

9.37 If each an >- 0 and if limx.,1_ Y_anx" exists and equals A, prove that Lan converges
and has sum A. (Compare with Theorem 9.33.)

9.38 For each real t, define f ,(x) = xe" t/(ex - 1) if x e R, x t- 0, f'(0) = 1.
a) Show that there is a disk B(0; b) in which f is represented by a power series in x.
b) Define Po(t), P1(t), P2(t), ... , by the equation

A(x)= ifxeB(0;6),
n=0

and use the identity
w x oo x"E PP(t) , = et: E P.(0)

n_o n. n=0 n.

to rove that P t n
p () = Ek=o

k
Pk(0)t"`,t. This shows that each function P. is a

polynomial. These are the Bernoulli polynomials. The numbers B. = P.(0)
(n = 0, 1, 2, ...) are called the Bernoulli numbers. Derive the following further
properties :

n-1

C) Bo = 1, B1 1 k) B k = 0, if n = 2, 3, .. .
k=o `

d) P (t) = n = 1, 2, .. .
e) Pn(t + 1) - PP(t) = nt' if n = 1, 2, .. .
f)Pn(1-t)_(-1)"Pp(t) g)B2n+1=0 ifn=1,2,...

h) In + 2" + ... + (k - 1)" = Pn+1(k) - Pn+1(0) (n = 2, 3, ...).
n + 1
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CHAPTER 10

THE LEBESGUE INTEGRAL

10.1 INTRODUCTION

The Riemann integral f a f(x) dx, as developed in Chapter 7, is well motivated,
simple to describe, and serves all the needs of elementary calculus. However, this
integral does not meet all the requirements of advanced analysis. An extension,
called the Lebesgue integral, is discussed in this chapter. It permits more general
functions as integrands, it treats bounded and unbounded functions simultaneously,
and it enables us to replace the interval [a, b] by more general sets.

The Lebesgue integral also gives more satisfying convergence theorems. If a
sequence of functions { fa} converges pointwise to a limit function f on [a, b], it
is desirable to conclude that

blim f b f(x) dx
rroo a Ja

with a minimum of additional hypotheses. The definitive result of this type is
Lebesgue's dominated convergence theorem, which permits term-by-term integra-
tion if each {f.} is Lebesgue-integrable and if the sequence is dominated by a
Lebesgue-integrable function. (See Theorem 10.27.) Here Lebesgue integrals are
essential. The theorem is false for Riemann integrals.

In Riemann's approach the interval of integration is subdivided into a finite
number of subintervals. In Lebesgue's approach the interval is subdivided into
more general types of sets called measurable sets. In a classic memoir, Integrale,
Iongueur, aire, published in 1902, Lebesgue gave a definition of measure for point
sets and applied this to develop his new integral.

Since Lebesgue's early work, both measure theory and integration theory have
undergone many generalizations and modifications. The work of Young, Daniell,
Riesz, Stone, and others has shown that the Lebesgue integral can be introduced
by a method which does not depend on measure theory but which focuses directly
on functions and their integrals. This chapter follows this approach, as outlined
in Reference 10.10. The only concept required from measure theory is sets of
measure zero, a simple idea introduced in Chapter 7. Later, we indicate briefly
how measure theory can be developed with the help of the Lebesgue integral.

252
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10.2 THE INTEGRAL OF A STEP FUNCTION

The approach used here is to define the integral first for step functions, then for a
larger class (called upper functions) which contains limits of certain increasing
sequences of step functions, and finally for an even larger class, the Lebesgue-
integrable functions.

We recall that a function s, defined on a compact interval [a, b], is called a
step function if there is a partition P = {x0, x1, ... , of [a, b] such that s is
constant on every open subinterval, say

s(x) = Ck 'f X E (xk_1, Xk).

A step function is Riemann-integrable on each subinterval [xk_1, xk] and its
integral over this subinterval is given by

xk

s(x) dx = Ck(Xk - Xk _ 1),
xk-I

regardless of the values of s at the endpoints. The Riemann integral of s over
[a, b] is therefore equal to the sum

b

s(x) dx = E Ck(Xk - Xk-1)
n k=1

(1)

NOTE. Lebesgue theory can be developed without prior knowledge of Riemann
integration by using equation (1) as the definition of the integral of a step function.
It should be noted that the sum in (1) is independent of the choice of P as long as s
is constant on the open subintervals of P.

It is convenient to remove the restriction that the domain of a step function be
compact.

Definition 10.1. Let I denote a general interval (bounded, unbounded, open, closed,
or half-open). A function s is called a step function on I if there is a compact
subinterval [a, b] of I such that s is a step function on [a, b] and s(x) = 0
if x e I - [a, b]. The integral of s over 1, denoted by f, s(x) dx or by f 'r s, is defined
to be the integral of s over [a, b], as given by (1).

There are, of course, many compact intervals [a, b] outside of which s vanishes,
but the integral of s is independent of the choice of [a, b].

The sum and product of two step functions is also a step function. The follow-
ing properties of the integral for step functions are easily deduced from the fore-
going definition:

Jr (s + t) = fr s + fI t, fr cs = c fr s for every constant c,

Is < ft if s(x) < t(x) for all x in 1.
r r
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Also, if I is expressed as the union of a finite set of subintervals, say
I = UP=

1
[a,., b,], where no two subintervals have interior points in common, then

SI

P br

s(x) dx = f s(x) dx.
r=1 ar

10.3 MONOTONIC SEQUENCES OF STEP FUNCTIONS

A sequence of real-valued functions { fn} defined on a set S is said to be increasing
on S if

fn(x) 5fn+1(x) for all xin Sandalln.

A decreasing sequence is one satisfying the reverse inequality.

NOTE. We remind the reader that a subset T of R is said to be of measure 0 if,
for every s > 0, T can be covered by a countable collection of intervals, the sum
of whose lengths is less than e. A property is said to hold almost everywhere on a
set S (written : a.e. on S) if it holds everywhere on S except for a set of measure 0.

NOTATION. If If,} is an increasing sequence of functions on S such that f -> f
almost everywhere on S, we indicate this by writing

fn f a.e. on S.

Similarly, the notation fn ' f a.e. on S means that {f.} is a decreasing sequence
on S which converges to f almost everywhere on S.

The next theorem is concerned with decreasing sequences of step functions on
a general interval I.

Theorem 10.2. Let {sn} be a decreasing sequence of nonnegative step functions such
that sn N 0 a.e. on an interval I. Then

lim f S. = 0.
n- oo r

Proof. The idea of the proof is to write

Sn =
fA

Sn

SBSI

where each of A and B is a finite union of intervals. The set A is chosen so that
in its intervals the integrand is small if n is sufficiently large. In B the integrand
need not be small but the sum of the lengths of its intervals will be small. To carry
out this idea we proceed as follows.

There is a compact interval [a, b] outside of which sl vanishes. Since

0 < sn(x) < s1(x) for all x in I,

each s,, vanishes outside [a, b]. Now sn is constant on each open subinterval of

S"
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some partition of [a, b]. Let D. denote the set of endpoints of these subintervals,
and let D = Un

1 D. Since each D. is a finite set, the union D is countable and
therefore has measure 0. Let E denote the set of points in [a, b] at which the
sequence {sn} does not converge to 0. By hypothesis, E has measure 0 so the set

F=DVE
also has measure 0. Therefore, if E > 0 is given we can cover F by a countable
collection of open intervals F1, F2, . . . , the sum of whose lengths is less than E.

Now suppose x e [a, b] - F. Then x E, so sn(x) --* 0 as n -> oo. Therefore
there is an integer N = N(x) such that sN(x) < E. Also, x 0 D so x is interior to
some interval of constancy of sN. Hence there is an open interval B(x) such that
sN(t) < E for all t in B(x). Since {sn} is decreasing, we also have

sn(t) < E for all n > N and all t in B(x). (2)

The set of all intervals B(x) obtained as x ranges through [a, b] - F, together
with the intervals F1, F2, . . . , form an open covering of [a, b]. Since [a, b] is
compact there is a finite subcover, say

P 9

[a, b] U B(xi) u U F,.
i=1 r=1

Let N o denote the largest of the integers N(x1), ... , N(xp). From (2) we see that
P

sn(t) < E for all n > No and all tin U B(xi). (3)
i=1

Now define A and B as follows :

9

B= U Fr, A=[a,b]-B.
r=1

Then A is a finite union of disjoint intervals and we have
Sn=fb

Sn=J Sn+fD Sn.
I A

F irst we estimate the integral over B. Let M be an upper bound for s1 on [a, b].
Since {sn} is decreasing, we have sn(x) < s1(x) < M for all x in [a, b]. The sum
of the lengths of the intervals in B is less than e, so we have

SB

S. < ME.

Next we estimate the integral over A. Since A s U° 1 B(xi), the inequality
in (3) shows that sn(x) < e if x e A and n -> No. The sum of the lengths of the
intervals in A does not exceed b - a, so we have the estimate

r sn<(b-a)e ifn - No.
A
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The two estimates together give us 11 s,, < (M + b - a)e if n > No, and this
shows that limn- ,, 1, s = 0.

Theorem 10.3. Let {t,,} be a sequence of step functions on an interval I such that:

a) There is a function f such that t , f a.e. on I,
and

b) the sequence {f, tn} converges.

Then for any step function t such that t(x) 5 f(x) a.e. on I, we have

f t < lim f t,,.
I n-.co I

(4)

Proof. Define a new sequence of nonnegative step functions {sn} on I as follows :

_
to

- tn(x) if t(x) > tn(x),
sn(x)

10 if t(x) <

Note that sn(x) = max {t(x) - tn(x), 0}. Now {sn} is decreasing on I since {tn} is
increasing, and sn(x) -- max {t(x) - f(x), 0} a.e. on I. But t(x) < f(x) a.e. on I,
and therefore s ,, 0 a.e. on I. Hence, by Theorem 10.2, limn., fI sn = 0. But
sn(x) >- t(x) - tn(x) for all x in I, so

f Sn > JI t - JI tn

Now let n -+ oo to obtain (4).

10.4 UPPER FUNCTIONS AND THEIR INTEGRALS

Let S(I) denote the set of all step functions on an interval I. The integral has been
defined for all functions in S(I). Now we shall extend the definition to a larger
class U(I) which contains limits of certain increasing sequences of step functions.
The functions in this class are called upper functions and they are defined as follows :

Definition 10.4. A real-valued function f defined on an interval I is called an upper
function on I, and we write f e U(I), if there exists an increasing sequence of step
functions {sn} such that

a) sn T f a.e. on 1,
and

b) limns 11 sn is finite.

The sequence {sn} is said to generate f. The integral off over I is defined by the
equation

$f=lirn$Sn. (5)
I 'n-'c° r
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NOTE. Since { f r sn} is an increasing sequence of real numbers, condition (b) is
equivalent to saying that If, is bounded above.

The next theorem shows that the definition of the integral in (5) is unambiguous.

Theorem 10.5. Assume f e U(I) and let {s} and {tm} be two sequences generating
f Then

n-'a0 m-a0 rj

S. = lim f tn,.lim f

Proof. The sequence {tm} satisfies hypotheses (a) and (b) of Theorem 10.3. Also,
for every n we have

sn(x) < f(x) a.e. on I,
so (4) gives us

II
S. < lim f tm.

m- r

Since this holds for every n, we have

n-a0 r m- 00 r
lim f S. < lim f tm.

The same argument, with the sequences {sn} and {tm) interchanged, gives the reverse
inequality and completes the proof.

It is easy to see that every step function is an upper function and that its
integral, as given by (5), is the same as that given by the earlier definition in
Section 10.2. Further properties of the integral for upper functions are described
in the next theorem.

Theorem 10.6. Assume f e U(I) and g c- U(I). Then:
a) (f + g) E U(1) and

I (f+g)=ff+f9.
r r r

b) cf e U(I) for every constant c >- 0, and

f cf= c If
rr Jr

c) f, f S 11 g if f(x) < g(x) a.e. on I.

NOTE. In part (b) the requirement c >- 0 is essential. There are examples for
which f e U(I) but -f 0 U(I). (See Exercise 10.4.) However, if fE U(I) and if
s e S(I), then f - s c- U(I) since f - s = f + (-s).
Proof. Parts (a) and (b) are easy consequences of the corresponding properties
for step functions. To prove (c), let {sm} be a sequence which generates f, and let
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{tn} be a sequence which generates g. Then sm x f and t i' g a.e. on I, and

lim f sm = r f, lim f to = f g.
m-o0 JI n-'00 I r

But for each m we have

sm(x) < f(x) < g(x) = lim tn(x) a.e. on 1.
n- 00

Hence, by Theorem 10.3,

r n-00 r r

Now, let m -> oo to obtain (c).

The next theorem describes an important consequence of part (c).

Theorem 10.7. If f E U(I) and g E U(I), and if f(x) = g(x) almost everywhere on I,
then 11f=11g.
Proof. We have both inequalities f(x) < g(x) and g(x) < f(x) almost everywhere
on I, so Theorem 10.6 (c) gives frf < f 1 g and 1, g <_ I, f

Definition 10.8. Let f and g be real-valued functions defined on I. We define
max (f, g) and min (f, g) to be the functions whose values at each x in I are equal to
max {f(x), g(x)} and min { f(x), g(x)}, respectively.

The reader can easily verify the following properties of max and min :

a) max (f, g) + min (f, g) = f + g,
b) max (f + h, g + h) = max (f, g) + h, and min (f + h, g + h) = min (f, g) + h.

Iffn , f a.e. on I, and if gn T g a.e. on I, then
c) max (fn, g,) T max (f, g) a.e. on I, and min (fn, gn) / min (f, g) a.e. on I.

Theorem 10.9. Iff E U(I) andg e U(I), then max (f, g) e U(I) and min (f g) E U(1).

Proof. Let {sn} and {tn} be sequences of step functions which generate f and g,
respectively, and let un = max (sn, tn), vn = min (sn, tn). Then un and vn are step
functions such that un I' max (f, g) and vn T min (f, g) a.e. on I.

To prove that min (f, g) E U(I), it suffices to show that the sequence {11 vn} is
bounded above. But vn = min (sn, tn) < f a.e. on I, so 11

v,, < 11 f. Therefore the
sequence {11 v,} converges. But the sequence {J, un} also converges since, by
property (a), un = s,, + to - vn and hence

l=funj'sn+$tn_$vn*jf+$_$mmn(f9).

The next theorem describes an additive property of the integral with respect
to the interval of integration.
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Theorem 10.10. Let I be an interval which is the union of two subintervals, say
I = Il u I2, where I, and I2 have no interior points in common.

a) If f e U(I) and if f > 0 a.e. on I, then f E U(I1), f c- U(I2), and

ff=Jf+f f. (6)

b) Assumef1 E U(I1), f2 E U(I2), and let f be defined on I as follows:

f(x) = Jfl(x) if x E I1,
f2(x) ifxeI-I1.

Then f e U(1) and

J1f= Jfi
+

Jf2.

Proof. If {s"} is an increasing sequence of step functions which generates f on I,
let s (x) = max {s"(x), 0} for each x in I. Then {s, } is an increasing sequence of
nonnegative step functions which generates f on I (since f >- 0). Moreover, for
every subinterval J of I we have f, s < f, s < f, f so Is. +} generates f on J. Also

S" S" + f Sn ,

! !1 .Ilz

so we let n -> oo to obtain (a). The proof of (b) is left as an exercise.

NOTE. There is a corresponding theorem (which can be proved by induction) for
an interval which is expressed as the union of a finite number of subintervals, no
two of which have interior points in common.

10.5 RIEMANN-INTEGRABLE FUNCTIONS AS EXAMPLES OF UPPER
FUNCTIONS

The next theorem shows that the class of upper functions includes all the Riemann-
integrable functions.

Theorem 10.11. Let f be defined and bounded on a compact interval [a, b], and
assume that f is continuous almost everywhere on [a, b]. Then f e U([a, b]) and the
integral off, as a function in U([a, b]), is equal to the Riemann integral f a f(x) dx.

Proof. Let P. = {x0, x1, ... , x2"} be a partition of [a, b] into 2" equal sub-
intervals of length (b - a)/2". The subintervals of Pn+1 are obtained by bisecting
those of P". Let

mk = inf {f(x) : x e [xk_ 1, xk]} for 1 <- k < 2",
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and define a step function sn on [a, b] as follows:

sn(x) = Mk if xk_ 1 < X G xk, sn(a) = m1.

Then sn(x) < f(x) for all x in [a, b]. Also, {sn} is increasing because the inf of f
in a subinterval of [xk_ 1, xk] cannot be less than that in [xk_ 1, xk].

Next, we prove that sn(x) -> f (x) at each interior point of continuity off. Since
the set of discontinuities of f on [a, b] has measure 0, this will show that sn --> f
almost everywhere on [a, b]. If f is continuous at x, then for every e > 0 there is
a S (depending on x and on e) such that f (x) - e < f (y) < f (x) + s whenever

x-S<y<x+S. Let m(S)=inf{f(y):ye(x-S,x+S)}. Then
f(x) - e < m(S), so f(x) < m(S) + s. Some partition PN has a subinterval
[xk_1, xk].containing x and lying within the interval (x - S, x + S). Therefore

SN(x) = Mk < f (X) < m(S) + e < Mk + e = SN(X) + e.

But sn(x) < f(x) for all n and sN(x) < sn(x) for all n >- N. Hence

sn(x) <- f(x) < sn(x) + e if n >- N,

which shows that sn(x) - f(x) as n -> oo.
The sequence of integrals {1'

a

s,,} converges because it is an increasing sequence,
bounded above by M(b - a), where M = sup {f(x) : x e [a, b]}. Moreover,

I b

Z.

Sn = E mk(xk-xk-1)=L(Pn,{J),
Ja k=1

where L(Pn, f) is a lower Riemann sum. Since the limit of an increasing sequence
is equal to its supremum, the sequence { f a sn} converges to the Riemann integral
off over [a, b]. (The Riemann integral f a f(x) dx exists because of Lebesgue's
criterion, Theorem 7.48.)

NOTE. As already mentioned, there exist functions fin U(I) such that -f U(I).
Therefore the class U(I) is,actually larger than the class of Riemann-integrable
functions on I, since -f e R on I if f e R on I.

10.6 THE CLASS OF LEBESGUE-INTEGRABLE FUNCTIONS ON A
GENERAL INTERVAL

If u and v are upper functions, the difference u - v is not necessarily an upper
function. We eliminate this undesirable property by enlarging the class of inte-
grable functions.

Definition 10.12. We denote by L(I) the set of all functions f of the form f = u - v,
where u e U(I) and v e U(I). Each function f in L(1) is said to be Lebesgue-
integrable on I, and its integral is defined by the equation

frf= f`u - fl v. (7)
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If f e L (I) it is possible to write f as a difference of two upper functions u - v
in more than one way. The next theorem shows that the integral off is independent
of the choice of u and v.

Theorem 10.13. Let u, v, u1, and vl be functions in U(I) such that u - v = ul - v1.
Then

fu_fv=fui_fvi.
(8)

Proof. The functions u + vl and ul + v are in U(I) and u + vl = ul + v.
Hence, by Theorem 10.6(a), we have fr u + f, vl = fr ul + fr-v, which proves (8).

NOTE. If the interval I has endpoints a and b in the extended real number system R*,
where a < b, we also write

a" or dx

for the Lebesgue integral fr f We also define f b f = - f o f.
If [a, b] is a compact interval, every function which is Riemann-integrable on

[a, b] is in U([a, b]) and therefore also in L([a, b]).

10.7 BASIC PROPERTIES OF THE LEBESGUE INTEGRAL

Theorem 10.14. Assume f e L(I) and g e L(I). Then we have:

a) (af + bg) e L(1) for every real a and b, and

1,
(af+bg)=a f, ff+b f

r r

9.

b) fr f - 0 if f(x) z 0 a.e. on I.

c) f r f f r 9 ff(x) z g(x) a.e. on I.
d) 11f = fr g if f(x) = g(x) a.e. on I.

Proof. Part (a) follows easily from Theorem 10.6. To prove (b) we write
f = u - v, where u e U(I) and v e U(I). Then u(x) > v(x) almost everywhere
on I so, by Theorem 10.6(c), we have 11 u z f, v and hence

I fu- rPart
(c) follows by applying) (b) to f - g, and part (d) follows by applying (c)

twice.

Definition 10.15. If f is a real-valued function, its positive part, denoted by f +, and
its negative part, denoted by f -, are defined by the equations

f+ = max (f, 0), f = max (-f, 0).
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0

Th. 10.16

Figure 10.1

Note that f + and f - are nonnegative functions and that

f=f+ -f', Ill =f+ +f-.
Examples are shown in Fig. 10.1.

Theorem 10.16. If f and g are in L (I), then so are the functions f +, f -, If 1,
max (f, g) and min (f, g). Moreover, we have

If fj (9)

Proof. Write f = u - v, where u e U(I) and v e U(I). Then

f + = max (u - v, 0) = max (u, v) - v.

But max (u, v) a U(I), by Theorem 10.9, and v e U(I), so f+ e L(I). Since
f - = f + - f, we see that f - e L(I). Finally, If I = f + + f -, so IfI e L(I).

Since - I f(x)I < f(x) < If(x)I for all x in I we have

- $ IfI < f f < f if 1,

which proves (9). To complete the proof we use the relations

max (f, g) = J(f + g + If - gi), min (f, g) = J(f + g - If - gl)

The next theorem describes the behavior of a Lebesgue integral when the inter-
val of integration is translated, expanded or contracted, or reflected through the
origin. We use the following notation, where c denotes any real number:

I + c = {x + c:xel}, cI = {cx:xeI).

Theorem 10.17. Assume f e L(I). Then we have:

a) Invariance under translation. Ifg(x) = f(x - c) for x in I + c, then g e L(I + c),
and

r+C = if,J g f
b) Behavior under expansion or contraction. If g(x) = f(x/c) for x in cI, where

c > 0, then g e L(cI) and

f"i
g=cf l
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c) Invariance under reflection. If g(x) = f(- x) for x in - I, then g e L(- I) and

J r9
=f f

NoTE. If I has endpoints a < b, where a and b are in the extended real number
system R*, the formula in (a) can also be written as follows :

6+c

f(x - c) dx = f f(x) dx.
Ja+c Ja

Properties (b) and (c) can be combined into a single formula which includes both
positive and negative values of c:

b

f(x) dxI ca f(x/c) dx = Icl a

,J ca ,J a

if c 0.

Proof. In proving a theorem of this type, the procedure is always the same. First,
we verify the theorem for step functions, then for upper functions, and finally for
Lebesgue-integrable functions. At each step the argument is straightforward, so
we omit the details.

Theorem 10.18. Let I be an interval which is the union of two subintervals, say
I = I1 u I2, where I, and I2 have no interior points in common.

a) If f E L(I), then f e L(I1), f e L(I2), and

ff=5111+
jf

=

b) Assume f, e L(I,), f2 e L(I2), and let f be defined on I as follows:

f(x) = {.fl(x) f X E 11,

lf2(x) if x e 1 - 11.

Then f e L(I) and f, f = 11, fi + fl, f2

Proof. Write f = u - v where u e U(I) and v e U(I). Then u = u+ - u- and
v = v+ - v-, so f = u+ + v- - (u- + v+). Now apply Theorem 10.10 to
each of the nonnegative functions u+ + v- and u- + v+ to deduce part (a). The
proof of part (b) is left to the reader.

NOTE. There is an extension of Theorem 10.18 for an interval which can be
expressed as the union of a finite number of subintervals, no two of which have
interior points in common. The reader can formulate this for himself.

We conclude this section with two approximation properties that will be
needed later. The first tells us that every Lebesgue-integrable function f is equal
to an upper function u minus a nonnegative upper function v with a small integral.
The second tells us that f is equal to a step function s plus an integrable function
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g with a small integral. More precisely, we have:

Theorem 10.19. Assume f E L (I) and let c > 0 be given. Then:

a) There exist functions u and v in U(I) such that f = u - v, where v is non-
negative a.e. on I and f, v < E.

b) There exists a step function s and a function g in L (I) such that f = s + g,
where J, I I < E.

Proof. Since f e L(I), we can write f = u1 - v1 where u1 and v1 are in U(I).
Let be a sequence which generates v1. Since J, t - J, v1, we can choose N so
that 0 < fI (vl - tN) < E. Now let v = vl - tN and u = ul - tN. Then both
u and v are in U(I) and u - v = ul - v1 = f Also, v is nonnegative a.e. on I
and f, v < s. This proves (a).

To prove (b) we use (a) to choose u and v in U(I) so that v >- 0 a.e. on I,

f=u-v and 0 J v<B.

Now choose a step function s such that 0 < f, (u - s) < s/2. Then
f=u-v=s+(u-s)-v=s+g,

where g = (u - s) v. Hence g E L(I) and

lgl f lu - sl + IVI < + E=E.
I 2 2

10.8 LEBESGUE INTEGRATION AND SETS OF MEASURE ZERO

The theorems in this section show that the behavior of a Lebesgue-integrable
function on a set of measure zero does not affect its integral.

Theorem 10.20. Let f be defined on I. If f = 0 almost everywhere on I, then
fe L(1) and f1f = 0.

Proof. Let s (x) = 0 for all x in I. Then is an increasing sequence of step
functions which converges to 0 everywhere on I. Hence converges to f almost
everywhere on L Since f, s = 0 the sequence {fI converges. Therefore f is
an upper function, so f e L(I) and fI f = lim, f, s = 0.
Theorem 10.21. Let f and g be defined on I. If f E L (I) and if f = g almost every-
where on I, then g e L (I) and J, f = J, g.

Proof. Apply Theorem 10.20 to f - g. Then f - g e L (I) and f, (f - g) = 0.
Hence g=f-(f-g)EL(I)andflg=f'f-f'(f-g)=.1f
Example. Define f on the interval [0, 1 ] as follows:

f(x) = { 1 if x is rational
0 if x is irrational.
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Then f = 0 almost everywhere on [0, 1 ] so f is Lebesgue-integrable on [0, 1 ] and its
Lebesgue integral is 0. As noted in Chapter 7, this function is not Riemann-integrable
on [0, 1].

NOTE. Theorem 10.21 suggests a definition of the integral for functions that are
defined almost everywhere on I. If g is such a function and if g(x) = f (x) almost
everywhere on I, where f e L(I), we say that g e L(1) and that

10.9 THE LEVI MONOTONE CONVERGENCE THEOREMS

We turn next to convergence theorems concerning term-by-term integration of
monotonic sequences of functions. We begin with three versions of a famous
theorem of Beppo Levi. The first concerns sequences of step functions, the second
sequences of upper functions, and the third sequences of Lebesgue-integrable
functions. Although the theorems are stated for increasing sequences, there are
corresponding results for decreasing sequences.

Theorem 10.22 (Levi theorem for step functions). Let {sn} be a sequence of step
functions such that

a) increases on an interval I, and

b) limn., f, s exists.

Then {sn} converges almost everywhere on I to a limit function f in U(I), and

f f = lim f sn.
Ji n-co r

Proof. We can assume, without loss of generality, that the step functions s are
nonnegative. (If not, consider instead the sequence {sn - sl }. If the theorem is
true for {sn - sl}, then it is also true for {sn}.) Let D be the set of x in I for which

diverges, and let e > 0 be given. We will prove that D has measure 0 by
showing that D can be covered by a countable collection of intervals, the sum of
whose lengths is < a.

Since the sequence {J, sn} converges it is bounded by some positive constant
M. Let

E
Sn(x)] if x e I,tn(x) =

[2M

where [y] denotes the greatest integer <y. Then {tn} is an increasing sequence of
step functions and each function value tn(x) is a nonnegative integer.

If {sn(x)} converges, then {sn(x)} is bounded so {tn(x)} is bounded and hence
to+ 1(x) = tn(x) for all sufficiently large n, since each tn(x) is an integer.

If {sn(x)) diverges, then {tn(x)} also diverges and tn+1(x) - tn(x) > 1 for
infinitely many values of n. Let

Dn = {x : x e I and to+1(x) - tn(x) > 1}.
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Then Dn is the union of a finite number of intervals, the sum of whose lengths we
denote by IDnJ. Now

W

D U D,,,
n=1

so if we prove that Y_,'= 1 IDnI < s, this will show that D has measure 0.
To do this we integrate the nonnegative step function tn+ 1 - to over I and

obtain the inequalities

f,
(tn+1 - tn)

> JD
(t+1 - Q >

1 = I D.
Hence for every m >- I we have

IDnI (tn+1 - tn) t1+
n=1 n=1 I- fI 1,

E

< 2M ,jSm+i

Therefore E' 1 IDni < e/2 < s, so D has measure 0.
This proves that {sn} converges almost everywhere on I. Let

.f(x) = limn-. sn(x) if x e I - D,
to ifxeD.

E

2

Then f is defined everywhere on I and sn -+ f almost everywhere on I. Therefore,
f E U(I) and f1 f = limn, f, sn.

Theorem 10.23 (Levi theorem for upper functions). Let { fn} be a sequence of upper
functions such that

a) { fn} increases almost everywhere on an interval I,

and

b) limn., f, fn exists.

Then { fn} converges almost everywhere on I to a limit function fin U(I), and

1,
f = lim J fn.

n-.ao ,

Proof. For each k there is an increasing sequence of step functions {s,,,k} which
generates fk. Define a new step function to on I by the equation

tn(x) = max {sn,1(x), Sn,2(x), ... , Sn,n(x)}.

Then {tn} is increasing on 7 because

to+1(x) _ maX {Sn+1,1(x), sn+1,n+l(x)} max {sn,1(x), ... , sn,n+1(x)}
> max {sn,1(x),... , ;,.(x)} = tn(x)



Th. 10.24 The Levi Monotone Convergence Theorems

But sn,k(x) < fk(x) and { fk} increases almost everywhere on I, so we have

tn(x) < max {fi(x), ... , fn(x)} = fn(x)

almost everywhere on I. Therefore, by Theorem 10.6(c) we obtain

But, by (b), {J , fn} is bounded above so the increasing sequence If, tn} is also
bounded above and hence converges. By the Levi theorem for step functions,
{tn} converges almost everywhere on I to a limit function f in U(I), and f, f =
limn , f, tn. We prove next that fn -+ f almost everywhere on I.

The definition of tn(x) implies sn,k(x) < tn(x) for all k < n and all x in I.
Letting n - oo we find

fk(x) < f(x) almost everywhere on I. (12)

Therefore the increasing sequence {fk(x)) is bounded above by f(x) almost every-
where on I, so it converges almost everywhere on I to a limit function g satisfying
g(x) < f(x) almost everywhere on I. But (10) states that tn(x) < fn(x) almost
everywhere on I so, letting n - co, we find f(x) < g(x) almost everywhere on I.
In other words, we have

(11)

267

(10)

lim fn(x) = f(x) almost everywhere on I.
n-oo

Finally, we show that Jr f = limn.,n f, fn. Letting n -+ co in (11) we obtain

ii
f < lim 1fn.

n-+ao ,
(13)

Now integrate (12), using Theorem 10.6(c) again, to get f, fk < f, f. Letting
k -, oo we obtain limk., fI fk _< f I f which, together with (13), completes the
proof.

NOTE. The class U(1) of upper functions was constructed from the class S(I) of
step functions by a certain process which we can call P. Beppo Levi's theorem
shows that when process P is applied to U(I) it again gives functions in U(I). The
next theorem shows that when P is applied to L(I) it again gives functions in
L(I).

Theorem 10.24 (Levi theorem for sequences of Lebesgue-integrable functions). Let
{ fn} be a sequence of functions in L(I) such that

a) { fn} increases almost everywhere on I,

and

b) limn. f, fn exists.



268 The Lebesgue Integral 11.10.25

Then {f.} converges almost everywhere on I to a limit function f in L(I), and

1,
f = lim f".fn-+m r

We shall deduce this theorem from an equivalent result stated for series of
functions.

Theorem 10.25 (Levi theorem for series of Lebesgue-integrable functions). Let
{g"} be a sequence of functions in L(I) such that

a) each g" is nonnegative almost everywhere on I,

and
b) the series E 1 fI g" converges.

Then the series g" converges almost everywhere on I to a sum function g in
L(I), and we have

J 9 = fI 9n =
J

9n.
I n=1 n=1 I

(14)

Proof. Since gn e L(I), Theorem 10.19 tells us that for every e > 0 we can write

gn = Un - vn,

where u" e U(I), vn e U(I), vn > 0 a.e. on I, and J, v" < a. Choose u" and vn
corresponding to a = (f)". Then

U. = g" + v", where
I

V. < ()"

The inequality on 11 v" assures us that the series E 1 fI v" converges. Now
u" Z 0 almost everywhere on I, so the partial sums

U5(x) = E Uk(x)
k=1

form a sequence of upper functions {U.} which increases almost everywhere on I.
Since

11 n

UnJ uk= Uk- gk+`J vk
j k=1 k=1 I k=1 k=1 I

the sequence of integrals {fI U"} converges because both series F-', fI gk and
Y-'* 1 f, vk converge. Therefore, by the Levi theorem for upper functions, the
sequence {U"} converges almost everywhere on I to a limit function U in U(I),
and fI U = limn-.. f, U. But
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so

1,

00

uk.U=E
k=1 J

Similarly, the sequence of partial sums {V.} given by

nn

Vn(X) = Lj Vk(X)
k=1

converges almost everywhere on I to a limit function V in U(I) and

f,
Vf vk.

k=1 I

269

Therefore U - V E L(I) and the sequence {Ek=1 gk} _ U. - Vn} converges
almost everywhere on I to U - V. Let g = U - V. Then g c- L(I) and

g IJ=j'u_j'v=EJ(uk_vk)=Jk.
This completes the proof of Theorem 10.25.

Proof of Theorem 10.24. Assume { fn} satisfies the hypotheses of Theorem 10.24.
Let gl = fl and let gn = fn - fn_ 1 for n > 2, so that

n

fn = E 9k
k=1

Applying Theorem 10.25 to {gn}, we find that Ert 1 gn converges almost everywhere
on I to a sum function g in L(I), and Equation (14) holds. Therefore fn -+ g
almost everywhere on I and 119 = limn-. f f fn-

In the following version of the Levi theorem for series, the terms of the series
are not assumed to be nonnegative.

Theorem 10.26. Let {gn} be a sequence of functions in L(I) such that the series

JInI
is convergent. Then the series E 1 gn converges almost everywhere on I to a sum
function g in L (I) and we have

ao

E9. = E
I n=1 n=1

Proof. Write gn = g - g; and apply Theorem 10.25 to the sequences {g }
and {g, } separately.

The following examples illustrate the use of the Levi theorem for sequences.
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Example 1. Let f (x) = xS for x > 0, f (O) = 0. Prove that the Lebesgue integral
fo f(x) dx exists and has the value 1/(s + 1) ifs > -1.

Solution. If s >- 0, then f is bounded and Riemann-integrable on [0, 1 ] and its Riemann
integral is equal to 11(s + 1).

If s < 0, then f is not bounded and hence not Riemann-integrable on [0, 1 ]. Define
a sequence of functions {fn} as follows:

fn(X) _
{XS if x > 1/n,
0 if0-x<1/n.

Then { fn} is increasing and fn -+ f everywhere on [0, 1 ]. Each fn is Riemann-integrable
and hence Lebesgue-integrable on [0, 1 ] and

$01

1

fn(x) dx. = f xs dx
En S+ 1

If s + 1 > 0, the sequence {fo fn} converges to 1/(s + 1). Therefore, the Levi theorem
for sequences shows that f o f exists and equals 1/(s + 1).

Example 2. The same type of argument shows that the Lebesgue integral f10 a-"xy-1 dx
exists for every real y > 0. This integral will be used later in discussing the Gamma
function.

10.10 THE LEBESGUE DOMINATED CONVERGENCE THEOREM

Levi's theorems have many important consequences. The first is Lebesgue's
dominated convergence theorem, the cornerstone of Lebesgue's theory of inte-
gration.

Theorem 10.27 (Lebesgue dominated convergence theorem). Let { fn} be a sequence
of Lebesgue-integrable functions on an interval I. Assume that

a) { fn} converges almost everywhere on I to a limit function f,

and

b) there is a nonnegative function g in L (I) such that, for all n >_ 1,

l fn(x)I <_ g(x) a.e. on I.

Then the limit function f e L (I), the sequence If, fn} converges and

SI
f = lim fn.

n-+oo i
(15)

NOTE. Property (b) is described by saying that the sequence { fn} is dominated by
g almost everywhere on I.

Proof. The idea of the proof is to obtain upper and lower bounds of the form

gn(x) < fn(x) < Gn(x) (16)
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where increases and decreases almost everywhere on Ito the limit function
f. Then we use the Levi theorem to show that f e L (I) and that f, f =
lim,, f, g = f, G,,, from which we obtain (15).

To construct and we make repeated use of the Levi theorem for
sequences in L (I). First we define a sequence {G1} as follows :

G,,,1(x) = max {f1(x),f2(x), ...

Each function G,,,1 e L(I), by Theorem 10.16, and the sequence {G,,,1} is in-
creasing on I. Since IG,,,1(x)I < g(x) almost everywhere on I, we have

<- f IG,,.1I

<-JI

9.
1

(17)

Therefore the increasing sequence of numbers {f1 G,,,1} is bounded above by
J, g, so 11 G,,,1 exists. By the Levi theorem, the sequence {G,,,1 } converges
almost everywhere on I to a function G1 in L(I), and

f G1 G. , 9 -
I I

n~0D I

Because of (17) we also have the inequality -J, g < f, G1. Note that if x is a
point in I for which G,,,1(x) -+ G1(x), then we also have

G1(x) = sup {.fi(x),f2(x),...

In the same way, for each fixed r -> I we let

G,,,,(x) = max {f,(x), f,+ 1(x), ... , f (x)}
for n >- r. Then the sequence {G,,,,} increases and converges almost everywhere
on I to a limit function G, in L(I) with

_f1g :!9 fG,<f1g

Also, at those points for which G,(x) we have

G,(x) = sup {f,(x), f,+ 1(x), . . . },
so

f,(x) < G,(x) a.e. on I.

Now we examine properties of the sequence {G (x)}. Since A 9 B implies
sup A -< sup B, the sequence {G,(x)} decreases almost everywhere and hence
converges almost everywhere on I. We show next that f(x) whenever

lim P X). (18)

If (18) holds, then for every s > 0 there is an integer N such that

for alln>N.



272 The Lebesgue Integral

Hence, if m > N we have

f(x) - E < sup {fm(x), fm+ 1(x), ... } < f(x) + E.

In other words,

m>N
and this implies that

implies f(x) - E < Gm(x) < f(x) + E,

lim Gm(x) = f(x) almost everywhere on I.
M-00

(19)

On the other hand, the decreasing sequence of numbers fl, is bounded below
by -1, g, so it converges. By (19) and the Levi theorem, we see that f e L(I) and

Jim
n- 00

By applying the same type of argument to the sequence

min {f.(x), f.+ 1(x), . . . , f (x)},

for n > r, we find that {g,,,,} decreases and converges almost everywhere to a
limit function g, in L (I), where

g,(x) = inf {f,(x), f,+ 1(x), ... } a.e. on I.

Also, almost everywhere on I we have g,(x) 5 f,(x), {g,} increases, lime ..
f (x), and

n- 00 .Ji
lim 19= If.

Since (16) holds almost everywhere on I we have
n -+ oo we find that { f, f } converges and that

$1f=f1f

fig. :9 J., fn < 11Gn.

Th. 10.28

Letting

10.11 APPLICATIONS OF LEBESGUE'S DOMINATED CONVERGENCE
THEOREM ,

The first application concerns term-by-term integration of series and is a companion
result to Levi's theorem on series.

Theorem 10.28. Let be a sequence of functions in L (I) such that:

a) each g is nonnegative almost everywhere on I,
and

b) the series g converges almost everywhere on I to a function g which is
bounded above by a function in L (I).
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Then g e L(I), the series En 1 fr gn converges, and we have

E gn = E
JI

fgn-
n=1 n=1

00

Proof. Let
n

fn(x) = 9k(x) 'f X E I.
k=1

Then fn -+ g almost everywhere on I, and { fn} is dominated almost everywhere
on I by the function in L(I) which bounds g from above. Therefore, by the Le-
besgue dominated convergence theorem, g c- L (I), the sequence { fI fn} converges,
and fI g = limn fI fn. This proves the theorem.

The next application, sometimes called the Lebesgue bounded convergence
theorem, refers to a bounded interval.

Theorem 10.29. Let I be a bounded interval. Assume { fn} is a sequence of functions
in L (I) which is boundedly convergent almost everywhere on I. That is, assume there
is a limit function f and a positive constant M such that

lim fn(x) = f(x) and I fn(x)I < M, almost everywhere on I.
n-+w

Then f E L(I) and limn..+ f rfn = f r f

Proof. Apply Theorem 10.27 with g(x) = M for all x in I. Then g E L(I), since
I is a bounded interval.

NOTE. A special case of Theorem 10.29 is Arzela's theorem stated earlier (Theorem
9.12). If I fn} is a boundedly convergent sequence of Riemann-integrable functions
on a compact interval [a, b], then each fn e L([a, b]), the limit function
f e L([a, b]), and we have

b

lim f =
n-00 fa fa

f
If the limit function f is Riemann-integrable (as assumed in Arzela's theorem),
then the Lebesgue integral J1 f is the same as the Riemann integral fo f(x) dx.

The next theorem is often used to show that functions are Lebesgue-integrable.

Theorem 10.30. Let {fn} be a sequence offunctions in L (I) which converges almost
everywhere on I to a limit function f. Assume that there is a nonnegative function g
in L(I) such that

f(x)l < g(x) a.e. on I.
Then f E L(I).

Proof. Define a new sequence of functions {g,,) on I as follows :

g,, = max {min (fn, g), -g}.
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Figure 10.2

Geometrically, the function gn is obtained from fn by cutting off the graph of fn
from above by g and from below by -g, as shown by the example in Fig. 10.2.
Then Ign(x)I < g(x) almost everywhere on I, and it is easy to verify that gn -+ f
almost everywhere on I. Therefore, by the Lebesgue dominated convergence
theorem, f e L(I).

10.12 LEBESGUE INTEGRALS ON UNBOUNDED INTERVALS AS LIMITS
OF INTEGRALS ON BOUNDED INTERVALS

Theorem 10.31. Let f be defined on the half-infinite interval I = [a, + co). Assume
that f is Lebesgue-integrable on the compact interval [a, b] for each b >- a, and
that there is a positive constant M such that

If I < M for all b 2: a. (20)

Then f e L(I), the limit limbs+a, f; f exists, and
+OD

a

f = lim
b-+00 ff

(21)

Proof. Let be any increasing sequence of real numbers with b >: a such that
lima co b = + oo. Define a sequence { fn} on I as follows :

A W = I
f (x) if a < x < bn,

to otherwise.

Each f e L(I) (by Theorem 10.18) and fa -+ f on I. Hence, Ifnl -+ IfI on I. But
Ifnl is increasing and, by (20), the sequence {f, I fl} is bounded above by M.
Therefore f, Ifal exists. By the Levi theorem, the limit function If I E L(I).
Now each Ifal < If I and f -+ f on I, so by the Lebesgue dominated convergence
theorem, f e L(I) and lim, f, fn = f, f. Therefore

b + OD

lim f = f
n~00 a a

for all sequences {bn} which increase to + oo. This completes the proof.
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There is, of course, a corresponding theorem for the interval (- oo, a] which
concludes that

f:c= J'20

provided that $ If I < M for all c < a. If f'C If I < M for all real c and b with
c < b, the two theorems together show that f e L(R) and that

+ a Pb

J
f = lim I f + lim

c-.-00 by+1
f

Example 1. Let f(x) = 1/(1 + x2) for all x in R. We shall prove that f e L(R) and that
f R f = it. Now f is nonnegative, and if c <- b we have

6 b [fixf= f 2 = arctan b - arctan c <- it.J 1+x
Therefore, f e L(R) and

L
0

fc

0 dac b dx n itf = lim + li m + - = n.
1 + x2 b-.+OO fo 1 + x2 2 2

Example 2. In this example the limit on the right of (21) exists but f 0 L(I). Let
I = [0, + oo) and define f on 1 as follows :

f(x) =
(_ 1)

ifn - 1 5x< it, for n= 1,2,...
n

If b > 0, let m = [b], the greatest integer s b. Then

0
f bf = fo Mf +

J
bf = E (-1)n + (b - m)(-1)'"+1

m n=1 it m+ 1

As b - + oo the last term -- 0, and we find

blim f f = E (-1) _ -log 2.
b-++ao o n=1 n

Now we assume f e L(I) and obtain a contradiction. Let fn be defined by

fn(x) _ (I f (x) I for 0 5 x 5 it,
0 for x > n.

Then {fn } increases and fn(x) -+ I f (x) I everywhere on I. Since f e L(I) we also have
Ifs e L(I). But Ifn(x)I <- If(x)I everywhere on I so by the Lebesgue dominated con-
vergence theorem the sequence {fr converges. But this is a contradiction since

asn -+ oo.
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10.13 IMPROPER RIEMANN INTEGRALS

Def. 10.32

Definition 10.32. If f is Riemann-integrable on [a, b] for every b > a, and if the
limit

b

Jim f(x) dx exists,
b-+oo a

then f is said to be improper Riemann-integrable on [a, + oo) and the improper
Riemann integral of f, denoted by fa ao f(x) dx or fa f(x) dx, is defined by the
equation

b+00

f(x) dx = lim f(x) dx.
a b-*+oo Ja

In Example 2 of the foregoing section the improper Riemann integral
10' °° f(x) dx exists but f is not Lebesgue-integrable on [0, + oo). That example
should be contrasted with the following theorem.

Theorem 10.33. Assume f is Riemann-integrable on [a, b] for every b >- a, and
assume there is a positive constant M such that

f b
If(x)I dx < M for every b > a. (22)

Then both f and If I are improper Riemann-integrable on [a, + oo). Also, f is
Lebesgue-integrable on [a, + oo) and the Lebesgue integral off is equal to the im-
proper Riemann integral off.

Proof. Let F(b) = Ja If(x) I dx. Then F is an increasing function which is bounded
above by M, so limb.. +,,o F(b) exists. Therefore If I is improper Riemann-integrable
on [a, + oo). Since

the limit
0 < If(x)I - f(x) < 21 f(x)I,

lim f b {If(x)I - f(x)} dx
b- +co a

also exists; hence the limit limb- +. $ f(x) dx exists. This proves that f is improper
Riemann-integrable on [a, + oo). Now we use inequality (22), along with Theorem
10.31, to deduce that f is Lebesgue-integrable on [a, + oo) and that the Lebesgue
integral off is equal to the improper Riemann integral off.

NOTE. There are corresponding results for improper Riemann integrals of the
form

bb

fj _ f(x) dx = lim f f(x) dx,
CO a - CO Ja

f f (x) dx = lim f b f (x) dx,
Ja Ja
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and

6f f(x) dx = lim f(x) dx,
J c a-c+ Ja
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which the reader can formulate for himself.

If both integrals f_ f(x) dx and la' ' f(x) dx exist, we say that the integral
+' f(x) dx exists, and its value is defined to be their sum,

f+00

f(x) dx f(x) dx + f f(x)
dx.

+"O

°° Ja

If the integral f ±' f(x) dx exists, its value is also equal to the symmetric limit
b

f(x) dx.lim
f-bb- + co

However, it is important to realize that the symmetric limit might exist even when
f +' f(x) dx does not exist (for example, take f(x) = x for all x). In this case the00

symmetric limit is called the Cauchy principal value of f +' ,f(x) dx. Thus f +' x dx00 -
has Cauchy principal value 0, but the integral does not exist.

Example 1. Let f(x) = e-xxy-', where y is a fixed real number. Since e-x/2xy-1 -, 0
as x - + oo, there is a constant M such that e-x/2xy-1 -< M for all x > 1. Then
e-xxy-1 < Me-x12, so

6 b

If(x)Idx<M f ex/2dx=2M(1-eb12)<2M.f1 o

Hence the integral f i °° a-xxy-1 dx exists for every real y, both as an improper Riemann
integral and as a Lebesgue integral.

Example 2. The Gamma function integral. Adding the integral of Example 1 to the
integral fo a-xxy-1 dx of Example 2 of Section 10.9, we find that the Lebesgue integral

+00

r(y) = f e-xx-1 dx

0

exists for each real y > 0. The function r so defined is called the Gamma function.-
Example 4 below shows its relation to the Riemann zeta function.

NOTE. Many of the theorems in Chapter 7 concerning Riemann integrals can be
converted into theorems on improper Riemann integrals. To illustrate the straight-
forward manner in which some of these extensions can be made, consider the
formula for integration by parts :

f(x)9'(x) dx = f(b)g(b) - f(a)g(a) g(x)f'(x) dx.- ja

b

b

Since b appears in three terms of this equation, there are three limits to consider
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as b -- + oo. If two of these limits exist, the third also exists and we get the
formula

f f(x)g'(x) dx = lim f(b)g(b) - f(a)g(a) - f g(x)f(x) dx.
b-++oo Ja

Other theorems on Riemann integrals can be extended in much the same way
to improper Riemann integrals. However, it is not necessary to develop the details
of these extensions any further, since in any particular example, it suffices to apply
the required theorem to a compact interval [a, b] and then let b -> + oo.

Example 3. The functional equation I'(y + 1) = yF(y). If 0 < a < b, integration by
parts gives

I

b b

e-xxy A = aye - ye-b + y f e-xxy-1 A.
Ja

Letting a --. 0+ and b --> + oo, we find r(y + 1) = yI'(y).

Example 4. Integral representation for the Riemann zeta function. The Riemann zeta
function C is defined for s > I by the equation

00
1

C(s) = E s .
n=1 n

This example shows how the Levi convergence theorem for series can be used to derive an
integral representation,

C(s)r(s) =
Jo ex -11 dx.

The integral exists as a Lebesgue integral.
In the integral for r(s) we make the change of variable t = nx, n > 0, to obtain

r(s) =
J

e `ts-1 dt = ns
0

a n"xs-1 dx.
0

Hence, if s > 0, we have

n_sr(s) =

f,0
e nxxs

dx.

0

If s > 1, the series Y_n 1 n-s converges, so we have

e nxxs-1 dx,C(s)r(s) = f,"o
n=1

he series on the right being convergent. Since the integrand is nonnegative, Levi's con-t
vergence theorem (Theorem 10.25) tells us that the series e-' xs-1 converges
almost everywhere to a sum function which is Lebesgue-integrable on [0, + oo) and that

C(s)j'(s) enxxs-1dx =
fo,*

enxxs-1 dx.
n=1 O nn=+1
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But if x > 0, we have 0 < e-x < 1 and hence,

e' e -X

1 - ex ex - 1'n=1

the series being a geometric series. Therefore we have

00 --S-1
e-"x-

n=1 ex

almost everywhere on [0, + oo), in fact everywhere except at 0, so

C(s)r(s) = E e nxxs-1 dx =
xs- 1

dx.
0n=1

00

f ex - I

10.14 MEASURABLE FUNCTIONS

Every function f which is Lebesgue-integrable on an interval I is the limit, almost
everywhere on I, of a certain sequence of step functions. However, the converse
is not true. For example, the constant function f = 1 is a limit of step functions
on the real line R, but this function is not in L(R). Therefore, the class of functions
which are limits of step functions is larger than the class of Lebesgue-integrable
functions. The functions in this larger class are called measurable functions.

Definition 10.34. A function f defined on I is called measurable on I, and we write
f e M(1), if there exists a sequence of step functions {sn} on I such that

lim sn(x) = f(x) almost everywhere on I.
n-i a0

NOTE. If f is measurable on I then f is measurable on every subinterval of I.

As already noted, every function in L(I) is measurable on I, but the converse
is not true. The next theorem provides a partial converse.

Theorem 10.35. If f e M(I) and if I f(x)I < g(x) almost everywhere on I for some
nonnegative g in L(I), then f e L(I).

Proof. There is a sequence of step functions {sn} such that sn(x) - f(x) almost
everywhere on I. Now apply Theorem 10.30 to deduce that f e L(I).

Corollary 1. if f e M(1) and If I e L (l), then f e L (l).

Corollary 2. If f is measurable and bounded on a bounded interval 1, then f e L (I).

Further properties of measurable functions are given in the next theorem.

Theorem 10.36. Let p be a real-valued function continuous on R2. If f e M(I) and
g e M(1), define h on I by the equation

h(x) = q[f(x), g(x)].
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Then h e M(I). In particular, f + g, f g, If I, max (f, g), and min (f g) are in
M(I). Also, 1/f e M(I) if f(x) # 0 almost everywhere on I.

Proof. Let {s"} and {t"} denote sequences of step functions such that s" -+ f and
t" g almost everywhere on I. Then the function u" = (p(s,,, t") is a step function
such that u" -* h almost everywhere on I. Hence h c- M(I).

The next theorem shows that the class M(I) cannot be enlarged by taking
limits of functions in M(I).

Theorem 10.37. Let f be defined on I and assume that {f.1 is a sequence of measur-
able functions on I such that f"(x) -> f(x) almost everywhere on I. Then f is measur-
able on I.

Proof. Choose any positive function g in L(1), for example, g(x) = 1/(1 + x2)
for all x in I. Let

F"(x) = g(x)
1 +"( f x)I

for x in I.

Then

F"(x) g(x)f(x) almost everywhere on I.
1 + If(x)I

Let F(x) = g(x)f(x)l{I + If(x)I}. Since each F. is measurable on I and since
IF"(x)I < g(x) for all x, Theorem 10.35 shows that each F. e L(I). Also, IF(x)I <
g(x) for all x in I so, by Theorem 10.30, F E L(I) and hence F E M(I). Now we
have

f(x){g(x) - IF(x)I} = f(x)g(x) 1 - If(x)1 __ f(x)g(x) = F(x)
I 1 + If(x)I .1 + If(x)1

for all x in I, so

f(x) = F(x)
g(x) - I F'(x)I

Therefore f e M(I) since each of F, g, and Ill is in M(I) and g(x) - IF(x)I > 0
for all x in I.

NOTE. There exist nonmeasurable functions, but the foregoing theorems show that
it is not easy to construct an example. The usual operations of analysis, applied to
measurable functions, produce measurable functions. Therefore, every function
which occurs in practice is likely to be measurable. (See Exercise 10.37 for an
example of a nonmeasurable function.)
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10.15 CONTINUITY OF FUNCTIONS DEFINED BY LEBESGUE INTEGRALS

Let f be a real-valued function of two variables defined on a subset of R2 of the
form X x Y, where each of X and Y is a general subinferval of R. Many functions
in analysis appear as integrals of the form

F(y) = fx f(x, y) dx.
J

We shall discuss three theorems which transmit continuity, differentiability, and
integrability from the integrand f to the function F. The first theorem concerns
continuity.

Theorem 10.38. Let X and Y be two subintervals of R, and let f be a junction defined
on X x Y and satisfying the following conditions:

a) For each fixed y in Y, the function fY defined on X by the equation

ff(x) = f(x, y)
is measurable on X.

b) There exists a nonnegative function g in L (X) such that, for each y in Y,

I.f(x, y)I < g(x) a.e. on X.

c) For each fixed y in Y,

lim f(x, t) = f(x, y) a.e. on X.
t-.Y

Then the Lebesgue integral f x f (x, y) dx exists for each y in Y, and the function F
defined by the equation

F(y) = fx f(x, y) dx
J

is continuous on Y. That is, if y e Y we have

lim f f(x, t) dx = fX lim f(x, t) dx.
t-.y x t*Y

Proof. Since fY is measurable on X and dominated almost everywhere on X by a
nonnegative function g in L(X), Theorem 10.35 shows that fY e L(X). In other
words, the Lebesgue integral $x f(x, y) dx exists for each y in Y.

Now choose a fixed y in Y and let {y.} be any sequence of points in Y such that
lim y = y. We will prove that lim F(y) Let f(x, Each
G. e L(X) and (c) shows that f(x, y) almost everywhere on X. Note that

$x GR(x) dx. Since (b) holds, the Lebesgue dominated convergence
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theorem shows that the sequence {F(yn)} converges and that

Jim f (yn) = J f(x, y) dx = F(y)
n-00 x

Example 1. Continuity of the Gamma function r(y) = f o 0D e -'x' -1 dx for y > 0. We
apply Theorem 10.38 with X = [0, + oo), Y = (0, + oo). For each y > 0 the integrand,
as a function of x, is continuous (hence measurable) almost everywhere on X, so (a) holds.
For each fixed x > 0, the integrand, as a function of y, is continuous on Y, so (c) holds.
Finally, we verify (b), not on Y but on every compact subinterval [a, b ], where 0 < a < b.
For each y in [a, b] the integrand is dominated by the function

xa-1 if 0 < x <_ 1,
me-x12 if x >_ 1,

where M is some positive constant. This g is Lebesgue-integrable on X, by Theorem
10.18, so Theorem 10.38 tells us that F is continuous on [a, b]. But since this is true
for every subinterval [a, b], it follows that IF is continuous on Y = (0, + oo).

Example 2. Continuity of

F(y) = +00 ex' sin x
dxfo x

for y > 0. In this example it is understood that the quotient (sin x)/x is to be replaced
by 1 when x = 0. Let X = [0, + oo), Y = (0, + oo). Conditions (a) and (c) of Theorem
10.38 are satisfied. As in Example 1, we verify (b) on each subinterval Y. = [a, + co),
a > 0. Since (sin x)/xJ 5 1, the integrand is dominated on Y. by the function

g(x) = e-ax for x >_ 0.

Since g is Lebesgue-integrable on X, F is continuous on Ya for every a > 0; hence F is
continuous on Y = (0, + oo).

To illustrate another use of the Lebesgue dominated convergence theorem we
shall prove that F(y) -+ 0 as y -+ + oo.

Let {yn} be any increasing sequence of real numbers such that ya Z I and
yn -+ + oo as n -+ oo. We will prove that F(ya) - 0 as n -+ oo. Let

fn(x) = e-xyn
sin x

x
for x _ 0.

Then limn 0O fn(x) = 0 almost everywhere on [0, + co), in fact, for all x except 0.
Now

ya ;-> 1 implies I fn(x)I 5 e-x for all x >_ 0.

Also, each fn is Riemann-integrable on [0, b] for every b > 0 and

6 b

Ifnl fo

dx < 1.
0 0
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Therefore, by Theorem 10.33, f is Lebesgue-integrable on [0, + oo). Since the
sequence f f.} is dominated by the function g(x) = e-" which is Lebesgue-inte-
grable on [0, + oo), the Lebesgue dominated convergence theorem shows that the
sequence {f

o
converges and that

lim fn= f limfn=0.
n_°o o o n_c

But 10+ °° fn = F(y ), so F(yn) --> 0 as n --> oo. Hence, F(y) -1- 0 as y - + oo.

NOTE. In much of the material that follows, we shall have occasion to deal with
integrals involving the quotient (sin x)/x. It will be understood that this quotient
is to be replaced by 1 when x = 0. Similarly, a quotient of the form (sin xy)/x is
to be replaced by y, its limit as x -+ 0. More generally, if we are dealing with an
integrand which has removable discontinuities at certain isolated points within
the interval of integration, we will agree that these discontinuities are to be "re-
moved" by redefining the integrand suitably at these exceptional points. At points
where the integrand is not defined, we assign the value 0 to the integrand.

10.16 DIFFERENTIATION UNDER THE INTEGRAL SIGN

Theorem 10.39. Let X and Y be two subintervals of R, and let f be a junction defined
on X x Y and satisfying the following conditions:

a) For each fixed y in Y, the function fy defined on X by the equation fy(x) = f(x, y)
is measurable on X, and f, E L(X) for some a in Y.

b) The partial derivative D2 f(x, y) exists for each interior point (x, y) of X x Y.
c) There is a nonnegative function G in L(X) such that

I D2 f(x, y)I < G(x) for all interior points of X x Y.

Then the Lebesgue integral $x f(x, y) dx exists for every y in Y, and the function F
defined by

F(y) = fx f(x, y) dx
J

is differentiable at each interior point of Y. Moreover, its derivative is given by the
formula

F'(y) = f
X

y) dx.
x

NOTE. The derivative F'(y) is said to be obtained by differentiation under the
integral sign.

Proof. First we establish the inequality

I fy(x)l < Ifa(x)I + l y - al G(x), (23)
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for all interior points (x, y) of X x Y. The Mean-Value Theorem gives us

f(x, y) - f(x, a) = (y - a) D2f(x, c),

where c lies between a and y. Since I D2 f(x, c)I < G(x), this implies

If(x,Y)I - If(x, a)I + Iy - at G(x),

which proves (23). Since fy is measurable on X and dominated almost everywhere
on X by a nonnegative function in L(X), Theorem 10.35 shows that fy e L(X).
In other words, the integral Ix f(x, y) dx exists for each y in Y.

Now choose any sequence {y.} of points in Y such that each y" y but
lim y" = y. Define a sequence of functions {q"} on X by the equation

q"(x) = f (X, Y") - f (X' Y)
Y" - Y

Then q" a L(X) and q"(x) -p D2f(x, y) at each interior point of X. By the Mean-
Value Theorem we have q"(x) = D2 f(x, c"), where c" lies between y" and y. Hence,
by (c) we have lq"(x)I < G(x) almost everywhere on X. Lebesgue's dominated
convergence theorem shows that the sequence {j x q"} converges, the integral
Ix D2f(x, y) dx exists, and

lim fX q" = f 1im q" = f D2 f (x, y) dx.
"-' 00 X "- 00 J x

But

Y" Y,Ix
{f(x,

y") - f(x, y)} dx = F(Yy) _ F(y)
f q" =

Since this last quotient tends to a limit for all sequences { y"}, it follows that F(y)
exists and that

F(y) = lim fx q" = J D2f(x, y) dx.
"* OD X

Example 1. Derivative of the Gamma function. The derivative r"(y) exists for each y > 0
and is given by the integral

log x dx,r"(Y) = f
oJo

obtained by differentiating the integral for r'(y) under the integral sign. This is a conse-
quence of Theorem 10.39 because for each y in [a, b], 0 < a < b, the partial deriva-
tive D2(e'"xy-') is dominated a.e. by a function g which is integrable on [0, + oo). In
fact,

D2(e 'xy-') = ay (e-"xy-') = e-J°xy-' log x if x > 0,



Differentiation under the Integral Sign 285

so if y >- a the partial derivative is dominated (except at 0) by the function

x°-1 log xI if 0 < x < 1,
g(x) = Me-x12 if x > 1,

0 ifx=0,
where M is some positive constant. The reader can easily verify that g is Lebesgue-
integrable on [0, + oo).

Example 2. Evaluation of the integral

F(y) _

Applying Theorem 10.39, we find

e_x" sin x
dx.

x

ao

fo

+
F(y) =

fo

xy sin x dx if -Y > 0.
0

(As in Example 1, we prove the result on every interval Yo = [a, + oo), a > 0.) In this
example, the Riemann integral f b a-x' sin x dx can be calculated by the methods of
elementary calculus (using integration by parts twice). This gives us

f
b

e-'' sin x dx = e b'(- y sin b - cos b) + 1

1 + y2 F+-;2

for all real y. Letting b - + oo we find

+00
e x'sinxdx= ify>0.

0
1+y2

Therefore F'(y) _ -1/(1 + y2) if y > 0. Integration of this equation gives us

(24)

F(y) - F(b) b'

1 +
dt

t 2 =
arctan b - arctan y, for y > 0, b > 0.

Now let b -+ + oo. Then arctan b -+ x/2 and F(b) -+ 0 (see Example 2, Section 10.15),
so F(y) = x/2 - arctan y. In other words, we have

+00
a x ' si

x dx = - arctan if > 0 252 y y .zJo

( )

This equation is also valid if y = 0. That is, we have the formula

"sin x d nx=- (26)
o x 2

However, we cannot deduce this by putting y = 0 in (25) because we have not shown that
F is continuous at 0. In fact, the integral in (26) exists as an improper Riemann integral.
It does not exist as a Lebesgue integral. (See Exercise 10.9.)
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Example 3. Proof of the formula

+ °0 sin x dx = lim ° sin x dx = n

fo x b-.+. fo x 2

Let {gn} be the sequence of functions defined for all real y by the equation

9n(Y) J
f e_x,,sinx

&C.

0 X

First we note that g"(n) -+ 0 as n - oo since

9n(n)1

ex"dx1 f,,2
etdt

fn

o n n

Now we differentiate (27) and use (24) to obtain

9
- f" e"' sin x dx e-"'(- y sin n - cos n) + I

;,(Y) = = -
2

0

(27)

an equation valid for all real y. This shows that g' .(y) -+ -1/(1 + y2) for all y and that

' gn(y) I < e '(y + 1) + 1 for all y >- 0.
1 + y2

Therefore the function fn defined by

fn (Y) - (gn(Y) if 0 <_ y _< n,
0 ify> n,

is Lebesgue-integrable on [0, +oo) and is dominated by the nonnegative function

g(y)=e''(y+1)+1
1+y2

Also, g is Lebesgue-integrable on [0, + oo). Since f"(y) - -1/(1 + y2) on [0, + oo), the
Lebesgue dominated convergence theorem implies

+00 +00 dy n
lim f f" _ - fa-, 0

0

1+y22
But we have

('+

00

n

fn = J gn(Y) dy = gn(n) - gn(0).
0 0

f'

Letting n - co, we find g"(0) - n/2.
Now if b > 0 and if n = [b], we have

1+y

o

f b_ sin x dx = So" sin x + n s= g(0) + fb sin x
dx.

x n x n x
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Since

0<
Ibsinxdxl < b l dx= b- n < asb -, + oo,I x I n n n

we have

b sin x n
lim fo dx = lim

b-,+w x 2

This formula will be needed in Chapter 11 in the study of Fourier series.
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10.17 INTERCHANGING THE ORDER OF INTEGRATION

Theorem 10.40. Let X and Y be two subintervals of R, and let k be a function which
is defined, continuous, and bounded on X x Y, say

jk(x, y)I < M for all (x, y) in X x Y.

Assume f e L(X) and g e L(Y). Then we have:

a) For each y in Y, the Lebesgue integral fx f(x)k(x, y) dx exists, and the function
F defined on Y by the equation

F (y) = f f(x)k(x, y) dx
x

is continuous on Y.

b) For each x in X, the Lebesgue integral ly g(y)k(x, y) dy exists, and the function
G defined on X by the equation

G(x) = f g(y)k(x, y) dy
y

is continuous on X.

c) The two Lebesgue integrals ly g(y)F(y) dy and f x f(x)G(x) dx exist and are
equal. That is,

, y ) dx] dy. (28)
fX

.f(x) C
fy

g(y)k(x, y) dy] dx = fy g(Y) [$f(x)k(x
J

Proof. For each fixed y in Y, let fy(x) = f(x)k(x, y). Then fy is measurable on X
and satisfies the inequality

Ify(x)I = If(x)k(x, y)l < Mlf(x)l for all x in X.

Also, since k is continuous on X x Y we have

lim f(x)k(x, t) = f(x)k(x, y) for all x in X.
1"Y

Therefore, part (a) follows from Theorem 10.38. A similar argument proves (b).
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Now the product f G is measurable on X and satisfies the inequality

If(x)G(x)I < If(x)I f
y

Ik(x, y)l dy < M' If(x)I,
Y

where M' = M ly I g(y) I dy. By Theorem 10.35 we see that f - G E L(X). A
similar argument shows that g - F E L(Y).

Next we prove (28). First we note that (28) is true if each of f and g is a step
function. In this case, each off and g vanishes outside a compact interval, so each
is Riemann-integrable on that interval and (28) is an immediate consequence of
Theorem 7.42.

Now we use Theorem 10.19(b) to approximate each off and g by step functions.
If e > 0 is given, there are step functions s and t such that

Ix
Therefore we have

If - SI < e

f,

and
1.

Ig - tl<e.

f G = f s - G + A1,
x

where

IA11 =
L1-

s) GI -<

J
If - SI fy Ig(y)I Ik(x, y)I dy < eM f IgI

X x JY

Also, we have

where

I

Therefore

where

G(x) = fy g(y)k(x, y) dy f t(y)k(x, y) dy + A2,
Y

A21

= I fy
- t)k(x, y) dy

Y

<M f Ig - tl<sM.
Y

t(y)k(x, y) d y] dx + A3,fX s G = fX s(x) r
fy J

IA3I = A2 f s(x) dx
X

< SM fX Isl

J

<eM f {Is - fI + IfI} <e2M+eM f Ifl,
X x

(29)
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so (29) becomes
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t(y)k(x, y) d
y]

dx + A l + A3. (30)fx f G = fx s(x) [
fy J

Similarly, we find

f g F = f t(y) [ 1 s(x)k(x, y) dxl dy + B1 + B3, (31)
Y Y L X .f

where

IB1 I < eM f IfI and IB3I < EM r t i < e2M + eM fy IgI.
x JY

But the iterated integrals on the right of (30) and (31) are equal, so we have

Jf.G
- JYg.F

--<IA11+IA3I+IBII+IB3I

< 2e2M + 2cM f fx IfI + fy 19I .
)

Since this holds for every e > 0 we have fx f G = l y g F, as required.

NOTE. A more general version of Theorem 10.40 will be proved in Chapter 15
using double integrals. (See Theorem 15.6.)

10.18 MEASURABLE SETS ON THE REAL LINE

Definition 10.41. Given any nonempty subset S of R. The function Xs defined by

Xs(x) = J 1 if x E S,
0 if x e R - S,

is called the characteristic function of S. If S is empty we define Xs(x) = 0 for all x.

Theorem 10.42. Let R = (- oo, + oo). Then we have:

a) If S has measure 0, then Xs e L(R) and SR Xs = 0-
b) If Xs e L(R) and if fR Xs = 0, then S has measure 0.

Proof. Part (a) follows by taking f = Xs in Theorem 10.20. To prove (b), let
f,. = Xs for all n. Then IfI = Xs so

I IfRI= Xs=0.
n=1 J R

n=1

1 R
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By the Levi theorem for absolutely convergent series, it follows that the series
En 1 f (x) converges everywhere on R except for a set T of measure 0. If x e S,
the series cannot converge since each term is 1. If x 0 S, the series converges
because each term is 0. Hence T = S, so S has measure 0.

Definition 10.43. A subset S of R is called measurable if its characteristic function
Xs is measurable. If, in addition, Xs is Lebesgue-integrable on R, then the measure
µ(S) of the set S is defined by the equation

u(S) = f
R

Xs-

If Xs is measurable but not Lebesgue-integrable on R, we define µ(S) = + oo. The
function it so defined is called Lebesgue measure.

Examples

1. Theorem 10.42 shows that a set S of measure zero is measurable and that u(S) = 0.

2. Every interval I (bounded or unbounded) is measurable. If I is a bounded interval
with endpoints a <- b, then u(I) = b - a. If I is an unbounded interval, then
u(I) = + 00 .

3. If A and B are measurable and A S B, then u(A) <_ p(B).

Theorem 10.44. a) If S and T are measurable, so is S - T.

b) If S1, S2, , are measurable, so are 1 Si and n 1 S1.

Proof. To prove (a) we note that the characteristic function of S - T is Xs - XSXT
To prove (b), let

n n ao

Un = u Si, Vn = f l Si, U = U Si,
i=1 i=1 i=1

Then we have

Xu = max (Xs,, , and

00

V = f Si.
=1

Xv = min (Xs,,... ,

so each of U. and Y. is measurable. Also, Xu = limn-,,,, Xu and Xv = limn-00 Xv,,,
so U and V are measurable.

Theorem 10.45. If A and B are disjoint measurable sets, then

µ(A u B) = u(A) + µ(B). (32)

Proof. Let S = A u B. Since A and B are disjoint we have

Xs = XA + XB

Suppose that Xs is integrable. Since both XA and XB are measurable and satisfy

0 < XA(x) < XS(x), 0 < XB(x) < XS(x) for all x,
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Theorem 10.35 shows that both XA(' and XB are integrable. Therefore

P(S) = fit Xs = J XA + J XB = u(A) + p(B)
R R

In this case (32) holds with both members finite.
If Xs is not integrable then at least one of XA or XB is not integrable, in which

case (32) holds with both members infinite.

The following extension of Theorem 10.45 can be proved by induction.

Theorem 10.46. If {A1i ... , A^) is a finite disjoint collection of measurable sets,
then

u (c1
\ ^

A) = i=1

NOTE. This property is described by saying that Lebesgue measure is finitely
additive. In the next theorem we prove that Lebesgue measure is countably additive.

Theorem 10.47. If {A1i A2, ... } is a countable disjoint collection of measurable
sets, then

l
0000µ U A) = u(A1) (33)

Proof. Let T. = U°=1 A i, X. = XT.,, T = U i00=1 A i. Since p is finitely additive,
we have

AT.) = E p(A) for each n.
i=1

We are to prove that p(T^) -+ µ(T) as n - oo. Note that p(T^) < p(Tn+1) so
{p(T,a} is an increasing sequence.

We consider two cases. If µ(T) is finite, then XT and each X. is integrable. Also,
the sequence {p(T^)} is bounded above by p(T) so it converges. By the Lebesgue
dominated convergence theorem, p(T^) -+ u(T).

If p(T) = + oo, then XT is not integrable. Theorem 10.24 implies that either
some X. is not integrable or else every X. is integrable but p(T^) - + op. In either
case (33) holds with both members infinite.

For a further study of measure theory and its relation to integration, the reader
can consult the references at the end of this chapter.

10.19 THE LEBESGUE INTEGRAL OVER ARBITRARY SUBSETS OF R

Definition 10.48. Let f be defined on a measurable subset S of it Define a new
function f on R as follows:

Ax) = Jf(x) if x e S,
0 ifxeR - S.
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If f is Lebesgue-integrable on R, we say that f is Lebesgue-integrable on S and we
write f E L(S). The integral off over S is defined by the equation

'SIR
This definition immediately gives the following properties:

If f E L (S), then f e L (T) for every subset of T of S.
If S has finite measure, then µ(S) = Is 1.

The following theorem describes a countably additive property of the Lebesgue
integral. Its proof is left as an exercise for the reader.

Theorem 10.49. Let {A1, A2,... } be a countable disjoint collection of sets in R,
and let S = U g?'= 1 A Let f be defined on S.

a) If f E L (S), then f e L (A i) for each i and

Jf=EJfSb)
If f E L (A 1) for each i and if the series in (a) converges, then f E L (S) and the
equation in (a) holds.

10.20 LEBESGUE INTEGRALS OF COMPLEX-VALUED FUNCTIONS

If f is a complex-valued function defined on an interval I, then f = u + iv, where
u and v are real. We say f is Lebesgue-integrable on I if both u and v are Lebesgue-
integrable on I, and we define

Jf=$u + i V.

Similarly, f is called measurable on I if both u and v are in M(I).
It is easy to verify that sums and products of complex-valued measurable

functions are also measurable. Moreover, since

IfI = (u2
+ v2)1/2,

Theorem 10.36 shows that If I is measurable if f is.
Many of the theorems concerning Lebesgue integrals of real-valued functions

can be extended to complex-valued functions. However, we do not discuss these
extensions since, in any particular case, it usually suffices to write f = u + iv
and apply the theorems to u and v. The only result that needs to be formulated
explicitly is -the following.
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Theorem 10.50. If a complex-valued function f is Lebesgue-integrable on I, then
If i e L(I) and we have

JfI <
fIfl

Proof. Write f = u + iv. Since f is measurable and If I < Jul + lvl, Theorem
10.35 shows that If I e L(I).

Let
Let a = $I f Then a = re`°, where r = l al. We wish to prove that r < f if

b
e ie ifr > 0,
1 ifr=0.

Then Ibl = I and r = ba = b fI f = 11 bf. Now write bf = U + iV, where
U and V are real. Then 11 bf = fI U, since 11 bf is real. Hence

r = f bf = fI U < f IUI << $ Ib'1 J Ifl

10.21 INNER PRODUCTS AND NORMS

This section introduces inner products and norms, concepts which play an im-
portant role in the theory of Fourier series, to be discussed in Chapter 11.

Definition 10.51. Let f and g be two real-valued functions in L(I) whose product
f g is in L(I). Then the integral

fil
f(x)g(x) dx (34)

is called the inner product off and g, and is denoted by (f, g). If f2 a L(I), the
nonnegative number (f, f)112, denoted by Il.f II, is called the L2-norm off.

NoTE. The integral in (34) resembles the sum Ek=1 xkyk which defines the dot
product of two vectors x = (x1, ... , and y = (y1, ... , The function
values f(x) and g(x) in (34) play the role of the components xk and yk, and integra-
tion takes the place of summation. The L2-norm off is analogous to the length of
a vector.

The first theorem gives a sufficient condition for a function in L(I) to have an
L2-norm.

Theorem 10.52. If f e L(I) and if f is bounded almost everywhere on I, then
f2EL(I).

Proof. Since f e L(1), f is measurable and hence f 2 is measurable on I and satisfies
the inequality l f(x)12 < M l f(x)I almost everywhere on 1, where M is an upper
bound for If 1. - By Theorem 10.35, f 2 e L(I).
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10.22 THE SET L2(I) OF SQUARE-INTEGRABLE FUNCTIONS

Definition 10.53. We denote by L2(I) the set of all real-valued measurable functions
f on I such that f2 e L(I). The functions in L2(I) are said to be square-integrable.

NOTE. The set L2(I) is neither larger than nor smaller than L(I). For example,
the function given by

f(x) = x-1'2 for 0 < x < 1, f(0) = 0,

is in L([0, 1]) but not in L2([0, 1]). Similarly, the function g(x) = 1/x for x >_ 1

is in L2([1, + oo)) but not in L([1, + oo)).

Theorem 10.54. If f e L2(I) and g e L2(I), then f g e L(1) and (af + bg) e L2(I)
for every real a and b.

Proof. Both f and g are measurable so f g e M(I). Since

If(x)9(x)I < f 2(x) + g2(x)
2

Theorem 10.35 shows that f g e L(I). Also, (af + hg) a M(I) and

(af + bg) 2 = a2f 2 + 2abf g + b2g2,

so (af + bg) a L2(I).

Thus, the inner product (f, g) is defined for every pair of functions f and g in
L2(I). 'The basic properties of inner products and norms are described in the next
theorem.

Theorem 10.55. If f, g, and h are in L2 (I) and if c is real we have :

a) (f g) = (g, f) (commutativity).

b) (f + g, h) = (f, h) + (g, h) (linearity).

c) (cf, g) = c(f g) (associativity).

d) Ilcf II = Icl IIf II (homogeneity).

e) I(.f, g)j <- 11.f II IIgII (Cauchy-Schwarz inequality).

f) If + gAI < If II + IIgOI (triangle inequality).

Proof. Parts (a) through (d) are immediate consequences of the definition. Part (e)
follows at once from the inequality

V(x)g(Y) - g(x).f(Y)I2 dy] dx >_ 0.

To prove (f) we use (e) along with the relation

If + gli2 = (f + g,.f + g) = (.f,.f) + 2(f, g) + (g, g) =IIf 112 + IIg1l2 + 2(f, g).
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NoTE. The notion of inner product can be extended to complex-valued functions
f such that If I c- L2(I). In this case, (f, g) is defined by the equation

(f, g) =
J

.f(x)g(x) dx,
r

where the bar denotes the complex conjugate. The conjugate is introduced so that
the inner product of f with itself will be a nonnegative quantity, namely,
(f, f) = f r if 12 The L2-norm off is, as before, IIf 11 = (f, f)1"2.

Theorem 10.55 is also valid for complex functions, except that part (a) must be
modified by writing

(f, g) = (g, f).

This implies the following companion result to part (b) :

(35)

(f,g+h)=(g+h, )= G-J) +WT) = (f, g)+(f,h).
In parts (c) and (d) the constant c can be complex. From (c) and (35) we obtain

(f, cg) = c(f, g).

The Cauchy-Schwarz inequality and the triangle inequality are also valid for
complex functions.

10.23 THE SET L2(I) AS A SEMIMETRIC SPACE

We recall (Definition 3.32) that a metric space is a set Ttogether with a nonnegative
function d on T x T satisfying the following properties for all points x, y, z in T :

1. d(x, x) = 0. 2. d(x, y) > 0 if x # y.
3. d(x, y) = d(y, x). 4. d(x, y) < d(x, z) + d(z, y).

We try to convert L2(1) into a metric space by defining the distance d(f, g) between
any two complex-valued functions in L2(I) by the equation

1/2

d(f,g) = Ilf- gII = If - gI2
r

This function satisfies properties 1, 3, and 4, but not 2. If f and g are functions in
L2(1) which differ on a nonempty set of measure zero, then f # g but f - g = 0
almost everywhere on I, so d(f, g) = 0.

A function d which satisfies 1, 3, and 4, but not 2, is called a semimetric. The
set L2(I), together with the semimetric d, is called a semimetric space.

10.24 A CONVERGENCE THEOREM FOR SERIES OF FUNCTIONS IN L2(1)

The following convergence theorem is analogous to the Levi theorem for series
(Theorem 10.26).
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Theorem 10.56. Let {gn} be a sequence of functions in L2(I) such that the series
00

E 119.11
n=1

converges. Then the series of functions F_,'= I gn converges almost everywhere on I
to a function g in L2(I), and we have

CO

(36)
R- 00

Proof. Let M = E"O 1 11g,II The triangle inequality, extended to finite sums,
gives us

n

:!9 E119k11<_M.

This implies

f/ (k=1

If x e I, let

I9k(x)I) dx = E 19"I
k=1

< M2. (37)

fn(x) = (I9k(x)I )2.
/k=1

The sequence (f.) is increasing, each fn E L(I) (since each gk E L2(I)), and (37)
shows that fI fn < M M. Therefore the sequence {11f.} converges. By the Levi
theorem for sequences (Theorem 10.24), there is a function f in L(I) such that
fn -+ f almost everywhere on I, and

f f=lim f
n~00

fn <M2.

The refore the series Ek 1 gk(x) converges absolutely almost everywhere on I. Let

9(x) = lim 9k(x)
M-00 k=1

at those points where the limit exists, and let

Gn(x) = I Ej 9k(x)I2
k-1

Then each G. a L(I) and Gn(x) -+ Ig(x)12 almost everywhere on I. Also,

G1(x) < f(x) on I.

Therefore, by the Lebesgue dominatedinated convergence theorem, IgI2 a L(I) and

J IgI2 = lim f G. (38)
I n- 00 I
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Since g is measurable, this shows that g e L2(I). Also, we have

so (38) implies

2 - Igk112,

119112 = lim
n-oo

and this, in turn, implies (36).

and 1G
r r

E 9k
k=1

10.25 THE RIESZ-FISCHER THEOREM

2

< M2,
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The convergence theorem which we have just proved can be used to prove that
every Cauchy sequence in the semimetric space L2(I) converges to a function in
L2(I). In other words, the semimetric space L2(I) is complete. This result, called
the Riesz-Fischer theorem, plays an important role in the theory of Fourier series.

Theorem 10.57. Let { fn} be a Cauchy sequence of complex-valued functions in
L2(I). That is, assume that for every e > 0 there is an integer N such that

11f. - f.11 < s whenever m >- n >- N. (39)

Then there exists a function fin L2(I) such that

lim Ilfn - f II = 0. (40)
n_00

Proof. By applying (39) repeatedly we can find an increasing sequence of integers
n(1) < n(2) < such that

IIfn - fn(k)II < I whenever m >- n(k).

Let g1 = fn(1), and let gk = fn(k) - fn(k-1) for k >> 2. Then the series T_k
1 11gk1I

converges, since it is dominated by

11f.(I)11 + E I1 fn(k)'-fn(k-1)11 < 11f1(l)11 + 12k = II4(1)II + I.
k=2 k=1

Each gn is in L2(I). Hence, by Theorem 10.56, the series E gn converges almost
everywhere on I to a function f in L2(I). To complete the proof we will show that
hfm -f 11 -+0asm oo.

For this purpose we use the triangle inequality to write

11fm _f11 <- 11fn, - fn(k)II + 11fn(k) _f11- (41)

If m >- n(k), the first term on the right is < 1/2 k . To estimate the second term we
note that

0
JJf - fn(k) _ j lfn(r) - fn(r- I)},

r=k+ I
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and that the series E' k+ 1 II fn(r) - .f"(r -1)11 converges. Therefore, we can use
inequality (36) of Theorem 10.56 to write

°D 1 1

if - fn(k)II < Ilfn(r) - fn(r-1)11 < Ej _
r=k+1 r=k+i 2r-1 2k-1

Hence, (41) becomes

11f. - f11 <- 2k
1

- 1
+

2
1

k

=
2k
3 if m > n(k).

Since n(k) -> oo as k -+ oo, this shows that Ilfn - f II -+ 0 as m -+ oo.

NoTE. In the course of the proof we have shown that every Cauchy sequence of
functions in L2(I) has a subsequence which converges pointwise almost everywhere
on I to a limit function fin L2(I). However, it does not follow that the sequence
f f.} itself converges pointwise almost everywhere to f on I. (A counterexample is
described in Section 9.13.) Although {f.} converges to fin the semimetric space
L2(I), this convergence is not the same as pointwise convergence.

EXERCISES

Upper functions

10.1 Prove that max (f, g) + min (f, g) = f + g, and that

max (f+h,g+h)=max(f,g)+h, min (f+h,g+h)=min (f,g)+h.
10.2 Let {f"} and (g") be increasing sequences of functions on an interval I. Let u" _

max (fn, g,,) and v" = min (fn, g,).
a) Prove that {u"} and {vn} are increasing on I.

b) If fn ,c f a.e. on I and if g" w g a.e. on I, prove that u" / max (f, g) and
v" / min (f, g) a.e. on I.

10.3 Let {s"} be an increasing sequence of step functions which converges pointwise on
an interval I to a limit function f. If I is unbounded and if f(x) >- 1 almost everywhere on
I, prove that the sequence {ft s"} diverges.

10.4 This exercise gives an example of an upper function f on the interval I = [0, 1 ]
such that -f 0 U(I). Let {r1, r2,. .. } denote the set of rational numbers in [0, 1] and
let I" = [r" - 4-", r" + 4-"] n I. Let f(x) = 1 if x e I. for some n, and let f(x) = 0
otherwise.

a) Let f"(x) = I if x e I", f"(x) = 0 if x I", and let s" = max (fl, ... , Show
that {s"} is an increasing sequence of step functions which generates f. This
shows that f e U(I).

b) Prove that fl f < 2/3.
c) If a step function s satisfies s(x) <- -f(x) on I, show that s(x) <- -1 almost

everywhere on I and hence f r s < -1.

d) Assume that -f e U(I) and use (b) and (c) to obtain a contradiction.
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NOTE. In the following exercises, the integrand is to be assigned the value 0 at points
where it is undefined.

Convergence theorems

10.5 If fn(x) = e-nx - 2e-'"'l show that
00 ODfx 0 f fn(x) dX.

n=1 0 n=1

10.6 Justify the following equations:

1 1 1 00 ao 1 1

a) f log dx = f E dx = - f xndx = 1.
0 1- x o n=1 n n=1 n J0

b) log dz = E
2

(p > 0).
fo 1

xP-1

00 11 -x x n=0(n+p))

10.7 Prove Tannery's convergence theorem for Riemann integrals: Given a sequence of
functions { jn } and an increasing sequence {p,, } of real numbers such that pn --* + oo as
n - co. Assume that

a) fn - f uniformly on [a, b ] for every b >- a.

b) fn is Riemann-integrable on [a, b]for every b z a.

c) Ijn(x)I < g(x) almost everywhere on [a, + co), where g is nonnegative and im-
proper Riemann-integrable on [a, + co).

Then both f and If I are improper Riemann-integrable on [a, + co), the sequence {J°' fn}
converges, and

}0D Pn
f f(x) dx = lim fn(x) dx.

Ja o

d) Use Tannery's theorem to prove that

n n aD

) XP dx = f e-xxP dx, if p > -1.lim
0

(1 -
n
J Joo

10.8 Prove Fatou's lemma: Given a sequence (fn) of nonnegative functions in L(I) such
that (a) { fn } converges almost everywhere on I to a limit function f, and (b) L fn 5 A for
some A > 0 and all n >- 1. Then the limit function f e L(I) and JI f 5 A.

NOTE. It is not asserted that {JI fn} converges. (Compare with Theorem 10.24.)

Hint. Let gn(x) = inf { fn(x), fn+ 1(x), ... }. Then gn W f a.e. on I and h gn -< Jr fn s
A so limn, Jr gn exists and is s A. Now apply Theorem 10.24.

Improper Riemann Integrals

10.9 a) If p > 1, prove that the integral 11' x-P sin x dx exists both as an improper
Riemann integral and as a Lebesgue integral. Hint. Integration by parts.
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b) If 0 < p <- 1, prove that the integral in (a) exists as an improper Riemann
integral but not as a Lebesgue integral. Hint. Let

7r 37r5x5 nn+ - forn= 1,2,...,if nn+-
g(x) = 2x 4 4

0 otherwise,

and show that

(' 2 1
f n X-P sin xj dx >_

J
nrz g(X) dx >_ -

1 n 4 k=2

10.10 a) Use the trigonometric identity sin 2x = 2 sin x cos x, along with the formula
JO' sin x/x dx = n/2, to show that

f °° sin x cos x ndx =
o x 4

b) Use integration by parts in (a) to derive the formula

f
I sing x n

f dx =
o

x2
2

c) Use the identity sin2 x + cost x = 1, along with (b), to obtain

fo,

0 sin4 x nx2dx =
4

d) Use the result of (c) to obtain

. sin4 x n
fdx =

x4 3

10.11 If a > 1, prove that the integral Ja °D x° (log x)4 dx exists, both as an improper
Riemann integral and as a Lebesgue integral for all q if p < -1, or for q < -1 if p = -1.

10.12 Prove that each of the following integrals exists, both as an improper Riemann
integral and as a Lebesgue integral.

a) I sin 2 1 dx, b) f x°e-x9 dx (p > 0, q > 0).
1 x o

10.13 Determine whether or not each of the following integrals exists, either as an
improper Riemann integral or as a Lebesgue integral.

f0OD e (t=+t-2) dt,a)

1

e) f
o

x sin dx,
o x

b) cos x
dx

fo 'x
c) 00 log x

dx, d) e_x sin 1
dx,f, x(x2 - 1)1/2 o x

f) f0 e'x log (cost x) dx.
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10.14 Determine those values of p and q for which the following Lebesgue integrals exist.

1a) fo x°(1 x2)q dx, b) f xxe-x" dx,
Jo

c)
xP-1 - xq-1

dx,
d ('°° sin (xe)

dx
Jo 1 - x ) x° ,0

og x)l (sin x)-1'3 dx.(le) J XP-1
dx,

f) 100o 1+x10.15

Prove that the following improper Riemann integrals have the values indicated
(m and n denote positive integers).

a) ('°° sine"+1 x dx = ic(2n)!
b) log x dx = n-2x 22n+1(n!)2 '

fl'*

c)
J

x"(l + dx = n!(m - 1)!I (m + n)!

10.16 Given that f is Riemann-integrable on [0, 1 ], that f is periodic with period 1, and
that fo f(x) dx = 0. Prove that the improper Riemann integral fi 0° x-' f(x) dx exists
ifs > 0. Hint. Let g(x) = fi f(t) dt and write f x_s f(x) dx = f, x-s dg(x).
10.17 Assume that f e R on [a, b] for every b > a > 0. Define g by the equation
xg(x) = f f f (t) dt if x > 0, assume that the limit limx.., + . g(x) exists, and denote this
limit by B. If a and b are fixed positive numbers, prove that

a)
fb f( x) dx = g(b) - g(a) + bg(x) dx.

x a x

b) lim
T- + co

f_)dx = BIog!.
T

c) J1

ad f(ax)
X

f(bx) dx = B log

b

+ bf(t) dt.
t

d) Assume that the limit limx-.o+ x J' If(j)t-2 dt exists, denote this limit by A,
and prove that

f 'f(ax) - f(bx) b fbf(t)J dx = A log - J dt.
o x a a t

e) Combine (c) and (d) to deduce

f °D f (ax) - f (bx) dx = (B - A) log a
o x b

and use this result to evaluate the following integrals:

°D cos ax - cos bx
dx

f 00 e-ax - ebx
dx.

o
x o

X
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Lebesgue integrals

10.18 Prove that each of the following exists as a Lebesgue integral.

a) f i xlogx
dx,

Jo (1 + x)2

i
c) f log x log (1 + x) dx,

0

10.19 Assume that f is continuous on
Lebesgue integral fl

o
f(x)x-31'2 dx exists.

lx° - 1
b) dx (p > -1),

Jo log x

d) 1 log (1 - x)
dx.

fo (1 - x)112

[0, 1], f (O) = 0, f'(0) exists. Prove that the

10.20 Prove that the integrals in (a) and (c) exist as Lebesgue integrals but that those in
(b) and (d) do not.

a) x2e-xesin2x dx
0J

dxdx
C)

J
, d)

1 1 + x° sin2 x

b) x3e-sesinZS dx,
0J

1 + x2 sin2 xf
Hint. Obtain upper and lower bounds for the integrals over suitably chosen neighbor-
hoods of the points nn (n = 1, 2, 3, ... ).

Functions defined by integrals

10.21 Determine the set S of those real values of y for which each of the following
integrals exists as a Lebesgue integral.

a)

fooo

cos xy dx
1 + x2

x2 + y2)-1 dx,b) foo (

c)

fo

°° sin 2 e'"= cos 2xy dx.2 Y dx, d) fo'ox

10.22 Let F(y) = fo e'"2 cos 2xy dx if y e R. Show that F satisfies the differential
equation F(y) + 2y F(y) = 0 and deduce that F(y) = j/ne_ 2. (Use the result

Ja e-X2 dx = 4'n, derived in Exercise 7.19.)

10.23 Let F(y) = Jo sin xy/x(x2 + 1) dx if y > 0. Show that F satisfies the differential
equation F(y) - F(y) + nl2 = 0 and deduce that F(y) = 4n(1 - e-Y). Use this result
to deduce the following equations, valid for y > 0 and a > 0:

°° °° cos XY dx = ne-°Y'F sin xy dx = n (I - e °y),
22 + a

Jo x(x2 + a2) 2a2 o x

'( x itx sin xy dx = n
e °Y you may use dxJ =

o

sin

x 2x2 + a2 2jo-
10.24 Show that f ° [J° f(x, y) dx] dy :A I' [f' f(x, y) dy] dx if

a) f(x,
_

Y) -
x - Y b) f(x, y) =

x2 _ yz

(x+Y)3 (x2+y2)2
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10.25 Show that the order of integration cannot be interchanged in the following integrals :

a)

fo
[f0 (x + )3

dxl dy,

b) fo [f: (e xv -
2e 2xr) dy] dx.

10.26 Letf(x, y) = o dt/[(1 + x2t2)(1 + y2t2)] if (x, y) (0, 0). Show (by methods
of elementary calculus) that f(x, y) = 4n(x + y)-1. Evaluate the iterated integral
fo [fo f(x, y) dx] dy to derive the formula:

('°° (arctan x)2
dx = n log 2.J x2

0

10.27 Let f (y) = f
o

sin x cos xylx dx if y >- 0. Show (by methods of elementary
calculus) that f(y) = it/2 if 0 < y < 1 and that f(y) = 0 if y > 1. Evaluate the integral
f o f (y) dy to derive the formula

na

0D sin ax sin x 2

o x2 7E

2

if 0<a<-1,

if a>_ 1.

10.28 a) Ifs > 0 and a > 0, show that the series

°O 1 r sin

Xn

2nrzx
s"=l fao'

converges and prove that

lim 00
1 sin 2n7rx dx = 0

a - + + n f, XS

b) Let f (x) sin (2mcx)/n. Show that

fooo

dx = (2x)s-1C(2 - s) fOD sin t
dt, if 0 < s < 1,

x+ t

where C denotes the Riemann zeta function.

10.29 a) Derive the following formula for the nth derivative of the Gamma function:
00

V")(x) = f e tex-1 (log t)" dt (x > 0).

b) When x = 1, show that this can be written as follows:

f 1 (t2 + (-1)"e`-1/t)e-tt-2 (log t)" dt.
0

c) Use (b) to show that f°'(1) has the same sign as (- I)".

In Exercises 10.30 and 10.31, F denotes the Gamma function.

10.30 Use the result Jo e- X2 dx = 4 to prove that F(4) = 1n. Prove that I'(n + 1) _
n! and that I'(n + 1) = (2n)! /4"n! if n = 0, 1, 2, .. .
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10.31 a) Show that for x > 0 we have the series representation
(00

11'(X) = E
-1)" 1 + E

n=o n! n + x "=o

where c" = (1/n!) f7 t-1e-` (log t)" dt. Hint: Write f= fo + f' and useo
an appropriate power series expansion in each integral.

b) Show that the power series F,,'= 0 C"Z" converges for every complex z and that
the series [(-1)"/n! ]/(n + z) converges for every complex z j4 0, -1,
-2, ..

10.32 Assume that f is of bounded variation on [0, b] for every b > 0, and that
lim, ,,, f(x) exists. Denote this limit by f(oo) and prove that

lim Y J
CO

e xyf(x) dx = ftoo)
Y-O+ o

Hint. Use integration by parts.

10.33 Assume that f is of bounded variation on [0, 1 ]. Prove that

lim y f x"-f(x) dx = f(0+).
o

Measurable functions

10.34 If f is Lebesgue-integrable on an open interval I and if f'(x) exists almost every-
where on I, prove that f' is measurable on I.
10.35 a) Let {s"} be a sequence of step functions such that s" f everywhere on R.
Prove that, for every real a,

00 00f-1((a, +oo)) = U sk' \\a + 1
, +oo

n=1 k=I
In n

b) If f is measurable on R, prove that for every open subset A of R the set f (A)
is measurable.

10.36 This exercise describes an example of a nonmeasurable set in R. If x and y are real
numbers in the interval [0, 11, we say that x and y are equivalent, written x - y, whenever
x - y is rational. The relation - is an equivalence relation, and the interval [0, 11 can
be expressed as a disjoint union of subsets (called equivalence classes) in each of which
no two distinct points are equivalent. Choose a point from each equivalence class and
let E be the set of points so chosen. We assume that E is measurable and obtain a contra-
diction. Let A = {r1, r2, ...) denote the set of rational numbers in [-1, 11 and let
E"= {r"+x:xeE}.

a) Prove that each E" is measurable and that ,u(E") = p(E).
b) Prove that {E1, E2, ... } is a disjoint collection of sets whose union contains

[0, 1 ] and is contained in [-1, 2].
c) Use parts (a) and (b) along with the countable additivity of Lebesgue measure

to obtain a contradiction.

10.37 Refer to Exercise 10.36 and prove that the characteristic function XE is not measur-
able. Let f = XE - XI_E where I = [0, 1 ]. Prove that If I e L(I) but that f ¢ M(I).
(Compare with Corollary 1 of Theorem 10.35.)
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Square-integrable functions

In Exercises 10.38 through 10.42 all functions are assumed to be in L2(I). The L2-norm
11f II is defined by the formula, 11f II = (fi I fj2)112.

10.38 If 11f. - f II = 0, prove that
10.39 If limp.,, 11f. - f II = 0 and if lim,,_ f (x) = g(x) almost everywhere on I, prove
that f(x) = g(x) almost everywhere on I.

10.40 If f - f uniformly on a compact interval I, and if each f is continuous on I, prove
that Jim.,. 11f. - f II = 0-
10.41 If 11f. - f II = 0, prove that fi f - g = fi f - g for every g in
L2(I).

10.42 If f II = 0 and II g - g 1l = 0, prove that fi fn . gn =
f,
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CHAPTER 11

FOURIER SERIES
AND FOURIER INTEGRALS

11.1 INTRODUCTION

In 1807, Fourier astounded some of his contemporaries by asserting that an
"arbitrary" function could be expressed as a linear combination of sines and co-
sines. These linear combinations, now called Fourier series, have become an
indispensable tool in the analysis of certain periodic phenomena (such as vibra-
tions, and planetary and wave motion) which are studied in physics and engineering.
Many important mathematical questions have also arisen in the study of Fourier
series, and it is a remarkable historical fact that much of the development of
modern mathematical analysis has been profoundly influenced by the search for
answers to these questions. For a brief but excellent account of the history of this
subject and its impact on the development of mathematics see Reference 11.1.

11.2 ORTHOGONAL SYSTEMS OF FUNCTIONS

The basic problems in the theory of Fourier series are best described in the setting
of a more general discipline known as the theory of orthogonal functions. There-
fore we begin by introducing some terminology concerning orthogonal functions.

NOTE. As in the previous chapter, we shall consider functions defined on a general
subinterval I of R. The interval may be bounded, unbounded, open, closed, or
half-open. We denote by L2(I) the set of all complex-valued functions f which are
measurable on I and are such that If 12 e L(I). The inner product (f, g) of two such
functions, defined by

(f g) = J f(x)g(x) dx,
r

always exists. The nonnegative number 11f II = (f f)112 is the L2-norm off.

Definition 11.1. Let S = {To, fpl, (p2, ... } be a collection of functions in L2(I). If

(T.,. T.) = 0 whenever m n,

the collection S is said to be an orthogonal system on I. If, in addition, each T. has
norm 1, then S is said to be orthonormal on I.

NOTE. Every orthogonal system for which each 11T.11 96 0 can be converted into
an orthonormal system by dividing each cp,, by its norm.

306
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We shall be particularly interested in the special trigonometric system
S = 1901 (PI, 92.... b where

1W _(P
nx

AX) =cos sin nx 1
,O /

VLn
,92.- /

Vn
(P2n(x) =

V7C

( )

for n = 1, 2, ... It is a simple matter to verify that S is orthonormal on any
interval of length 21r. (See Exercise 11.1.) The system in (1) consists of real-valued
functions. An orthonormal system of complex-valued functions on every interval
of length 2ir is given by

e'"" cos nx + i sin nx
cPn(x) _ _ n = 0, 1, 2, .. .

-,/27r

11.3 THE THEOREM ON BEST APPROXIMATION

One of the basic problems in the theory of orthogonal functions is to approximate
a given function f in L2(I) as closely as possible by linear combinations of elements
of an orthonormal system. More precisely, let S = IT O, T1, 92, ... } be ortho-
normal on I and let

n

tn(x) = E bkTk(x),
k=0

where bo, b1, ... , b" are arbitrary complex numbers. We use the norm I1f - tnll
as a measure of the error made in approximating f by tn. The first task is to choose
the constants bo, ... , bn so that this error will be as small as possible. The next
theorem shows that there is a unique choice of the constants that minimizes this
error.

To motivate the results in the theorem we consider the most favorable case.
If f is already a linear combination of coo, (p 1, ... , (p,, say

f Ck(Pk,
k=0

then the choice to = f will make If - tnll = 0. We can determine the constants
c 0 , . . . , c" as follows. Form the inner product (f corn), where 0 < m 5 n. Using
the properties of inner products we have

n n

(f (Pm) = C Ckcok, cm) = E Ck((Pk, (Pm) = Cm,

since (cok, (pm) = 0 if k 0 m and (corn, cpm) = I. In other words, in the most
favorable case we have cm = (f, corn) for m = 0, 1, ... , n. The next theorem shows
that this choice of constants is best for all functions in L2(I).
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Theorem 11.2. Let {90, ipl, 92, ... } be orthonormal on I, and assume that
f e L2(I). Define two sequences of functions {sn} and {tn} on I as follows:

Sn(x) = 1 Ck(Pk(x), tn(x) = E bkcok(x),
k=0 k=0

where

Ck = (f, TO fork = 0, 1,2,...,

and bo, bl, b2, ... , are arbitrary complex numbers. Then for each n we have

IIf - SnII :5- If - tnll.

Moreover, equality holds in (3) if, and only if, bk = ck for k = 0, 1, ... , n.

Proof. We shall deduce (3) from the equation

n n

(2)

(3)

If - tnII2 = 11f112 - E ICk12 + 1 Ibk - CkI2. (4)
k=0 k=0

It is clear that (4) implies (3) because the right member of (4) has its smallest value
when bk = ck for each k. To prove (4), write

IIf-toII2= f)- tn)-(t,f)+(tn,tn)
Using the properties of inner products we find

n n

(tn, tn) = ( bk(pk, bm(Pm)
k=0 m=0

and
n n n

(f, t,,) _
(f,

E k(fi k) = E bkCk
k=0 k=0 k=0

Also, (tn, f) = (f, tn) = Ek=o bkek, and hence

nn nn nn

If - tn!I2 = IIfII2 - ` 5kCk - E bkek +E IbkI2
k=0 k=0 k=0

n n

11f112 - ICk12 + L. (bk - Ck)(bk - Ck)
k=0 k=0

nn nn
r

nn= E E bkbm(cok, (p.) = E IbkI2,
k=0 m=0 k=0

n

= IIf1I2- EICkI2+Ibk-CkI2.

k=0 k=0
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11.4 THE FOURIER SERIES OF A FUNCTION RELATIVE TO AN
ORTHONORMAL SYSTEM

309

Definition 11.3. Let S = IT O, (pl, T2, ... } be orthonormal on I and assume that
f e LZ(I). The notation

00

f(x) - E Cnq'n(x)
n=0

will mean that the numbers co, c1, c2, ... are given by the formulas:

(5)

cn = (f, Tn) = J f(x)-T;(x) dx (n = 0, 1, 2,.. .). (6)
I

The series in (5) is called the Fourier series off relative to S, and the numbers
CO, c1, c2, ... are called the Fourier coefficients off relative to S.

NOTE. When I = [0, 2n] and S is the system of trigonometric functions described
in (1), the series is called simply the Fourier series generated by f. We then write (5)
in the form

00

f (x) - 2 + E (an cos nx + b,, sin nx),

the coefficients being given by the following formulas :

1 2R 1 2a
an = - f(t) cos nt dt, bn = - f f(t) sin nt dt.

7c 0 n J0

In this case the integrals for a and bn exist if f e L([0, 2n]).

(7)

11.5 PROPERTIES OF THE FOURIER COEFFICIENTS

Theorem 11.4. Let {q,TO, 91, 92, ... } be orthonormal on I, assume that f e L2(I),
and suppose that

00

f(x) - cnQ (x)
n=0

Then

a) The series Y_ Icn12 converges and satisfies the inequality

00

I cn12 <
11f112 (Bessel's inequality).

n=0

b) The equation

co

(8)

cn12 =
11f112 (Parseval's formula)

n=0
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holds if, and only if, we also have

urn 11f - S.11 = 0,
n- OD

where {s"} is the sequence of partial sums defined by

s .(x) _ Ckcok(x)
k=0

Th. 11.4

Proof. We take bk = ck in (4) and observe that the left member is nonnegative.
Therefore

ICk12 << 11fI12
k=0

This establishes (a). To prove (b), we again put bk = ck in (4) to obtain

n

IIf - Sn112 =
11f112 - 1 ICkl2

k=0

Part (b) follows at once from this equation.

As a further consequence of part (a) of Theorem 11.4 we observe that the
Fourier coefficients c" tend to 0 as n - oo (since Y_ Ic"I2 converges). In particular,
when Tn(x) = e'"/N[2-7r and I = [0, 2n] we find

2*M

lim f(x)e-'"" dx = 0,
n-+ao o

from which we obtain the important formulas

lim
fo ZR

f (x) cos nx dx = lim f
2,,

f (x) sin nx dx = 0.
- °0 n- 00 ,J 0

(9)

These formulas are also special cases of the Riemann-Lebesgue lemma (Theorem
11.6).

NOTE. The Parseval formula

11f112=Ico12+IciI2+Ic212+

is analogous to the formula

IIXII2=x;+x2+. +x2

for the length of a vector x = (x1, ... , x") in R". Each of these can be regarded
as a generalization of the Pythagorean theorem for right triangles.
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11.6 THE RIESZ-FISCHER THEOREM
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The converse to part (a) of Theorem 11.4 is called the Riesz-Fischer theorem.

Theorem 11.5. Assume {9o, Cpl, ... } is orthonormal on I. Let {cn} be any sequence
of complex numbers such that Y_ Ick12 converges. Then there is a function f in L2(I)
such that

a) (f, Pk) = ck for each k >_ 0,

and
00

b) 11fI12 = E ICk12.
k=0

Proof Let

s .(x) _ Ck cok(x)
k=0

We will prove that there is a function f in L2(I) such that (f, 9k) = ck and such that

lim IISn - .f II = 0.
n- 00

Part (b) of Theorem 11.4 then implies part (b) of Theorem 11.5.

First we note that {sn} is a Cauchy sequence in the semimetric space L2(I)
because, if m > n we have

m m

IISn -
S.112 = E E Ckcr(cok, (p,)

k=n+1 r=n+1
M

E ICk12,
k=n+1

and the last sum can be made less than a if m and n are sufficiently large. By
Theorem 10.57 there is a function f in L2(I) such that

lim IISn - f II = 0.
n-oD

To show that (f, 9k) = Ck we note that (sn, p k) = ck if n Z k, and use the Cauchy-
Schwarz inequality to obtain

ICk - (,'P01 = I(Sn, (Pk) - (f,901 = I(S, - f, wk)I S IISn - fII.

Since 11 s,, - f II 0 as n oo this proves (a).

NOTE. The proof of this theorem depends on the fact that the semimetric space
L2(I) is complete. There is no corresponding theorem for functions whose squares
are Riemann-integrable.
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11.7 THE CONVERGENCE AND REPRESENTATION PROBLEMS FOR
TRIGONOMETRIC SERIES

Consider the trigonometric Fourier series generated by a function f which is
Lebesgue-integrable on the interval I = [0, 27r], say

f(x) 2 + E (a cos nx + b sin nx).00

Two questions arise. Does the series converge at some point x in I? If it does
converge at x, is its sumf(x)? The first question is called the convergence problem;
the second, the representation problem. In general, the answer to both questions
is "No." In fact, there exist Lebesgue-integrable functions whose Fourier series
diverge everywhere, and there exist continuous functions whose Fourier series
diverge on an uncountable set.

Ever since Fourier's time, an enormous literature has been published on these
problems. The object of much of the research has been to find sufficient conditions
to be satisfied by f in order that its Fourier series may converge, either throughout
the interval or at particular points. We shall prove later that the convergence or
divergence of the series at a particular point depends only on the behavior of the
function in arbitrarily small neighborhoods of the point. (See Theorem 11.11,
Riemann's localization theorem.)

The efforts of Fourier and Dirichlet in the early nineteenth century, followed
by the contributions of Riemann, Lipschitz, Heine, Cantor, Du Bois-Reymond,
Dini, Jordan, and de la Vallbe-Poussin in the latter part of the century, led to the
discovery of sufficient conditions of a wide scope for establishing convergence of
the series, either at particular points, or generally, throughout the interval.

After the discovery by Lebesgue, in 1902, of his general theory ofmeasure and
integration, the field of investigation was considerably widened and the names
chiefly associated with the subject since then are those of Fej6r, Hobson, W. H.
Young, Hardy, and Littlewood. Fej6r showed, in 1903, that divergent Fourier
series may be utilized by considering, instead of the sequence of partial sums
the sequence of arithmetic means where

6n(x) = so(x) + s1(x) + ... + sn-1(x)

n

He established the remarkable theorem that the sequence {Q (x)} is convergent
and its limit is j<[f(x+) + f(x -)] at every point in [0, 2n] where f(x +) and
f(x-) exist, the only restriction on f being that it be Lebesgue-integrable on
[0, 2n] (Theorem 11.15.). Fej6r also proved that every Fourier series, whether it
converges or not, can be integrated term-by-term (Theorem 11.16.) The most
striking result on Fourier series proved in recent times is that of Lennart Carleson,
a Swedish mathematician, who proved that the Fourier series of a function in
LZ(I) converges almost everywhere on I. (Acta Mathematica, 116 (1966), pp.
135-157.)
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In this chapter we shall deduce some of the sufficient conditions for convergence
of a Fourier series at a particular point. Then we shall prove Fejdr's theorems.
The discussion rests on two fundamental limit formulas which will be discussed
first. These limit formulas, which are also used in the theory of Fourier integrals,
deal with integrals depending on a real parameter a, and we are interested in the
behavior of these integrals as a - + oo. The first of these is a generalization of (9)
and is known as the Riemann-Lebesgue lemma.

11.8 THE RIEMANN-LEBESGUE LEMMA

Theorem 11.6. Assume that f e L(I). Then, for each real fi, we have

lim f f(t) sin (at + fl) dt = 0.
a-++OD ,

(10)

Proof. If f is the characteristic function of a compact interval [a, b] the result is
obvious since we have

If
sin (at + fl) dtl = cos (aa + f) - cos (ba + f)

a
?< , ifa>0.
a

The result also holds if f is constant on the open interval (a, b) and zero outside
[a, b], regardless of how we define f(a) and f(b). Therefore (10) is valid if f is a
step function. But now it is easy to prove (10) for every Lebesgue-integrable
function f

If e > 0 is given, there exists a step function s such that S, If - sI < c/2 (by
Theorem 10.19(b)). Since (10) holds for step functions, there is a positive M such
that

s(t) sin (at + /3) dtI < 2 if a >- M.

Therefore, if a >- M we have

f(t) sin (at + fi) dtl I f (f(t) - s(t)) sin (at + fi) dt
J,

+ I r s(t) sin (at + fi) dtII

<JlIf(t)-s(t)l dt+2<2+2

This completes the proof of the Riemann-Lebesgue lemma.

Example. Taking f = 0 and $ = n/2, we find, if f s L(I),

8.

lim f(t) sin at dt = lim f f(t) cos at dt = 0.
a-.+00 I a +00 r
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As an application of the Riemann-Lebesgue lemma we derive a result that will
be needed in our discussion of Fourier integrals.

Theorem 11.7. If f e L(- oo, + oo), we have

lim f f(t) 1 - cos at dt = f(- t) dt,
a +Go t Jo t (11)

whenever the Lebesgue integral on the right exists.

Proof. For each fixed a, the integral on the left of (11) exists as a Lebesgue
integral since the quotient (1 - cos at)lt is continuous and bounded on
(- oo, + oo). (At t = 0 the quotient is to be replaced by 0, its limit as t -+ 0.)
Hence we can write

('°' f(t) 1 - cos at
dt fo,* f(t)

1 - cos at dt + f o f(t) cos at
dt

t t 00 t

When a

= f -
[f(t) - f(-t)] 1 - Cos at

dt
o t

= ff(t) - f(- t) dt - ft) f ( -
.

o t
f

o

°°

t

+ oo, the last integral tends to 0, by the Riemann-Lebesgue lemma.

11.9 THE DIRICHLET INTEGRALS

Integrals of the form f u g(t)(sin at )l t dt (called Dirichlet integrals) play an im-
portant role in the theory of Fourier series and also in the theory of Fourier
integrals. The function g in the integrand is assumed to have a finite right-hand
limit g(0+) = lim,...o+ g(t) and we are interested in formulating further con-
ditions on g which will guarantee the validity of the following equation :

a

lim ? g(t) sin at dt = g(0+). (12)
a-+ CO 76 0 t

To get an idea why we might expect a formula like (12) to hold, let us first consider
the case when g is constant (g(t) = g(0+)) on [0, 6]. Then (12) is a trivial con-
sequence of the equation fo (sin t)lt dt = 7r/2 (see Example 3, Section 10.16),
since

a sin at as sin t 7c

Jo
t dt = fo

t
dt -+ 2 as a -+ + oo.

More generally, if g e L([0, 6]), and if 0 < s < 6, we have

lim ?f g(t) _!t dt = 0,
a-++oo 7C c t
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by the Riemann-Lebesgue lemma. Hence the validity of (12) is governed entirely
by the local behavior of g near 0. Since g(t) is nearly g(0+) when t is near 0, there
is some hope of proving (12) without placing too many additional restrictions on g.
It would seem that continuity of g at 0 should certainly be enough to insure the
existence of the limit in (12). Dirichlet showed that continuity of g on [0, 6] is
sufficient to prove (12), if, in addition, g has only a finite number of maxima or
minima on [0, S]. Jordan later proved (12) under the less restrictive condition
that g be of bounded variation on [0, S]. However, all attempts to prove (12) under
the sole hypothesis that g is continuous on [0, 6] have resulted in failure. In fact,
Du Bois-Reymond discovered an example of a continuous function g for which the
limit in (12) fails to exist. Jordan's result, and a related theorem due to Dini, will
be discussed here.

Theorem 11.8 (Jordan). If g is of bounded variation on [0, S], then

lim
2

fo
g(t) sin at dt = g(0+).

a+ o0 7C t
(13)

Proof. It suffices to consider the case in which g is increasing on [0, S]. If a > 0
and if 0 < h < 6, we have

f
('a g(t) sin at dt = f h [g(t) - g(0+)] sin at

dt
Jo t Jo t

+ g(0+) fo
sin at dt + fh g(t) sin at

dt

= I1(a, h) + I2(a, h) + 13(aa, h), (14)

let us say. We can apply the Riemann-Lebesgue lemma to I3(a, h) (since the
integral fa g(t)lt dt exists) and we find 13(a, h) - 0 as a -+ + oo. Also,

I2(a, h) = g(0+) f sin at
dt

o tJ o

ha sin t It= g(0+) t dt -' 2 g(0+) as at -+ + oo.
0

Next, choose M > 0 so that I fa (sin t)lt dt I < M for every b >- a >- 0. It follows
that IS a (sin at )l t dt I < M for every b > a Z 0 if a > 0. Now let E > 0 be
given and choose h in (0, 6) so that f g(h) - g(0+)I < e/(3M). Since

g(t)-g(0+)z0 if 0 5t --.9 h,

we can apply Bonnet's theorem (Theorem 7.37) in Il(a, h) to write

I1(a, h) = foa [g(t) - g(0+)] sin at dt - h sin at
t f t
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where c e [0, h]. The definition of h gives us

II i(a, h)I = I g(h) - g(0+)I I j'S1flXtdt
t

< E M= E. (15)
3M 3

For the same h we can choose A so that a >- A implies

II3(a, h)I < 3 and I2(a, h) - 2 g(0+) < 3 . (16)

Then, for a -> A, we can combine (14), (15), and (16) to get

jg(t)mctdt - 2 g(0+) < E.

This proves (13).

A different kind of condition for the validity of (13) was found by Dini and
can be described as follows:

Theorem 11.9 (Dini). Assume that g(0+) exists and suppose that for some 6 > 0
the Lebesgue integral

ra g(t) - g(0+) dt
o t

exists. Then we have

ali m 2 a
g(t) sin

Oct dt = g(0+).
0 t

Proof. Write
a sin at a g(t) - g(0+) "a sin tg(t) dt = f sin at dt + g(0+) f dt.
o t .J o t fo t

When a -> + oo, the first term on the right tends to 0 (by the Riemann-Lebesgue
lemma) and the second term tends to 1ng(0+).

NOTE. If g e L([a, 6]) for every positive a < S, it is easy to show that Dini's
condition is satisfied whenever g satisfies a "right-handed" Lipschitz condition at
0; that is, whenever there exist two positive constants M and p such that

Ig(t) - g(0+)I < Mt", for every tin (0, 6].

(See Exercise 11.21.) In particular, the Lipschitz condition holds with p = 1
whenever g has a righthand derivative at 0. It is of interest to note that there exist
functions which satisfy Dini's condition but which do not satisfy Jordan's con-
dition. Similarly, there are functions which satisfy Jordan's condition but not
Dini's. (See Reference 11.10.)
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11.10 AN INTEGRAL REPRESENTATION FOR THE PARTIAL SUMS OF A
FOURIER SERIES

A function f is said to be periodic with period p 0 if f is defined on R and if
f (x + p) = f (x) for all x. The next theorem expresses the partial sums of a
Fourier series in terms of the function

sin (n ± -)t
if t 2mn (m an integer),

Cos kt = 2 sin t/2
(17)

k=1
n + I if t = 2mir (m an integer).

This formula was discussed in Section 8.16 in connection with the partial sums of
the geometric series. The function D. is called Dirichlet's kernel.

Theorem 11.10. Assume that f e L([0, 2nc]) and suppose that f is periodic with
period 2Rc. Let denote the sequence of partial sums of the Fourier series generated
byf,say

2 + E (ak cos kx + bk sin kx), (n = 1, 2, ...). (18)

Then we have the integral representation

2 f'f(x + t) 2f(x - )
dt. (19)

n o

Proof. The Fourier coefficients off are given by the integrals in (7). Substituting
these integrals in (18) we find

2a n

1 f(t) {1 + E (cos kt cos kx + sin kt sin kx)} dt
7[ p 2 k=1

('2a 2a

fo

f(t) + cos k(t - x) dt = f f x) dt.
k=1 7T 0

Since both f and D. are periodic with period 2n, we can replace the interval of
integration by [x - 7C, x + iv] and then make a translation u = t - x to get

1 x+n

Sn(x) = - f(t)D,,(t - x) dt
7r x-a

1 f= - f (x + u)D (u) du.
7 R

Using the equation D.(-u) = D (u), we obtain (19).
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11.11 RIEMANN'S LOCALIZATION THEOREM

Th. 11.11

Formula (19) tells us that the Fourier series generated by f will converge at a point
x if, and only if, the following limit exists :

lim 2 f 'f(x + t) + f(x - t) sin (n +4)t dt, (20)
n-+ao 7c o 2 2 sin it

in which case the value of this limit will be the sum of the series. This integral is
essentially a Dirichlet integral of the type discussed in the previous section, except
that 2 sin it appears in the denominator rather than t. However, the Riemann-
Lebesgue lemma allows us to replace 2 sin it by t in (20) without affecting either
the existence or the value of the limit. More precisely, the Riemann-Lebesgue
lemma implies

2 f (1 - 1 l f(x + t) + f (x - t)
lim sin (n + J)t dt = 0
n-+oo 7C o t 2 sin 3t) 2

because the function F defined by the equation

1 1

F(t) = t 2 sin it
if 0<t<7[,

0 ift=0,
is continuous on [0, 7c]. Therefore the convergence problem for Fourier series
amounts to finding conditions on f which will guarantee the existence of the
following limit :

lim 2 f nf(x + t) + f(x - t) sin (n + 4)t
dt. (21)

n- oo 7C o 2 t

Using the Riemann-Lebesgue lemma once more, we need only consider the limit
in (21) when the integral f o is replaced by f lo, where S is any positive number <76,
because the integral f ,x tends to 0 as n -> oo. Therefore we can sum up the results
of the previous section in the following theorem :

Theorem 11.11. Assume that f e L([0, 27c]) and suppose f has period 27c. Then
the Fourier series generated by f will converge for a given value of x if, and only if,
for some positive S < 7C the following limit exists:

lim 2 faf(x+t)+f(x-t)sin(n+.)tdt,
(22)

n 76 o 2 t

in which case the value of this limit is the sum of the Fourier series.

This theorem is known as Riemann's localization theorem. It tells us that the
convergence or divergence of a Fourier series at a particular point is governed
entirely by the behavior off in an arbitrarily small neighborhood of the point.
This is rather surprising in view of the fact that the coefficients of the Fourier
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series depend on the values which the function assumes throughout the entire
interval [0, 2n].

11.12 SUFFICIENT CONDITIONS FOR CONVERGENCE OF A FOURIER
SERIES AT A PARTICULAR POINT

Assume that f e L([0, 2ir]) and suppose that f has period 2Rc. Consider a fixed x
in [0, 2ir] and a positive S < n. Let

g(t)_f(x+t)+f(x-t)

and let
2

ifte[0,s],

s(x)=g(0+)= lim f(x + t) + f(x - t)
t-o+ 2

whenever this limit exists. Note that s(x) = f(x) if f is continuous at x.
By combining Theorem 11.11 with Theorems 11.8 and 11.9, respectively, we

obtain the following sufficient conditions for convergence of a Fourier series.

Theorem 11.12 (Jordan's test). If f is of bounded variation on the compact interval
[x - S, x + S] for some S < iv, then the limit s(x) exists and the Fourier series
generated by f converges to s(x).

Theorem 11.13 (Din's test). If the limit s(x) exists and if the Lebesgue integral

fo

g(t) - s(x) dt
t

exists for some S < iv, then the Fourier series generated by f converges to s(x).

11.13 CESARO SUMMABILITY OF FOURIER SERIES

Continuity of a function f is not a very fruitful hypothesis when it comes to
studying convergence of the Fourier series generated by f. In 1873, Du Bois-
Reymond gave an example of a function, continuous throughout the interval
[0, 2n], whose Fourier series fails to converge on an uncountable subset of [0, 2n].
On the other hand, continuity does suffice to establish Cesaro summability of the
series. This result (due to Fejr r) and some of its consequences will be discussed
next.

Our first task is to obtain an integral representation for the arithmetic means
of the partial sums of a Fourier series.

Theorem 11.14. Assume that f e L([0, 2n]) and suppose that f is periodic with
period 2n. Let s denote the nth partial sum of the Fourier series generated by f and
let

an(x) = So(x) + s1(x) + ... +
(n = 1, 2, ...). (23)

n
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Then we have the integral representation

o,,(x) = 1

fo

R f(x + t) + f (x - t) sin' int
dt.

nit 2 sin' it
(24)

Proof. If we use the integral representation for given in (19) and form the
sum defining we immediately obtain the required result because of formula
(16), Section 8.16.

NOTE. If we apply Theorem 11.14 to the constant function whose value is 1 at each
point we find a.(x) = s,,(x) = I for each n and hence (24) becomes

['sin 21 sin nt dt = 1. (25)
n7G o sine It

Therefore, given any number s, we can combine (25) with (24) to write

s = 1 f R ff(x + t) + f (x - t) - sl sin' in t
d t. (26)

na Jo 2 j sine it

If we can choose a value of s such that the integral on the right of (26) tends to 0
as n - oo, it will follow that oR(x) - s as n -+ oo. The next theorem shows that it
suffices to take s = [f(x+) + f(x-)]/2.

Theorem 11.15 (Fejdr). Assume that f e L([0, 27c]) and suppose that f is periodic
with period 27r. Define a function s by the following equation:

s(x) = Jim f (x + t) + f (x - t) (27)

1-o+ 2

whenever the limit exists. Then, for each x for which s(x) is defined, the Fourier
series generated by f is Cesdro summable and has (C, 1) sum s(x). That is, we have

lim s(x),
R - a0

where is the sequence of arithmetic means defined by (23). If, in addition, f is
continuous on [0, 27r], then the sequence {o.} converges uniformly to f on [0, 27[].

Proof. Let gx(t) = [f(x + t) + f(x - t)]/2 - s(x), whenever s(x) is defined.
Then gx(t) -+ 0 as t -> 0+. Therefore, given s > 0, there is a positive S < 76
such that 1gx(t)j < e/2 whenever 0 < t < 6. Note that 6 depends on x as well as
on e. However, if f is continuous on [0, 2n], then f is uniformly continuous on
[0, 27r], and there exists a 6 which serves equally well for every x in [0, 27c]. Now
we use (26) and divide the interval of integration into two subintervals [0, 6] and
[6, n]. On [0, S] we have

1

Ia

gx(t)
sin' +nt dt < e R sine int dt = e ,

nit sin 2 it 2n7r 0 sin 2 It 2
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because of (25). On [6, ir] we have

1

fa" gx(t)
'in' nt

dt
nic sin it

1 1(x)<
nn sine S

Igx(t)) dt < ,

a n7c sin' 16
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where I(x) = f o Igx(t)I dt. Now choose N so that I(x)/(N is sin2 18) < E/2. Then
n > N implies

I a.(x) - s(x)I =
1

n

gx(t)
sin dt < E.

nn 0
sin2 It

In other words, an(x) -+ s(x) as n -+ oo.
If f is continuous on [0, 2ic],- then, by periodicity, f is bounded on R and there

is an M such that Igx(t)I < M for all x and t, and we may replace I(x) by nM in
the above argument. The resulting N is then independent ofx and hence an -+ s = f
uniformly on [0, 27c].

11.14 CONSEQUENCES OF FEJER'S THEOREM

Theorem 11.16. Let f be continuous on [0, 2a] and periodic with period 27r. Let
{sn} denote the sequence of partial sums of the Fourier series generated by f, say

f (x) 2 + (an cos nx + b sin nx). (28)

Then we have:

a) s = f on [0, 27r].

2b)

-

fo If(x)12 dx =

2
+ E (a 2 + b2.) (Parseval's formula).

c) The Fourier series can be integrated term by term. That is, for all x we have

fox f(t) dt = aOx + , f2, (a cos nt + b sin nt) dt,
n=1 0

the integrated series being uniformly convergent on every interval, even if the
Fourier series in (28) diverges.

d) If the Fourier series in (28) converges for some x, then it converges to f(x).

Proof. Applying formula (3) of Theorem 11.2, with tn(x) = a .(x) = (1/n) Ek = o sk(x),
we obtain the inequality

f 2x
I1(x) - sn(x)I2 dx <

('2n

I1(x) - an(x)I2 dx. (29)
o Jo

But, since Qn -+ f uniformly on [0, 2ir], it follows that an = f on [0, 2zc],
and (29) implies (a). Part (b) follows from (a) because of Theorem 11.4. Part (c)



322 Fourier Series and Fourier Integrals Th. 11.17

also follows from (a), by Theorem 9.18. Finally, if {sn(x)) converges for some x,
then {Q"(x)} must converge to the same limit. But since a(x) -- f(x) it follows
that s"(x) -+ f(x), which proves (d).

11.15 THE WEIERSTRASS APPROXIMATION THEOREM

Fejer's theorem can also be used to prove a famous theorem of Weierstrass which
states that every continuous function on a compact interval can be uniformly
approximated by a polynomial. More precisely, we have:

Theorem 11.17. Let f be real-valued and continuous on a compact interval [a, b].
Then for every s > 0 there is a polynomial p (which may depend on c) such that

f(x) - p(x)t < E for every x in [a, b]. (30)

Proof If t s [0, iv), let g(t) = f[a + t(b - a)/7c]; if t c- [iv, 2n], let g(t) =
f [a + (2xc - t)(b - a)/7r] and define g outside [0, 2x] so that g has period 21r.
For the E given in the theorem, we can apply Fejt is theorem to find a function a
defined by an equation of the form

.N

a(t) = Ao + E (Ak cos kt + Bk sin kt)
k=1

such that Sg(t) - a(t)I < 6/2 for every t in [0, 2ic]. (Note that N, and hence a,
depends on e.) Since a is a finite sum of trigonometric functions, it generates a
power series expansion about the origin which converges uniformly on every finite
interval. The partial sums of this power series expansion constitute a sequence of
polynomials, say {pn}, such that p" --> a uniformly on [0, 27c]. Hence, for the
same a, there exists an m such that

I Pm(t) - a(t)I <
2

for every t in [0, 21C].

Therefore we have

pm(t) - g(t )j < e, for every tin [0, 21r]. (31)

Now define the polynomial p by the formula p(x) = pm[76(x - a)/(b - a)]. Then
inequality (31) becomes (30) when we put t = ir(x - a)l(b - a).

11.16 OTHER FORMS OF FOURIER SERIES

Using the formulas

2 cos nx = e`"" + e-`"" and 2i sin nx = e"" - e-`"X

the Fourier series generated by f can be expressed in terms of complex exponentials
as follows :

00 00

f(x) N a + E (an cos nx + bn sin nx) = ao + E (ane" + fne-1nx),
2 n=1 2 n=1
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where an = (an - ibn)/2 and P. = (an + ib,J/2. If we put a° = ao/2 and a-n = Yn,
we can write the exponential form more briefly as follows:

f(x) N E aneinx

n=00

The formulas (7) for the coefficients now become

2x
1an = - ° f(t)e-int dt (n = 0, ±1, ±2,...).

If f has period 2ir, the interval of integration can be replaced by any other interval
of length 27[.

More generally, if f c- L([0, p]) and if f has period p, we write

f(x) - a0 + 1 (an cos
2nnx

+ bn sin 27rnx
\2 n=1 P P

to mean that the coefficients are given by the formulas

a,, =
2 P

f(t) cos.-2-cnt
dt,

P o P

P2 fbn=P of(t)sin2Ptdt (n=0,1,2,...).

In exponential form we can write

f(x) . - ane2Rinx1P,00
n=-oo

where

P o
ifn=0,±1,±2,....

All the convergence theorems for Fourier series of period 27r can also be applied
to the case of a general period p by making a suitable change of scale.

11.17 THE FOURIER INTEGRAL. THEOREM

The hypothesis of periodicity, which appears in all the convergence theorems
dealing with Fourier series, is not as serious a restriction as it may appear to be at
first sight. If a function is initially defined on a finite interval, say [a, b], we can
always extend the definition off outside [a, b] by imposing some sort of periodicity
condition. For example, iff(a) = f(b), we can define f everywhere on (- co, + co)
by requiring the equation f(x + p) = f(x) to hold for every x, where p = b - a.
(The condition f(a) = f(b) can always be brought about by changing the value
off at one of the endpoints if necessary. This does not affect the existence or the
values of the integrals which are used to compute the Fourier coefficients of f.)
However, if the given function is already defined everywhere on (- co, + co) and

1 rP
«n = J

f(t)e-zainr1p dt,
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is not periodic, then there is no hope of obtaining a Fourier series which represents
the function everywhere on (- oo, + oo). Nevertheless, in such a case the function
can sometimes be represented by an infinite integral rather than by an infinite series.
These integrals, which are in many ways analogous to Fourier series, are known as
Fourier integrals, and the theorem which gives sufficient conditions for representing
a function by such an integral is known as the Fourier integral theorem. The basic
tools used in the theory are, as in the case of Fourier series, the Dirichlet integrals
and the Riemann-Lebesgue lemma.

Theorem 11.18 (Fourier integral theorem). Assume that f e L(- oo, + oo). Suppose
there is a point x in R and an interval [x - S, x + S] about x such that either

a) f is of bounded variation on [x - b, x + 8],
or else

b) both limits f(x +) and f(x-) exist and both Lebesgue integrals

f d f(x + t) - f(x+)
dt and

f af(x - t) - f(x-) dt
o t Jo t

exist.

Then we have the formula

f(x +) + f(x -) = 1 °° f(u) cos v(u - x) du dv, (32)
2 7C fooo [ - co

the integral Jo being an improper Riemann integral.

Proof. The first step in the proof is to establish the following formula:

lim 1 f(x + t) sin at dt = f(x+) + f(x-)- (33)
a-++ 00 16 -0o t 2

For this purpose we write

I

f(x + t) sinatdt
=

f-a

+ f
o

+ f
a+

1,itt .3 cc .3 a ,10

When a -> + oo, the first and fourth integrals on the right tend to 0, because of
the Riemann-Lebesgue lemma. In the third integral, we can apply either Theorem
11.8 or Theorem 11.9 (depending on whether (a) or (b) is satisfied) to get

lim fo
d

f(x + t) sin at dt = f(x+)
a+m 7rt

Similarly, we have

J

o

f(x + t) sin at dt = fo f(x - t) sin at dt
-+ .f(x-)

a itt ?[t 2
as a -+ + oo.
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Thus we have established (33). If we make a translation, we get

F f (X + t) sin at dt = f(u)
sin a(u - x) du,

00 t f- u-x
and if we use the elementary formula

sin a(u - x) = cos v(u - x) dv,u - x o

the limit relation in (33) becomes

lim
a-+ + Co

1

f"O. f(u) r f a cos v(u - x) dvl du =.f(x+) 2+ f(xL

J o J-
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(34)

But the formula we seek to prove is (34) with only the order of integration reversed.
By Theorem 10.40 we have

f oa r f
- -

f(u) cos v(u - x) du] dv = f [rfU)0cos v(u - x) Al du

for every a > 0, since the cosine function is everywhere continuous and bounded.
Since the limit in (34) exists, this proves that

-.+cO7r JoJ J 2a-

f

f(u) cos v(u - x) du] dv = f(x+) + f(x-)
Jim 1 f

I
By Theorem 10.40, the integral f f(u) cos v(u - x) du is a continuous function
of v on [0, a], so the integral f o' in (32) exists as an improper Riemann integral.
It need not exist as a Lebesgue integral.

11.18 THE EXPONENTIAL FORM OF THE FOURIER INTEGRAL THEOREM

Theorem 11.19. If f satisfies the hypotheses of the Fourier integral theorem, then
we have

f(x+) + f(x-) 1- Jim f(u)e`°(°-") dul dv. (35)
2 276 a++w J-w

Proof. Let F(v) = f f(u) cos v(u - x) A. Then F is continuous on
(- oo, + oo), F(v) = F(- v) and hence f °_a F(v) dv = f o F(- v) dv = f o F(v) A.
Therefore (32) becomes

f(x+) + f(x-) = lim 1 f F(v) dv = lim ra F(v) A. (36)
a-+oD 76 Jo a-+ 00 27r J a
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Now define G on (- oo, + oo) by the equation

G(v) = f f(u) sin v(u - x) du.

Then G is everywhere continuous and G(v) = - G(- v). Hence f a a G(v) dv = 0
for every at, so lima + J'_. G(v) dv = 0. Combining this with (36) we find

+ f(x-) = lim 1 {F(v) + iG(v)} A.
2 a +o0 2n _a

This is formula (35).

11.19 INTEGRAL TRANSFORMS

Many functions in analysis can be expressed as Lebesgue integrals or improper
Riemann integrals of the form

g(y) = f K(x, y)f(x) dx. (37)

A function g defined by an equation of this sort (in which y may be either real or
complex) is called an integral transform off. The function K which appears in the
integrand is referred to as the kernel of the transform.

Integral transforms are employed very extensively in both pure and applied
mathematics. They are especially useful in solving certain boundary value prob-
lems and certain types of integral equations. Some of the more commonly used
transforms are listed below:

Exponential Fourier transform: f
-

e-`xyf(x) dx.
J

Fourier cosine transform :

Fourier sine transform :

Laplace transform :

Mellin transform :

fo"o

fooo

fo"o

f0'0

cos xy f (x) dx.

sin xyf(x) dx.

e-xyf(x) dx.

xy"'f(x) dx.

Since e- ix, = cos xy - i sin xy, the sine and cosine transforms are merely
special cases of the exponential Fourier transform in which the function f vanishes
on the negative real axis. The Laplace transform is also related to the exponential
Fourier transform. If we consider a complex value of y, say y = u + iv, where
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u and v are real, we can write
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fo"o
e-xyf(x) dx = f0,0 e-ixoe-'"f(x) dx =

f0`0

e-rsocu(x)
dx,\

where 4"(x) = e-x"f(x). Therefore the Laplace transform can also be regarded
as a special case of the exponential Fourier transform.

NOTE. An equation such as (37) is sometimes written more briefly in the form
g = . ''(f) or g = . ''f, where Jr denotes the "operator" which converts f into g.
Since integration is involved in this equation, the operator Y is referred to as an
integral operator. It is clear that X' is also a linear operator. That is,

Jr(a1.f1 + a2f2) = a1iff1 + a2-V f2,

if a1 and a2 are constants. The operator defined by the Fourier transform is often
denoted by F and that defined by the Laplace transform is denoted by Y.

The exponential form of the Fourier integral theorem can be expressed in
terms of Fourier transforms as follows. Let g denote the Fourier transform off,
so that

g(u) = f f(t)e dt. (38)
J

Then, at points of continuity off, formula (35) becomes
"

f(x) = lira 1 g(u)e"" du, (39)
a-++ao 2n -a

and this is called the inversion formula for Fourier transforms. It tells us that a
continuous function f satisfying the conditions of the Fourier integral theorem is
uniquely determined by its Fourier transform g.

NOTE. If F denotes the operator defined by (38), it is customary to denote by
the operator defined by (39). Equations (38) and (39) can be expressed symbolically
by writing g = 9f and f = F-1g. The inversion formula tells us how to solve
the equation g = 9f for f in terms of g.

Before we pursue the study of Fourier transforms any further, we introduce a
new notion, the convolution of two functions. This can be interpreted as a special
kind of integral transform in which the kernel K(x, y) depends only on the difference
x - y.

11.20 CONVOLUTIONS

Definition 11.20. Given two functions f and g, both Lebesgue integrable on
(- oo, + oo), let S denote the set of x for which the Lebesgue integral

h(x) =

J

f(t)g(x - t) dt (40)

00
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exists. This integral defines a function h on S called the convolution off andg. We
also write h = f * g to denote this function.

NOTE. It is easy to see (by a translation) that f * g = g * f whenever the integral
exists.

An important special case occurs when both f and g vanish on the negative real
axis. In this case, g(x - t) = 0 if t > x, and (40) becomes

h(x) = J:f(t)9(x - t) dt. (41)

It is clear that, in this case, the convolution will be defined at each point of an
interval [a, b] if both f and g are Riemann-integrable on [a, b]. However, this
need not be so if we assume only that f and g are Lebesgue integrable on [a, b].
For example, let

f(t) = 1/_ and g(t) = 1 if 0 < t < 1,
_1/ 1 - t

and letf(t) = g(t) = 0 if t < 0 or if t >- 1. Then f has an infinite discontinuity at
t = 0. Nevertheless, the Lebesgue integral f °°. f(t) dt = f o t dt exists.
Similarly, the Lebesgue integral f °_° , g(t) dt = f o (1 - dt exists, although
g has an infinite discontinuity at t = 1. However, when we form the convolution
integral in (40) corresponding to x = 1, we find

t -' dt.f f(t)g(1 - t) dt =
J

Observe that the two discontinuities off and g have "coalesced" into one dis-
continuity of such nature that the convolution integral does not exist.

This example shows that there may be certain points on the real axis at which
the integral in (40) fails to exist, even though both f and g are Lebesgue-integrable
on (- oo, + oo). Let us refer to such points as "singularities" of h. It is easy to
show that such singularities cannot occur unless both f and g have infinite dis-
continuities. More precisely, we have the following theorem :

Theorem 11.21. Let R = (- oo, + oo): Assume that f e L(R), g e L(R), and that
either for g is bounded on R. Then the convolution integral

h(x) = f f(t)g(x - t) dt (42)

exists for every x in R, and the function h so defined is bounded on R. If, in addition,
the bounded function f or g is continuous on R, then h is also continuous on R and
h e L(R).
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Proof. Since f * g = g * f, it suffices to consider the case in which g is bounded.
Suppose IgI < M. Then

If(t)g(x - t)I <- MIf(t)I (43)

The reader can verify that for each x, the product f(t)g(x - t) is a measurable
function of t on R, so Theorem 10.35 shows that the integral for h(x) exists. The
inequality (43) also shows that Ih(x)I < M I If I, so h is bounded on R.

Now if g is also continuous on R, then Theorem 10.40 shows that h is continuous
on R. Now for every compact interval [a, b] we have

f 6Ih(x)I dx < f 6 r f If(t)I Ig(x - t)I dtl dx
Ja LJ J

f If(t)I [fix - t)Idx]dt

f-00. If(t)1 [f b
tt

I g(Y)I dy] dt

-< f If(t)I dt Ig(Y)I dy,

so, by Theorem 10.31, h e L(R).

Theorem 11.22. Let R = (- oo, + oo). Assume that f e L2(R) and g e L2(R).
Then the convolution integral (42) exists for each x in R and the function h is bounded
on R.

Proof. For fixed x, let gs(t) = g(x - t). Then g,, is measurable on R and
gx e L2(R), so Theorem 10.54 implies that the product f gx E L(R). In other words,
the convolution integral h(x) exists. Now h(x) is an inner product, h(x) = (f gx),
hence the Cauchy-Schwarz inequality shows that

Ih(x)I <- IIfII Ilgxli = Ilfll IIgII,
so h is bounded on R.

11.21 THE CONVOLUTION THEOREM FOR FOURIER TRANSFORMS

The next theorem shows that the Fourier transform of a convolution f * g is the
product of the Fourier transforms off and of g. In operator notation,

F(.f * g) = F(f) - -17(g)

Theorem 11.23. Let R = (- co, + oo). Assume that f c- L(R), g c- L(R), and that
at least one off or g is continuous and bounded on R. Let h denote the convolution,
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h = f * g. Then for every real u we have

h(x)e-"" dx = (f, f(t)e `u d)
\J-

g(Y)e-1y" dy) .

f-O". ( f

Th. 11.23

(44)

The integral on the left exists both as a Lebesgue integral and as an improper
Riemann integral.

Proof. Assume that g is continuous and bounded on R. Let {aa} and {ba} be two
increasing sequences of positive real numbers such that a --> + oo and b - + oo.
Define a sequence of functions If.) on R as follows:

fMO
= b e-'*"' g(x - t) dx.

a

Since

fb
le-i"" g(x - t)1 dt < f '0 IgI

a -
for all compact intervals [a, b], Theorem 10.31 shows that

lim f"(t) = e "" g(x - t) dx for every real t. (45)
atioo -00J 00

The translation y = x - t gives us

J
e-i"" g(x - t) dx = e-wt f- e-'u" g(y) dY,

00

and (45) shows that

urn f(t)f"(t) = f(t)e "t ( fe-'uy g(y) dY
1

for all t. Now fa is continuous on R (by Theorem 10.38), so the product f fa is
measurable on R. Since

I f(t)fn(t )1 5 jf(01 f-
00

I gI,

the product f f is Lebesgue-integrable on R, and the Lebesgue dominated con-
vergence theorem shows that

But

9(Y) dY) (46)lim J
f(t)fn(t) dt = \J

f(t)e-i"t dt! (J a-r"y

ao

f_1
5f(t)[$fle_I4xg(xf(t)fa(t) dt = - t) dx] dt.
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Since the function k defined by k(x, t) = g(x - t) is continuous and bounded
on R2 and since the integral fa e" dx exists for every compact interval [a, b],
Theorem 10.40 permits us to reverse the order of integration and we obtain

J f(t).f.(t) dt = f
b e-t"" r f "0 f(t)g(x - t) dtl dx
a LJ J

fi= e-fuxh(x) dx.
J - a

Therefore, (46) shows that

li m a h(x)e-tux dx = (r f(t)e-fat dt) (f g(y)e "" dy

which proves (44). The integral on the left also exists as an improper
Riemann integral because the integrand is continuous and bounded on R and
fa Ih(x)e-t"xl dx < f °°Q Jhi for every compact interval [a, b].

As an application of the convolution theorem we shall derive the following
property of the Gamma function.

Example. If p > 0 and q > 0, we have the formula

f xp-1(1 - x)Q-1 dx = r(p)r(g) (47)
Jo r(p + q)

The integral on the left is called the Beta function and is usually denoted by B(p, q). To
prove (47) we let

fp(t) =
tp-1e t if t > 0,

0 if t50.
Then fp e L(R) and J°-°,, fp(t) dt = 100 tp-le-t dt = r(p). Let h denote the convolution,
h = fp * fQ. Taking u = 0 in the convolution formula (44) we find, if p > 1 or q > 1,

h(x) dx = J fp(t) dt
f-

fq(Y) dy = r(p)r(q) (48)
00 00

Now we calculate the integral on the left in another way. Since both fp and fq vanish on
the negative real axis, we have

h(x) =
fo

x fp(t) fq(x
- t) dt = e-x f tp-1(x t)q-1 dt ifx > 0,

0
0 if x<_0.

The change of variable t = ux gives us, for x > 0,
1

h(x) = e-xxp+q-1
fo

up-1(1 - u)a-1 du = e-xp+v-1B(p, q).

Therefore f°_° h(x) dx = B(p, q) Jo e'"xp+a-1 dx = B(p, q)r(p + q) which, when
used in (48), proves (47) if p > 1 or q > 1. To obtain the result for p > 0, q > 0 use
the relation pB(p, q) = (p + q)B(p + 1, q).
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11.22 THE POISSON SUMMATION FORMULA

Th. 11.24

We conclude this chapter with a discussion of an important formula, called
Poisson's summation formula, which has many applications. The formula
can be expressed in different ways. For the applications we have in mind, the
following form is convenient.

Theorem 11.24. Let f be a nonnegative function such that the integral f °_°. f(x) dx
exists as an improper Riemann integral. Assume also that f increases on (- oo, 0]
and decreases on [0, + oo). Then we have

f-.f(m+) + f(m"0 .r(t)e-2at't dt,

2 n=-0o

each series being absolutely convergent.

Proof. The proof makes use of the Fourier expansion of the function F defined
by the series

+00

F(x) _ f(m + x). (50)
m=-ao

First we show that this series converges absolutely for each real x and that the
convergence is uniform on the interval [0, 1].

Since f decreases on [0, + co) we have, for x >t 0,

E f(m + x) < f(O) + E f(m) < f(O) +f f(t) dt.
M=0 m=1 X10

Therefore, by the Weierstrass M-test (Theorem 9.6), the series EM=o f(m + x)
converges uniformly on [0, + co). A similar argument shows that the series
Em= _ f(m + x) converges uniformly on (- oo, 1]. Therefore the series in (50)
converges for all x and the convergence is uniform on the intersection

(-oo,1]n[0,+o0)=[0,1].
The sum function F is periodic with period 1. In fact, we have F(x + 1) _

Em f(m + x + 1), and this series is merely a rearrangement of that in (50).
Since all its terms are nonnegative, it converges to the same sum. Hence

F(x + 1) = F(x).

Next we show that F is of bounded variation on every compact interval. If
0 < x < 1, then f(m + x) is a decreasing function of x if m >- 0, and an in-
creasing function of x if m < 0. Therefore we have

00 - 1

F(x) Ef(m+x)- E {-f(m+x)},
m=0 m=-00

so F is the difference of two decreasing functions. Therefore F is of bounded
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variation on [0, 1]. A similar argument shows that F is also of bounded variation
on [-- , 0]. By periodicity, F is of bounded variation on every compact interval.

Now consider the Fourier series (in exponential form) generated by F, say
+00

F(x) a"e2ainx
n=-oo

Since F is of bounded variation on [0, 1] it is Riemann-integrable on [0, 1], and
the Fourier coefficients are given by the formula

1

an =
foF(x)e-2a'nx

dx. (51)

Also, since F is of bounded variation on every compact interval, Jordan's test
shows that the Fourier series converges for every x and that

F(x+) + F(x-) _ E a e2ainx (52)
2 n= - 00 "

To obtain the Poisson summation formula we express the coefficients an in
another form. We use (50) in (51) and integrate term by term (justified by uniform
convergence) to obtain

+00

an = E J f(m + x)e-2n`"x dx.
m=- oo 0

The change of variable t = m + x gives us

a"
= ±0D fM+1 f(t)e-taint

dt = f
o00

f(t)e-taint dt,
,,

since e1. Using this in (52) we obtain

F(x+) 2 F(X-) f(t)e-2ainr dte2'inx(53)

When x = 0 this reduces to (49).

NOTE. In Theorem 11.24 there are no continuity requirements on f. However, if
f is continuous at each integer, then each term f(m + x) in the series (50) is con-
tinuous at x = 0 and hence, because of uniform convergence, the sum function F
is also continuous at 0. In this case, (49) becomes

+,0 +"o

E f(m) _ E f(t)e-2ainr dt. (54)
m= - ao n=-,0

The monotonicity requirements on f can be relaxed. For example, since each
member of (49) depends linearly on f, if the theorem is true for f1 and for f2 then
it is also true for any linear combination a1 f1 + a2 f2. In particular, the formula
holds for a complex-valued function f = u + iv if it holds for u and v separately.
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Example 1. Transformation formula for the theta function. The theta function 0 is defined
for all x > 0 by the equation

+"0
0(x) _ e-xn2x.OW

n=-oo

We shall use Poisson's formula to derive the transformation equation

0(x) e1 for x > 0. (55)
x (X)

For fixed a > 0, let f(x) = ex2
for all real x. This function satisfies all the hypoth-

esis of Theorem 11.24 and is continuous everywhere. Therefore, Poisson's formula
implies

=-ao n=-oom - OD
(56)

The left member is 6(a/n). The integral on the right is equal to

f
eat e2xini dt = 2 e`2 cos 271nt dt = ? f -e-X2 cos

27rnx dx = 2 F (nn
fo Tat a

where

-x2
cos 2xy dx.eF(y) = Jo`0

But F(y) _ ne_r2 (see Exercise 10.22), so

fOD
eat e2xini dt = (a

Using this in (56) and taking a = nx we obtain (55).

Example 2. Partial fraction decomposition of coth x. The hyperbolic cotangent, coth x,
is defined for x # 0 by the equation

coth x =
e2x + 1
e2x - 1

We shall use Poisson's formula to derive the so-called partial-fraction decomposition

1cothx= +2xE I

nx n-1 x2 + 71 2 2
(57)

for x > 0. For fixed a > 0, let

f(x) = (e-ctx if x > 0,
to ifx<0.

Then f clearly satisfies the hypotheses of Theorem 11.24. Also, f is continuous everywhere
except at 0, where f(0+) = I and f(0-) = 0. Therefore, the Poisson formula implies

OD

+00

ao

+ r e-ma = [: f e-a'-2xinr dt. (58)
M=1 n=-00 0

E e`2 = 2
J
f e-02 2xinr dt.

1/2

/

ex2n2/a
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The sum on the left is a geometric series with sum 1/(ea - 1), and the integral on the right
is equal to 1/(a + 2nin). Therefore (58) becomes

1+ 1 1+ 1 + 1 1

2 e" - 1 a E a + 2nin a - 2nin/f '

and this gives (57) when a is replaced by 2x.

EXERCISES

Orthogonal systems

11.1 Verify that the trigonometric system in (1) is orthonormal on [0, 2n].
11.2 A finite collection of functions {rpo, ip,,... , rpm} is said to be linearly independent

on [a, b] if the equation
M

E ckrpk(x) = 0 for all x in [a, b]
k=0

implies co = cl = = cM = 0. An infinite collection is called linearly independent on
[a, b ] if every finite subset is linearly independent on [a, b ]. Prove that every orthonormal
system on [a, b] is linearly independent on [a, b].

11.3 This exercise describes the Gram-Schmidt process for converting any linearly inde-
pendent system to an orthogonal system. Let { fo, fl, ... } be a linearly independent
system on [a, b] (as defined in Exercise 11.2). Define a new system {go, g,, ... } recur-
sively as follows :

go = Jo, gr+ 1 = f + 1 - E, akgk,
k=1

where ak = (f,+ 1, gk)/(gk, gk) if II gk II : 0, and ak = 0 if II gk II = 0. Prove that is
orthogonal to each of go, g,, ... , g for every n z 0.
11.4 Refer to Exercise 11.3. Let (f, g) = f '-I f(t)g(t) dt. Apply the Gram-Schmidt

process to the system of polynomials {1, t, t2, ... } on the interval [-1, 1 ] and show that

lpg1(t)=t, g2(t)=t2-4, g3(t)=t3- it, 94(t)=t4- 6t2+

11.5 a) Assume f e R on [0, 2n], where f is real and has period 2n. Prove that for every
e > 0 there is a continuous function g of period 2n such that If - g I I < e.
Hint. Choose a partition P, of [0, 2n] for which f satisfies Riemann's condition
U(P, f) - L(P, f) < e and construct a piecewise linear g which agrees with f
at the points of P.

b) Use part (a) to show that Theorem 11.16(a), (b) and (c) holds if f is Riemann
integrable on [0, 2n].

11.6 In this exercise all functions are assumed to be continuous on a compact interval
[a, b]. Let {rpo, p,.... } be an orthonormal system on [a, b].

a) Prove that the following three statements are equivalent.
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1) (f, p,,) = (g, rpn) for all n implies f = g. (Two distinct continuous functions
cannot have the same Fourier coefficients.)

2) (f, (") = 0 for all n implies f = 0. (The only continuous function orthogonal
to every rp,, is the zero function.)

3) If T is an orthonormal set on [a, b] such that {rpo, (pl,... ) T, then
{rpo, rpi, ... } = T. (We cannot enlarge the orthonormal set.) This property is
described by saying that {rpo, rp1, ... } is maximal or complete.

b) Let rp(x) = ei' /-2n for n an integer, and verify that the set {rp,,: n e Z) is com-
plete on every interval of length 2;r.

11.7 If x e R and n = 1, 2, ... , let f"(x) = (x2 - 1)" and define

Q0(X) = 1, cn(x) =
n !

J n)(x).

It is clear that 0" is a polynomial. This is called the Legendre polynomial of order n. The
first few are

q51(x) = x, 02(X) = Tx2 - i,

03(X) = x3 - ix, q54(X) = 4x4 - 4X2 + .

Derive the following properties of Legendre polynomials :

a) O,(x) = x0n-1(x) + nOn-1(x).

b) rbn(x) = x¢"-i(x) +
X2

4-1(x).
n

c) (n + 1)qn+1(x) = (2n + 1)xon(x) - non-1(x).

d) ¢" satisfies the differential equation [(1 - x2) y' ]' + n(n + I) y = 0.

e) [(1 - x 2) A(x) ]' + [m(m + 1) - n(n + I) ] q$m(x) ¢n(x) = 0,
where A = 0" Om - 0m 0n.

f) The set {00, 01, 02, ... } is orthogonal on [-1, 1 ].

2n - 1 i
g) ¢. A =

_i 2n+1,
i

h) r 02dx 2
=

,1 i i 2n+I

NOTE. The polynomials

0n2-1 dx.

2"(n !)2
gn(t) = _____ 0n0)

arise by applying the Gram-Schmidt process to the system {1, t, t2, ... } on the interval
[-1, 1 ]. (See Exercise 11.4.)
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Trigonometric Fourier series

11.8 Assume that f e L( [ - it, 7t ]) and that f has period 2n. Show that the Fourier series
generated by f assumes the following special forms under the conditions stated:

a) If f(- x) = f (x) when 0 < x < it, then
00

af (X) ^ 2 + a. cos nx,
n=1

where a" = f(t) cos nt dt.
0X

b) If fl- x) = -f(x) when 0 < x < it, then

R X) - E bn sin nx,
n=1

where b" =
2

f(t) sin nt dt.
0

In Exercises 11.9 through 11.15, show that each of the expansions is valid in the range
indicated. Suggestion. Use Exercise 11.8 and Theorem 11.16(c) when possible.

00

11.9
a)x=7r-2Esinnx if0<x<27r.

n=1 n

x2 7r2 00 cos nxb)= 7rx- + 2 2
2 3 n=1 n

xoTE. When x = 0 this gives C(2) = 7x2/6.

it
00 sin (2n - 1)x11.10 a)4-1: 5

1 2n- 1

it 4 00 cos (2n - 1)xb) x = -
2 it (!2n-12

n=1

(-1)"-' sin nx
0011.11 a) x = 2 F.

n=1 n

b) x2 =
n2 + 4

EE (- 1)" cos nx

3 "=1 n2

00
cos x4

2
( t

11.12 x = 7r + 4
"=1

8 0D n sin 2nx11.13 a)cosx=
-7r =1 4n 1 '2

n=1 -

if0<-x<<-27r.

2 4 0O cos 2nx
z _b)sinx=X-n"4n

1'1

0011.14 a) x cos x = - } sin x + 2
-1)2 "n sin nx

n=2 n - 1

b) x sin x = 1 - + cos x - 2 E (-1)" cos nx

z - I

if0 < x< it.

if 0<-x<-n.

if-7r<x<7r.

if -7r 5 x < it.

if0<x<27r.

if0<x<7r.

if0<x<7r.

if-7r<x<7r.

if - 7r < x < it.
n=2 n
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00x cos nx11.15 a) log sin _ - log 2 - if x 0 2kn (k an integer).2
R=1 n

x (-1)"cosnx00b) lo cos - _ -lo 2 - E 2k 1ifg

c) log
X

tan -

g ,
n=1 n

cos (2n - 1)x-2

x: ( )ir.+

if x :A kn.L.r
n=1 2n - 1

11.16 a) Find a continuous function on [-n, n] which generates the Fourier series
Y_n 1 (-1)"n-3 sin nx. Then use Parseval's formula to prove that C(6) _
X6/945.

b) Use an appropriate Fourier series in conjunction with Parseval's formula to
show that C(4) = n4/90.

11.17 Assume that f has a continuous derivative on [0, 2n], that f(0) = f(2ir), and that
f 2X f(t) dt = 0. Prove that Il f' 1I >: If 11, with equality if and only if f (x) = a cos x +
b sin x. Hint. Use Parseval's formula.

11.18 A sequence {Bn} of periodic functions (of period 1) is defined on R as follows:

B2n(x) _ (-1)n+' 2(2n)! r cos 2irkxL,
(n =2n/ 2n2rz) ,k=1 k

9en+1(x)

2(2n

+ 1)! sin 27rkx
(2n)2n+ 1 IS _j211+1

(Bn is called the Bernoulli function of order n.) Show that:

(n=0,1,2,...).

a) B1(x) = x - [x] - # if x is not an integer. ([x] is the greatest integer <_x.)

b) f a B.(x) dx = 0 if n I and nBn-I (x) if n >: 2.

c) Bl(x) = PP(x) if 0 < x < 1, where P. is the nth Bernoulli polynomial. (See
Exercise 9.38 for the definition of Pn.)

' 00 e2nikx
).d) BB(x) = - E (n = 1, 2....(2xi)n k_ _. k"

k#0

11.19 Let f be the function of period 2rr whose values on [ - it, 7r ] are

f(x)= 1 if0<x<Jr,
f(x) = 0 if x = 0 or x = 1r.

a) Show that

f(x)= -1 if-7r<x<0,

4 °° sin (2n - 1)xf(x) = - - , for every x.
nn=1 2n - 1

This is one example of a class of Fourier series which have a curious property known as
Gibbs' phenomenon. This exercise is designed to illustrate this phenomenon. In that which
follows, sn(x) denotes the nth partial sum of the series in part (a).
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b) Show that
2 f sin 2ntsn(x _ - J dt.
7r o sin t

c) Show that, in (0, 7r), sn has local maxima at x1, x3, ... , x2,,_ 1 and local minima
at x2, x4, .... x2n_2, where xn = Jm7r/n (m = 1, 2, ... , 2n - 1).

d) Show that sn(J7r/n) is the largest of the numbers

sn(xm) (m = 1, 2, ... , 2n - 1).

e) Interpret sn(J7r/n) as a Riemann sum and prove that

lim sn
n) = 2

o

sin t
dt.

n-.CO 2n 7r t

The value of the limit in (e) is about 1.179. Thus, although f has a jump equal to 2 at the
origin, the graphs of the approximating curves sn tend to approximate a vertical segment
of length 2.358 in the vicinity of the origin. This is the Gibbs phenomenon.

11.20 If f(x) - ao/2 + YR 1 (an cos nx + b sin nx) and if f is of bounded variation on
[0, 27r], show that an = 0(1/n) and bn = 0(1/n). Hint. Write f = g - h, where g and h
are increasing on [0, 27r]. Then

2

2an = n f
n
g(x) d(sin nx) - 1 f h(x) d(sin nx).

r o n7r o

Now apply Theorem 7.31.

11.21 Suppose g e L( [a, 8]) for every a in (0, 6) and assume that g satisfies a "right-
handed" Lipschitz condition at 0. (See the Note following Theorem 11.9.) Show that the
Lebesgue integral f o Sg(t) - g(0+)Ilt dt exists.

11.22 Use Exercise 11.21 to prove that differentiability off at a point implies convergence
of its Fourier series at the point.

11.23 Let g be continuous on [0, 1 ] and assume that f o tng(t) dt = 0 for n = 0, 1, 2, ....
Show that:

a) f o g(t)2 dt = f o g(t)(g(t) - P(t)) dt for every polynomial P.

b) f o g(t)2 dt = 0. Hint. Use Theorem 11.17.

c) g(t) = 0 for every t in [0, 1 ].

11.24 Use the Weierstrass approximation theorem to prove each of the following state-
ments.

a) If f is continuous on [1, + oo) and if f(x) -+ a as x -+ + oo, then f can be uni-
formly approximated on [1, + oc) by a function g of the form g(x) = p(1/x),
where p is a polynomial.

b) If f is continuous on [0, + oo) and if f(x) -> a as x --+ + oo, then f can be
uniformly approximated on [0, + oo) by a function g of the form g(x) = p(e1,
where p is a polynomial.

11.25 Assume that f(x) - a0/2 + F_n 1 (an cos nx + bn sin nx) and let {an} be the
sequence of arithmetic means of the partial sums of this series, as it was given in (23).
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Show that :

n-1
a) an(x) = ao + kl (ak cos kx + bk sin kx).

2 k=1\ n

2.
b)

fo
I f(x) a (x)l2 dx If(x)12 &C

0
n-1 n-1

-
2
ao - n F (ak + bk) +

n2
k2(ak + bk).

k=1 n k=1

c) If f is continuous on [0, 271 ] and has period 2ir, then
n

lim 2 k2(ak + bk) = 0.
n-.oo n k=1

11.26 Consider the Fourier series (in exponential form) generated by a function f which is
continuous on [0, 27v] and periodic with period 2n, say

+ CO

f(x) E aena`

n=-ao

Assume also that the derivative f e. R on [0, 2n ].

a) Prove that the series n2lan12 converges; then use the Cauchy-Schwarz
inequality to deduce that Ian converges.

b) From (a), deduce that the series 0D_ ae'n" converges uniformly to a con-
tinuous sum function g on [0, 2n ]. Then prove that f = g.

Fourier integrals

11.27 If f satisfies the hypotheses of the Fourier integral theorem, show that :

a) If f is even, that is, if f(- t) = f(t) for every t, then

f(x+) + f(x-) = 2
Urn f

a
cos vx f(u) cos vu du] dv.

2 n Jo
f fo

J

b) If f is odd, that is, if ft- t) = -f(t) for every t, then

f(x+) + f(x-) = 2
lim f sin vx

L fo
u) sin vu dul dv.f(

2 n JO LJ
Use the Fourier integral theorem to evaluate the improper integrals in Exercises 11.28
through 11.30. Suggestion. Use Exercise 11.27 when possible.

2 sin v cos vx
1 if -1 < x < 1,

11.28- f dv= 0 iflxI> 1,
n o V # if 1xI = 1.

11.29
cos axe

dx = 26 e- l °l b, if b > 0.
0

Hint. Apply Exercise 11.27 withf(u) = e-binl,
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11.30 f'xsinaxdx- a ite-lat, if a 00.
Jo 1 +x2 jai 2

11.31 a) Prove that

r(p)r(p) =
112

2
xv-1(1 - x)v-1 dx.

r(2p) Jo

b) Make a suitable change of variable in (a) and derive the duplication formula for
the Gamma function:

r(2p)r(j) = 22p-lr(p)r(p + 1).

NOTE. In Exercise 10.30 it is shown that r(f) = V7C.

11.32 If f(x) = e-x2/2 and g(x) = xf(x) for all x, prove that

f(y) f (x) cos xy dx and g(y) f g(x) sin xy dx.
o

f
o

11.33 This exercise describes another form of Poisson's summation formula. Assume
that f is nonnegative, decreasing, and continuous on [0, + oo) and that f o' f(x) dx exists
as an improper Riemann integral. Let

g(y) =
2 f

00

f(x) cos xy dx.
n o

If a and ft are positive numbers such that aft = 2n, prove that

Va (+1(0) + f(ma)} = {+(0) + E g(np)} .
m=1 R=1 1

11.34 Prove that the transformation formula (55) for 0(x) can be put in the form

+ e-.W/2) + p..2/2)
e

,

l
tM=1 n=1

where aft = 2n, a > 0.

11.35 Ifs > 1, prove that

7r-a/2
I+I Zln-8 = JO

e-Ra2xxs/2-1 dx

and derive the formula

(x)x/2-1 dx,n-8/2 r(2)C(s)
= fo(,o w
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where 2V(x) = 6(x) - 1. Use this and the transformation formula for 0(x) to prove that

n-S/2 l C(s) =
As

1) + J1 (xsl2-1 + xu-s)12-1)1//(x) dx.

Laplace transforms

Let c be a positive number such that the integral fo e-"If(t)j dt exists as an improper
Riemann integral. Let z = x + iy, where x > c. It is easy to show that the integral

F(z) = f e-Z`f(t) dt
0

exists both as an improper Riemann integral and as a Lebesgue integral. The function F
so defined is called the Laplace transform of f, denoted by .P(f). The following exercises
describe some properties of Laplace transforms.

11.36 Verify the entries in the following table of Laplace transforms.

f(t)
ear

cos at
sin at
theat

F(z) = f
o

e-Z`f(t) dt z = x + iy

(z - a)-1 (x > a)
z/(z2 + a2) (x > 0)
a/(z2 + a2) (x > 0)
r(p + 1)/(z - a)p+1 (x > a, p > 0)

11.37 Show that the convolution h = f * g assumes the form

h(t) = J'tf(x)(t - x) dx
0

when both f and g vanish on the negative real axis. Use the convolution theorem for
Fourier transforms to prove that 2'(f * g) _ 9(f) -W(g).

11.38 Assume f is continuous on (0, + oo) and let F(z) = fo e` f (t) dt for z = x + iy,
x > c > 0. Ifs > c and a > 0 prove that :

a) F(s + a) = a f
o

g(t)e-°` dt, where g(x) = f o e-s` f(t) A

b) If F(s + na) = 0 for n = 0, 1, 2, ... , then f(t) = 0 for t > 0. Hint. Use
Exercise 11.23.

c) If h is continuous on (0, + oo) and if f and h have the same Laplace transform,
then f(t) = h(t) for every t > 0.

11.39 Let F(z) = f o e-" f(t) dt for z = x + iy, x > c > 0. Let t be a point at which f
satisfies one of the "local" conditions (a) or (b) of the Fourier integral theorem (Theorem
11.18). Prove that for each a > c we have

f(t+) + f(t-) = 1 Jim
fT

e(a+l )tF(a + iv) dv.
2 2n T-++OD T

This is called the inversion formula for Laplace transforms. The limit on the right is usually
evaluated with the help of residue calculus, as described in Section 16.26. Hint. Let
g(t) = e-a`f(t) fort >- 0, g(t) = 0 fort < 0, and apply Theorem 11.19 tog.
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CHAPTER 12

MULTIVARIABLE DIFFERENTIAL
CALCULUS

12.1 INTRODUCTION

Partial derivatives of functions from R" to R' were discussed briefly in Chapter 5.
We also introduced derivatives of vector-valued functions from Rl to R". This
chapter extends derivative theory to functions from R" to R'.

As noted in Section 5.14, the partial derivative is a somewhat unsatisfactory
generalization of the usual derivative because existence of all the partial derivatives
Dl f, ... , D"f at a particular point does not necessarily imply continuity of f at
that point. The trouble with partial derivatives is that they treat a function of
several variables as a function of one variable at a time. The partial derivative
describes the rate of change of a function in the direction of each coordinate axis.
There is a slight generalization, called the directional derivative, which studies the
rate of change of a function in an arbitrary direction. It applies to both real- and
vector-valued functions.

12.2 THE DIRECTIONAL DERIVATIVE

Let S be a subset of R", and let f : S -+ R'° be a function defined on S with values
in R'". We wish to study how f changes as we move from a point c in S along a
line segment to a nearby point c + u, where u # 0. Each point on the segment
can be expressed as c + hu, where h is real. The vector u describes the direction
of the line segment. We assume that c is an interior point of S. Then there is an
n-ball B(c; r) lying in S, and, if h is small enough, the line segment joining c to
c + ho will lie in B(c; r) and hence in S.

Definition 12.1. The directional derivative of f at c in the direction u, denoted by
the symbol f'(c; u), is defined by the equation

f'(c; u) = lim f(c + hu) - f(c) (1)

h-0 h

whenever the limit on the right exists.

NOTE. Some authors require that Hull = 1, but this is not assumed here.

Examples

1. The definition in (1) is meaningful if u = 0. In this case f'(c; 0) exists and equals 0
for every c in S.

344
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2. If u = uk, the kth unit coordinate vector, then f'(c; uk) is called a partial derivative
and is denoted by Dkf(c). When f is real-valued this agrees with the definition given
in Chapter 5.

3. If f = (ft, ... , fm), then f'(c; u) exists if and only if fk(c; u) exists for each k =
1, 2, ... , m, in which case

f'(c; u) = (fi(c; u), ... , f,, (c; u)).

In particular, when u = uk we find

Dkf(c) = (Dkf1(c), ... , Dkfm(c)). (2)

4. If F(t) = f(c + tu), then F'(0) = f'(c; u). More generally, F'(t) = f'(c + tu; u) if
either derivative exists.

5. If f(x) = 11x112, then

F(t) = f(c + tu) = (c + tu) (c + tu)

= 11e11' + etc u + t211u112,

so F'(t) = 2c u + 2t11u112; hence F'(0) = f'(c; u) = 2c u.

6. Linear functions. A function f : R" - Rm is called linear if flax + by) = af(x) + bf(y)
for every x and y in R" and every pair of scalars a and b. If f is linear, the quotient
on the right of (1) simplifies to f(u), so f'(c; u) = f(u) for every c and ever' u.

12.3 DIRECTIONAL DERIVATIVES AND CONTINUITY

If f'(c; u) exists in every direction u, then in particular all the partial derivatives
Dkf(c),... , D"f(c) exist. However, the converse is not true. For example,
consider the real-valued function f : R2 -+ Rt given by

_ x+y ifx=Dory=O,
f(x' Y)

1 otherwise.

Then Dt f(0, 0) = D2f(O, 0) = 1. Nevertheless, if we consider any other direction
u = (a1, a2), where at 0 and a2 0, then

f(0 + hu) - f(0) _ f(hu) _ 1

h h h'
and this does not tend to a limit as h -1- 0.

A rather surprising fact is that a function can have a finite directional derivative
f'(c; u) for every. u but may fail to be continuous at c. For example, let

.f(x, Y) _
toY2I(x2

+ Y4) ifx 0,

ifx=0.
Let u = (at, a2) be any vector in R2. Then we have

-f(0 + hu) - f(0) _ f(hal, ha2) - alai
h h a; + h 2a 4 '
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and hence

Def. 12.2

P o; u) =
a2/ai if al A 0,

to if al = 0.

Thus, f'(0; u) exists for all u. On the other hand, the function f takes the value I
at each point of the parabola x = y2 (except at the origin), so f is not continuous
at (0, 0), since f(0, 0) = 0.

Thus we see that even the existence of all directional derivatives at a point fails
to imply continuity at that point. For this reason, directional derivatives, like
partial derivatives, are a somewhat unsatisfactory extension of the one-dimensional
concept of derivative. We turn now to a more suitable generalization which implies
continuity and, at the same time, extends the principal theorems of one-dimensional
derivative theory to functions of several variables. This is called the total derivative.

12.4 THE TOTAL DERIVATIVE

In the one-dimensional case, a function f with a derivative at c can be approximated
near c by a linear polynomial. In fact, iff'(c) exists, let Ec(h) denote the difference

f(c + h) - f (c) - f'(c) if h # 0, (3)
h

and let EJ0) = 0. Then we have

f(c + h) = f(c) + f'(c)h + hEE(h), (4)

an equation which holds also for h = 0. This is called the first-order Taylor
formula for approximating f(c + h) - f(c) by f'(c)h. The error committed is
hEE(h). From (3) we see that EE(h) -+ 0 as h -+ 0. The error hEE(h) is said to be
of smaller order than h as h -+ 0.

We focus attention on two properties of formula (4). First, the quantity
f'(c)h is a linear function of h. That is, if we write Tc(h) = f.'(c)h, then

Tc(ahl + bh2) = aT,(hl) + bTc(h2).

Second, the error term hEc(h) is of smaller order than h as h -+ 0. The total
derivative of a function f from R" to R' will now be defined in such a way that it
preserves these two properties.

Let f : S -+ R' be a function defined on a set S in W with values in R'°. Let c
be an interior point of S, and let B(c; r) be an n-ball lying in S. Let v be a point
in R" with Ilvll < r, so that c + v e B(c; r).

Definition 12.2. The function f is said to be differentiable at c if there exists a linear
function T, : R" -+ R' such that

f(c + v) = f(c) + T.(v) + llvll E.(v), (5)

where E,,(v) -+ 0 as v - 0.
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NOTE. Equation (5) is called a first-order Taylor formula. It is to hold for all v in
R" with Ilvll < r. The linear function T,, is called the total derivative of fat c. We
also write (5) in the form

f(c + v) = f(c) + Tc(v) + o(llvll) as v - 0.

The next theorem shows that if the total derivative exists, it is unique. It also
relates the total derivative to directional derivatives.

Theorem 12.3. Assume f is differentiable at c with total derivative Tc. Then the
directional derivative f'(c; u) exists for every u in R" and we have

T,,(u) = f'(c; u). (6)

Proof. If v = 0 then f'(c; 0) = 0 and Tr(0) = 0. Therefore we can assume that
v # 0. Take v = hu in Taylor's formula (5), with h 0, to get

f(c + hu) - f(c) = Tc(hu) + Ilhull E,,(v) = hTju) + IhI (lull Ejv)

Now divide by h and let h - 0 to obtain (6).

Theorem 12.4. If f is differentiable at c, then f is continuous at c.

Proof. Let v -- 0 in the Taylor formula (5). The error term IIvii E,,(v) -- 0; the
linear term T,,(v) also tends to 0 because if v = v1u1 + - - + v"u", where
u1, ... , u" are the unit coordinate vectors, then by linearity we have

T.(u) = v1Tc(ul) + ... +

and each term on the right tends to 0 as v -+ 0.

NOTE. The total derivative T, is also written as f'(c) to resemble the notation used
in the one-dimensional theory. With this notation, the Taylor formula (5) takes
the form

f(c + v) = f(c) + f'(c)(v) + llvfl E.(v), (7)

where E.(v) -+ 0 as v -+ 0. However, it should be realized that f'(c) is a linear
function, not a number. It is defined everywhere on R"; the vector f'(c)(v) is the
value of U(c) at v.

Example. If f is itself a linear function, then f(c + v) = f(c) + f(v), so the derivative
f'(c) exists for every c and equals f. In other words, the total derivative of a linear function
is the function itself.

12.5 THE TOTAL DERIVATIVE EXPRESSED IN TERMS OF PARTIAL
DERIVATIVES

The next theorem shows that the vector f'(c)(v) is a linear combination of the partial
derivatives of f.

Theorem 12.5. -Let f : S -+ R' be differentiable at an interior point c of S, where
S S R. If v = v1u1 + - - - + vu", where u1, ... , u" are the unit coordinate
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vectors in R", then
n

f'(c)(v) = E vkDk f (c).
k=1

In particular, if f is real-valued (m = 1) we have

f'(c)(v) = Vf(c) - v,

the dot product of v with the vector Vf(c) = (D1 f(c), ... , Dnf(c)).

Proof. We use the linearity of f'(c) to write
n n

f '(C)(V) _ f '(C)(vkuk) _ vk f '(C)(uk)
k=1 k=1

nn /
n

= E vk f '(c; uk) = E vkDk f (c)
k=1 k=1

Th. 12.6

(8)

NOTE. The vector Vf(c) in (8) is called the gradient vector off at c. It. is defined
at each point where the partials D1 f, ... , D"f exist. The Taylor formula for
real-valued f now takes the form

f(c+v)=f(c)+ Vf(c)-v+o(Ilvll) asv-+0.

12.6 AN APPLICATION TO COMPLEX-VALUED FUNCTIONS

Let f = u + iv be a complex-valued function of a complex variable. Theorem
5.22 showed that a necessary condition for f to have a derivative at a point c is that
the four partials D1u, D2u, D1v, D2v exist at c and satisfy the Cauchy-Riemann
equations :

D1u(c) = D2v(e), D1v(c) = -D2u(c).

Also, an example showed that the equations by themselves are not sufficient for
existence off '(c). The next theorem shows that the Cauchy-Riemann equations,
along with differentiability of u and v, imply existence of f'(c).

Theorem 12.6. Let u and v be-two real-valued functions defined on a subset S of the
complex plane. Assume also that u and v are differentiable at an interior point c
of S and that the partial derivatives satisfy the Cauchy-Riemann equations at c.
Then the function f = u + iv has a derivative at c. Moreover,

f'(c) = D1u(c) + iD1v(c).

Proof. We have f(z) - f(c) = u(z) - u(c) + i{v(z) - v(c)} for each z in S.
Since each of u and v is differentiable at c, for z sufficiently near to c we have

u(z) - u(c) = Vu(c) (z - c) + 0(11Z -- CID
and -

v(z) - v(c) = Vv(c) - (z - c) + o(IIz - cll).
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Here we use vector notation and consider complex numbers as vectors in R2. We
then have

Writing z = x + iy and c = a + ib, we find

{VU(C) + i Vv(c)} (z - c)

= D1u(c)(x - a) + D2u(c)(y - b) + i {Dlv(c)(x - a) + D2v(c)(y - b)}

= D1u(c){(x - a) + i(y - b)} + iD1v(c){(x - a) + i(y - b)},

because of the Cauchy-Riemann equations. Hence

f(z) - f(c) = {D1u(c) + iD1v(c)} (z - c) + o(Ilz - cll)

Dividing by z - c and letting z - c we see that f(c) exists and is equal to

D1u(c) + iD1v(c).

12.7 THE MATRIX OF A LINEAR FUNCTION

In this section we digress briefly to record some elementary facts from linear
algebra that are useful in certain calculations with derivatives.

Let T:-IV -i- Rm be a linear function. (In our applications, T will be the
total derivative of a function f.) We will show that T determines an m x n matrix
of scalars (see (9) below) which is obtained as follows :

Let u1, ... , u" denote the unit coordinate vectors in R". If x e R" we have
x = x1u1 + + x"u" so, by linearity,

T(x) = E xkT(uk).
k=1

Therefore T is completely determined by its action on the coordinate vectors
u1, , u".

Now let e1, ... , em denote the unit coordinate vectors in R. Since T(uk) a R'",
we can write T(uk) as a linear combination of e1, ... , em, say

T(uk) _ tike,-

The scalars tlk, , tmk are the coordinates of T(uk). We display these scalars
vertically as follows :

t1k

t2k

tmk
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This array is called a column vector. We form the column vector for each of
T(u1), ... , T(u") and place them side by side to obtain the rectangular array

(9)

This is called the matrix* of T and is denoted by m(T). It consists of m rows and
n columns. The numbers going down the kth column are the components of
T(uk). We also use the notation

m(T) = [tik]inkn 1 or m(T) = (tik)

to denote the matrix in (9).
Now let T : R" - Rm and S : Rm -+ RP be two linear functions, with the domain

of S containing the range of T. Then we can form the composition S o T defined by

(S o T)(x) = S[T(x)] for all x in W.

The composition S o T is also linear and it maps R" into RP.
Let us calculate the matrix m(S d T). Denote the unit coordinate vectors in

R", Rm, and RP, respectively, by

ul, ... , u", e1, ... , em, and w1, , wP.

Suppose that S and T have matrices (sij) and (tij), respectively. This means that

P

S(ek) = E sikWi fork = 1, 2, ... , m

and
i=1

M

T(uj) = E tkjek for j = 1, 2,..., n.

Then
k=1

mr mr
PP

(S o T)(uj) = S[T(uj)] = Lj tk jS(ek) = Lj tkj SikWi
k=1 k=1 i=1

P m

Siktkj Wi
i=1 k=1

so

M

P.n

m(SoT) = C Siktkj J
k=1 ,j=1

In other words, m(S o T) is a p x n matrix whose entry in the ith row and jth

* More precisely, the matrix of T relative to the given bases u1, ... , u,, of R" and
el,... , em of Rm.
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column is

Siktkj,
k=1

the dot product of the ith row of m(S) with thejth column of m(T). This matrix
is also called the product m(S)m(T). Thus, m(S o T) = m(S)m(T).

12.8 THE JACOBIAN MATRIX

Next we show how matrices arise in connection with total derivatives.
Let f be a function with values in Rm which is differentiable at a point c in R",

and let T = f'(c) be the total derivative of f at c. To find the matrix of T we
consider its action on the unit coordinate vectors u1, ... , u,,. By Theorem 12.3
we have

T(uk) = f'(c; Uk) = Dkf(c).

To express this as a linear combination of the unit coordinate vectors e1, ... , em of
Rm we write f = (f1, ... , fm) so that Dkf = (Dkf1, ... , Dkfm), and hence

T(uk) = Dkf (c) _ Dkfi(c)ei
i=1

Therefore the matrix of T is m(T) = (Dk fi(c)). This is called the Jacobian matrix
of f at c and is denoted by Df(c). That is,

D1f1(c) D2f1(c) ... D"f1(c)

Df(c) = D1f2(c) D2f2(c) ... D"f2(c)
(10)

Dlfm(C) D2fm(C) ... D,,fm(C)

The entry in the ith row and kth column is Dkfi(c). Thus, to get the entries in the
kth column, differentiate the components of f with respect to the kth coordinate
vector. The Jacobian matrix Df(c) is defined at each point c in R" where all the
partial derivatives Dk fi(c) exist.

The kth row of the Jacobian matrix (10) is a vector in R" called the gradient
vector of fk, denoted by Vfk(c). That is,/

Vfk(c) = (Dlfk(c), ... , Dnfk(c)).

In the special case when f is real-valued (m = 1), the Jacobian matrix consists
of only one row. In this case Df(c) = Vf(c), and Equation (8) of Theorem 12.5
shows that the directional derivative f'(c; v) is the dot product of the gradient
vector Vf(c) with the direction v.

For a vector-valued function f = (f1, ... , fm) we have

m

1f'(C)(V) = f'(C; V) = E fk(c; v)ek = rL f
{Vfk(C) . VJek, (11)

k=1 k=1
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so the vector f'(c)(v) has components

(Qf1(C) - V, ... , Vfm(C) - V).

Thus, the components of f'(c)(v) are obtained by taking the dot product of the
successive rows of the Jacobian matrix with the vector v. If we regard f'(c)(v) as
an m x 1 matrix, or column vector, then f'(c)(v) is equal to the matrix product
Df(c)v, where Df(c) is the m x n Jacobian matrix and v is regarded as an n x 1
matrix, or column vector.

NOTE. Equation (11), used in conjunction with the triangle inequality and the
Cauchy-Schwarz inequality, gives us

II f'(c)(v)II =

Therefore we have

m m m

E {VA(C) v}ekll < E IVfk(C) . VI s Ilvll E IIVfk(C)II
k=1 k=1 k=1

Ilf'(c)(v)II < MllvMI, (12)

where M = Ek=1 II Vfk(c)II This inequality will be used in the proof of the chain
rule. It also shows that f'(c)(v) -* 0 as v - 0.

12.9 THE CHAIN RULE

Let f and g be functions such that the composition h = f o g is defined in a
neighborhood of a point a. The chain rule tells us how to compute the total
derivative of h in terms of total derivatives of f and of g.

Theorem 12.7. Assume that g is differentiable at a, with total derivative g'(a). Let
b = g(a) and assume that f is differentiable at b, with total derivative f'(b). Then
the composite function h = f o g is differentiable at a, and the total derivative h'(a)
is given by

h'(a) = f'(b) o g'(a),

the composition of the linear functions f'(b) and g'(a).

Proof. We consider the difference h(a + y) -,h(a) for small Ilyll, and show that
we have a first-order Taylor formula. We have

h(a + y) - h(a) = f [g(a + y)] - f [g(a)] = f(b + v) - f(b), (13)

where b = g(a) and v = g(a + y) - b. The Taylor formula for g(a + y) implies

v = g'(a)(y) + Ilyll E,(y), where EQ(y) - 0 as y -> 0. (14)

The Taylor formula for f(b + v) implies

f(b + v) - f(b) = f'(b)(v) + IIvii Eb(v), where Eb(v) - 0 as v -+ 0. (15)
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Using (14) in (15) we find

f(b + v) - f(b) = f'(b)[g'(a)(y)] + f'(b)[IIYIl E.(Y)] + Ilvll Eb(v)

= f'(b)[g'(a)(y)] + IIYII E(y),

where E(0) = 0 and

(16)

E(y) = f'(b)[E.(Y)] + IIII Vll
Eb(v) if Y # 0. (17)

IIYII

To complete the proof we need to show that E(y) -' 0 as y -' 0.
The first term on the right of (17) tends to 0 as y -- 0 because E.(y) -+ 0. In the

second term, the factor Eb(v) -+ 0 because v - 0 as y -+ 0. Now we show that
the quotient Ilvll/IIYII remains bounded as y - 0. Using (14) and (12) to estimate
the numerator we find

IIYII <- Ilg'(a)(Y)II + IIYII IIE.(Y)II <- IIYII{M + IIE.(Y)II},

where M = Ek-1 II Vgk(a)II. Hence

II VII < M + IIE.(Y)il,
IIYII

so Ilvll/IIYII remains bounded as y -> 0. Using (13) and (16) we obtain the Taylor
formula

h(a + y) - h(a) = f'(b)[g'(a)(y)] + IIYII E(y),

where E(y) -+ 0 as y -+ 0. This proves that h is differentiable at a and that its
total derivative at a is the composition f'(b) o g'(a).

12.10 MATRIX FORM OF THE CHAIN RULE

The chain rule states that

h'(a) = f'(b) ° g'(a), (18)

where h = f 0 g and b = g(a). Since the matrix of a composition is the product
of the corresponding matrices, (18) implies the following relation for Jacobian
matrices :

Dh(a) = Df(b)Dg(a). (19)

This is called the matrix form of the chain rule. It can also be written as a set of
scalar equations by expressing each matrix in terms of its entries.

Specifically, suppose that a e RP, b = g(a) a R", and f (b) a Rm. Then h(a) a Rm
and we can write

g = (91, ... , 9.), f = (.f1, . . . ,.fm), h = (h1,. .. , hm).

Then Dh(a) is an m x p matrix, Df (b) is an m x n matrix, and Dg(a) is an n x p
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matrix, given by

Dh(a) = [Djhi(a)]m;-P 1,

Th. 12.8

Df(b) = [Dkff (b)]mkn=1, Dg(a) = [Djgk(a)]k;1= 1

The matrix equation (19) is equivalent to the mp scalar equations
n

D;hi(a) _ E Dk gk(a), for i = 1, 2, ... , m and j = 1, 2, ... , p. (20)
k=1

These equations express the partial derivatives of the components of h in terms of
the partial derivatives of the components of f and g.

The equations in (20) can be put in a form that is easier to remember. Write
y = f(x) and x = g(t). Then y = f[g(t)] = h(t), and (20) becomes

aYi aYiaXk (21)

at k=1 axk at;

where

ay' = D h`, ayi = DkJi, and axk = Djgk
at; ' axk at;

Examples. Suppose m = 1. Then both f and h = f o g are real-valued and there are p
equations in (20), one for each of the partial derivatives of h:

n

Djh(a) = E Dkf(b)Djgk(a), p.
k=1

The right member is the dot product of the two vectors Vf(b) and Djg(a). In this case
Equation (21) takes the form

ay " ay axk
atj = axk atj 2,...,p.

In particular, if p = 1 we get only one equation,

h'(a) = E Dkf(b)gk(a) = Vf(b) Dg(a),
k=1

where the Jacobian matrix Dg(a) is a column vector.

The chain rule can be used to give a simple proof of the following theorem for
differentiating an integral with respect to a parameter which appears both in the
integrand and in the limits of integration.

Theorem 12.8. Let f and D2f be continuous on a rectangle [a, b] x [c, d]. Let p
and q be differentiable on [e, d], where p(y) a [a, b] and q(y) e [a, b] for each y in
[c, d]. Define F by the equation

9(Y)

F(y) = f(x, y) dx, if y e [c, d].
P(y)
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Then F(y) exists for each y in (c, d) and is given by

q(Y)

F(y) = D2.f(X, Y) dx + .f(q(Y), y)q'(y) - .f(p(Y), y)p'(y).
v( y)

Proof. Let G(xl, x2, x3) = f x; f (t, x3) dt whenever x, and x2 are in [a, b] and
x3 E [c, d]. Then F is the composite function given by F(y) = G(p(y), q(y), y).
The chain rule implies

F(y) = D1G(p(Y), q(y), y)p'(y) + D2G(p(y), q(y), y)q'(y) + D3G(p(y), q(y), y).

By Theorem 7.32, we have D,G(x,, x2, x3) = -f(x,, x3) and D2G(xl, x2, x3) _
f (x2i x3). By Theorem 7.40, we also have

xz

D3G(x,, X2, X3) = D2.f(t, X3) dt.
xl

Using these results in the formula for F(y) we obtain the theorem.

12.11 THE MEAN-VALUE THEOREM FOR DIFFERENTIABLE FUNCTIONS

The Mean-Value Theorem for functions from R' to R1 states that

f(y) - f(x) = f'(z)(Y - x), (22)

where z lies between x and y. This equation is false, in general, for vector-valued
functions from R" to R', when m > 1. (See Exercise 12.19.) However, we will
show that a correct equation is obtained by taking the dot product of each member
of (22) with any vector in R, provided z is suitably chosen. This gives a useful
generalization of the Mean-Value Theorem for vector-valued functions.

In the statement of the theorem we use the notation L(x, y) to denote the line
segment joining two points x and y in R". That is,

L(x, y) = {tx + (I -t)y:0<t<1}.

Theorem 12.9 (Mean-Value Theorem.) Let S be an open subset of R" and assume
that f : S -+ R' is differentiable at each point of S. Let x and y be two points in S
such that L(x, y) c S. Then for every vector a in R' there is a point z in L(x, y)
such that

a {f(y) - f(x)} = a -If '(z)(Y - x)}. (23)

Proof. Let u = y - x. Since S is open and L(x, y) c S, there is a 6 > 0 such
that x + toe S for all real tin the interval (-6, 1 + S). Let a be a fixed vector in
R' and let F be the real-valued function defined on (-S, 1 + a) by the equation

F(t) = a f(x + tu).

Then F is differentiable on (-S, 1 + S) and its derivative is given by

F(t) = a f'(x + tu; u) = a {f'(x + tu)(u)}.
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By the usual Mean-Value Theorem we have

F(1) - F(O) = F'(0), where 0 < 0 < 1.
Now

F'(0) = a - {f'(x + Ou)(u)} = a - {f'(z)(y - x)),

where z = x + Ou e L(x, y). But F(1) - F(0) = a - {f(y) - f(x)}, so we obtain
(23). Of course, the point z depends on F, and hence on a.

NoTE. If S is convex, then L(x, y) S for all x, y in S so (23) holds for all x and
y in S.

Examples

1. If f is real-valued (m = 1) we can take a = 1 in (23) to obtain

f(Y) - f(x) = f'(z)(Y - x) = Vf(z) (Y - x). (24)

2. If f is vector-valued and if a is a unit vector in R'", IIaII = 1, Eq. (23) and the Cauchy-
Schwarz inequality give us

IIf(Y) - f(x)II < IIf'(z)(Y - x)II.

Using (12) we obtain the inequality

IIf(Y)-f(x)II <MIIY - xli.
where M = k 1 II Vfk(z) II . Note that M depends on z and hence on x and y.

3. If S is convex and if all the partial derivatives D f fk are bounded on S, then there is a
constant A > 0 such that

IIf(Y) - f(x)II < Ally - xli

In other words, f satisfies a Lipschitz condition on S.

The Mean-Value Theorem gives a simple proof of the following result concern-
ing functions with zero total derivative.

Theorem 12.10. Let S be an open connected subset of R", and let f : S -+ R' be
differentiable at each point of S. If f'(c) = 0 for each c in S, then f is constant on S.

Proof. Since S is open and connected, it is polygonally connected . (See Section
4.18.) Therefore, every pair of points x and y in S can be joined by a polygonal
arc lying in S. Denote the vertices of this arc by pl, ... , p,, where pl = x and
p, = y. Since each segment L(pi+ 1, p) c S, the Mean-Value Theorem shows that

a - {f(pr+1) - f(p3} = 0,

for every vector a. Adding these equations for i = 1 , 2, ... , r - 1, we find

a - {f(y) - f(x)} = 0,

for every a. Taking a = f(y) - f(x) we find f(x) = f(y), so f is constant on S.
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12.12 A SUFFICIENT CONDITION FOR DIFFERENTIABILITY

Up to now we have been deriving consequences of the hypothesis that a function
is differentiable. We have also seen that neither the existence of all partial deriv-
atives nor the existence of all directional derivatives suffices to establish differ-
entiability (since neither implies continuity). The next theorem shows that
continuity of all but one of the partials does imply differentiability.

Theorem 12.11. Assume that one of the partial derivatives D1f, ... , Dnf exists at c
and that the remaining n - 1 partial derivatives exist in some n-ball B(c) and are
continuous at c. Then f is differentiable at c.

Proof. First we note that a vector-valued function f = (f1, ... , fn) is differentiable
at c if, and only if, each componentfk is differentiable at c. (The proof of this is an
easy exercise.) Therefore, it suffices to prove the theorem when f is real-valued.

For the proof we suppose that D1 f(c) exists and that the continuous partials

The only candidate forf'(c) is the gradient vector Vf(c). We will prove that

f(c + v) - f(c) = Vf(c) v + o(IlvIj) as v - 0,
and this will prove the theorem. The idea is to express the differencef(c + v) - f(c)
as a sum of n terms, where the kth term is an approximation to Dkf(c)vk.

For this purpose we write v = Ay, where flyjj = 1 and A = 1(vUU. We keep A
small enough so that c + v lies in the ball B(c) in which the partial derivatives
D2 f, ... , Dn f exist. Expressing y in terms of its components we have

Y = y1u1 + ...+ ynun,

where uk is the kth unit coordinate vector. Now we write the differencef(c + v) -
f(c) as a telescoping sum,

0

f(c + v) - f(c) = f(c + 1y) - f(c) = E {f(c + Avk) - f(c + Avk-1)}, (25)

where

YO = 0, V1 = y1u1, V2 = y1u1 + Y2U2, ... , Vn = y1111 + ... + ynun

The first term in the sum is f(c + Ay1u1) - f(c). Since the two points c and
c + Ay1u1 differ only in their first component, and since D1 f(c) exists, we can
write f({/c + Ay1u1) - f(c) = (c) + Ay1E1(A),

where E1(A) -+ 0 as A -+ 0.
For k //> 2, the kth term in the sum is

{/f (c + Avk -I + Aykuk) - f (c + Avk - 1) = J (bk + Aykuk) - f (bk),

where bk = c +-Avk-1. The two points bk and bk + Aykuk differ only in their kth
component, and we can apply the one-dimensional Mean-Value Theorem for
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f(bk + AYkuk) - f(bk) = AYkDkf(ak), (26)

where ak lies on the line segment joining bk to bk + A.ykuk. Note that bk -+ c and
hence ak -+ c as A -+ 0. Since each Dk f is continuous at c for k z 2 we can write

Dkf(ak) = Dkf(C) + Ek('O, where Ek(2) -), 0 as X

Using this in (26) we find that (25) becomes

where

n n

f(C + v) - f(c) = A E Dkf(C)Yk + A E YAW
k=1 k=1

= IIv1IE(A),

n

E (A) _ YkEkW -+ 0 as II v II - 0-
k=1

0.

This completes the proof.

NOTE. Continuity of at least n - 1 of the partials D1f, ... , D"f at c, although
sufficient, is by no means necessary for differentiability of f at c. (See Exercises

12.5 and 12.6.)

12.13 A SUFFICIENT CONDITION FOR EQUALITY OF MIXED PARTIAL
DERIVATIVES

The partial derivatives D1f, ... , DJ of a function from R" to R' are themselves
functions from R" to R' and they, in turn, can have partial derivatives. These are
called second-order partial derivatives. We use the notation introduced in Chapter
5 for real-valued functions:

82
D, kf = D,(Dkf) =

f
ax,axk

Higher-order partial derivatives are similarly defined.
The example

f(x, Y) =
xY(x2 - YZ)I(x2 + Y2) if (x, y) 0 (0, 0),

t0 if (x, y) _ (0, 0),

shows that D1,2f(x, y) is not necessarily the same as D2,1f(x, y). In fact, in this
example we have

P1f(x, y) = Y(x4 + 4xzYz - Ya)

222

0)y) (0if (x ,,,

)+ y(x
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and D1 f(0, 0) = 0. Hence, D1 f(0, y) _ -y for all y and therefore

D2, 1f(0, Y) _ -1, D2,1f(0, 0) _ -1.

On the other hand, we have

D2f(x, Y) = x(x4 x(x2 2y2)2
Y4) if (x, Y) 91 (0, 0),

and D2 f(0, 0) = 0, so that D2 f(x, 0) = x for all x. Therefore, D1,2 f(x, 0) = 1,
D1,2 f(0, 0) = 1, and we see that D2,1 f(0, 0) D1,2f(0, 0).

The next theorem gives us a criterion for determining when the two mixed
partials D1,2f and D2 1f will be equal.

Theorem 12.12. If both partial derivatives D,f and Dkf exist in an n-ball B(c; b) and
if both are differentiable at c, then

Dr,kf(c) = Dk,,f(c). (27)

P r o o f. If f = (fl, ... , fm) , then Dkf = (Dkfl, ... , Dkfm). Therefore it suffices
to prove the theorem for real-valued f Also, since only two components are
involved in (27), it suffices to consider the case n = 2. For simplicity, we assume
that c = (0, 0). We shall prove that

D1,2f(0, 0) = D2,1f(0, 0)

Choose h # 0 so that the square with vertices (0, 0), (h, 0), (h, h), and (0, h)
lies in the 2-ball B(0; a). Consider the quantity

0(h) = f(h, h) - f(h, 0) - f(0, h) + f(0, 0).

We will show that 0(h)lh2 tends to both D2,1f(0, 0) and D1,2f(0, 0) as h - 0.
Let G(x) = f(x, h) - f(x, 0) and note that

0(h) = G(h) - G(0). (28)

By the one-dimensional Mean-Value Theorem we have

G(h) - G(0) = hG'(xl) = h{Dlf(xl, h) - D1f(xl, 0)), (29)

where x1 lies between 0 and h. Since DI f is differentiable at (0, 0), we have the
first-order Taylor formulas

D1f(xl, h) = D1f(0, 0) + D1,1f(0, 0)x1 + D2,l.f(0, 0)h + (xi + h2)''2E1(h),

and

D1f(x1, 0) = D1f(0, 0) + D1,1f(0, 0)x1 + Ix11 E2(h),

where E1(h) and E2(h) -* 0 as h - 0. Using these in (29) and (28) we find

0(h) = D2,1f(0, 0)h2 + E(h),
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where E(h) = h(xi + h2)1'2E1(h) + hlx1I E2(h). Since Ix,I < Ihl, we have

0 < IE(h)I S -,/2 h2 IE1(h)I + h2 IE2(h)I,
so

lim
0(h)

= D2,1f(0, 0)
h-+o h2

Applying the same procedure to the function H(y) = f(h, y) - f(0, y) in
place of G(x), we find that

lim e(2) = D1 2f(0, 0),
h

which completes the proof.

As a consequence of Theorems 12.11 and 12.12 we have:

Theorem 12.13. If both partial derivatives Drf and Dkf exist in an n-ball B(c) and
if both Dr kf and Dk rf are continuous at c, then

Dr,kf(C) = Dk,rf(C)

NOTE. We mention (without proof) another result which states that if Drf, Dkf and
Dk,,f are continuous in an n-ball B(c), then D,kf(c) exists and equals Dk,rf(c).

If f is a real-valued function of two variables, there are four second-order
partial derivatives to consider; namely, D1,1f, D1,2f, D2,1f, and D2,2f. We have
just shown that only three of these are distinct if f is suitably restricted.

The number of partial derivatives of order k which can be formed is 2k. If all
these derivatives are continuous in a neighborhood of the point (x, y), then
certpin of the mixed partials will be equal. Each mixed partial is of the form
D,1, ... , rkf, where each rr is either 1 or 2. If we have two such mixed partials,
Dr1, ... , rk f and Dp1, ... , pkf, where the k-tuple (r1, ... , rk) is a permutation of
the k-tuple (pl, ... , pk), then the two partials will be equal at (x, y) if all 2k partials
are continuous in a neighborhood of (x, y). This statement can be easily proved
by mathematical induction, using Theorem 12.13 (which is the case k = 2). We
omit the proof for general k. From this it follows that among the 2k partial
derivatives of order k, there are only k + 1 distinct partials in general, namely,
those of the form Dr,, ... , rkf where the k-tuple (r1, ... , rk) assumes the following
k + I forms :

(2,2,...,2), (1,2,2,...,2), (1, 1,2,...,2),...,
(1, 1, ..., 1, 2), (1, ... , 1).

Similar statements hold, of course, for functions of n variables. In this case,
there are nk partial derivatives of order k that can be formed. Continuity of all
these partials at a point x implies that D,1, ... , ,J(X) is unchanged when the
indices r1, . .. , rk are permuted. Each r, is now a positive integer <n.
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12.14 TAYLOR'S FORMULA FOR FUNCTIONS FROM R" TO R1

Taylor's formula (Theorem 5.19) can be extended to real-valued functions f defined
on subsets of R". In order to state the general theorem in a form which resembles
the one-dimensional case, we introduce special symbols

f"(x; t, f,,,(x; ), ... , J `"(x; t),

for certain sums that arise in Taylor's formula. These play the role of higher-
order directional derivatives, and they are defined as follows :

If x is a point in R" where all second-order partial derivatives off exist, and if
t = (t1, ... , t") is an arbitrary point in R", we write

n n

f"(x; t) = E E Di.jf(x)tjt1.
i=1 j=1

We also define'
nn n n

f"'(x; t) = E L/r E Di,j.kf(x)tktjtii=1 j=1 k=1

if all third-order partial derivatives exist at x. The symbol f ('")(x; t) is similarly
defined if all mth-order partials exist.

These sums are analogous to the formula

f'(x; t) _ Dif (x)ti

for the directional derivative of a function which is differentiable at x.

Theorem 12.14 (Taylor's formula). Assume that f and all its partial derivatives of
order <m are differentiable at each point of an open set S in R". If a and b are two
points of S such that L(a, b) a S, then there is a point z on the line segment L(a, b)
such that

m-1

f(b) - f(a) = E k f"k)(a; b - a) + m f(')(z; b - a).

Proof Since S is open, there is a S > 0 such that a + t(b - a) e S for all real
t in the interval -S < t < I + S. Define g on (-S, 1 + S) by the equation

g(t) = f [a + t(b - a)].

Then f(b) - f(a) = g(1) - g(0). We will prove the theorem by applying the
one-dimensional Taylor formula to g, writing

m-1

g(1) - g(0) = E 'i g(k)(0) + i g(m)(9), where 0 < 0 < 1. (30)

Nowg is a composite function given byg(t) = f [p(t)], where p(t) = a + t(b - a).
The kth component of p has derivative pk(t) = bk - ak. Applying the chain rule,
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we see that g'(t) exists in the interval (-S, 1 + S) and is given by the formula
n

ge(t) = E Djf [p(t)](bJ - a) = f '(p(t); b - a).
j=1

Again applying the chain rule, we obtain
n n

g"(t) = E E Dt.Jf[p(t)](bj - aj)(b1 - ai) =f"(p(t); b - a).
i=1 j=1

Similarly, we find that g(m)(t) = f(ml(p(t); b - a). When these are used in (30)
we obtain the theorem, since the point z = a + 9(b - a) e L(a, b).

EXERCISES

Differentiable functions

12.1 Let S be an open subset of R", and let f : S - R be a real-valued function with
finite partial derivatives D1 f, ... , Dn f on S. If f has a local maximum or a local minimum
at a point c in S, prove that Dk f (c) = 0 for each k.

12.2 Calculate all first-order partial derivatives and the directional derivative f'(x; u)
for each of the real-valued functions defined on R" as follows:

a) f(x) = a x, where a is a fixed vector in W.

b) f(x) = IjxII4.
c) f(x) = x L(x), where L : R" - R" is a linear function.

n n

d) f (x) = E E ai jxix j, where ai j = a ji.
t=1 J=1

12.3 Let f and g be functions with values in R' such that the directional derivatives
f'(c; u) and g'(c; u) exist. Prove that the sum f + g and dot product f g have directional
derivatives given by

and

(f + g)'(c; u) = f'(c; u) + g'(c; u)

(f g)'(c; u) = f(c) g'(c; u) + g(c) f'(c; u).

12.4 If S S R", let f : S - R'bea function with values in R, and write f = (fi, ... ,fn)
Prove that f is differentiable at an interior point c of S if, and only if, each ft is differentiable
at c.

12.5 Given n real-valued functions fi, ... ,1,, each differentiable on an open interval
(a, b) in R. For each x = (x1, ... , x") in the n-dimensional open interval

S = {(xi, ... , x,.): a < xk < b, k = 1, 2, ... , n},

define f(x) = f1(x1) + + f"(x"). Prove that f is differentiable at each point of S and
that

n

f'(x)(u) = E fi(xt)ut, where u = (u1, ... , un).
i=1
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12.6 Given n real-valued functions fl, . . . , f" defined on an open set S in R". For each x
in S, define f (x) = ft (x) + + f"(x). Assume that for each k = 1, 2, ... , n, the
following limit exists:

lim My) - fk(x)
Y_X

Yk#Xk

Call this limit ak(x). Prove that f is differentiable at x and that

n

f'(x)(u) _ E ak(X)Uk if u = (u1, ... , U").
k=1

12.7 Let f and g be functions from R" to R. Assume that f is differentiable at c, that
f(c) = 0, and that g is continuous at c. Let h(x) = g(x) f(x). Prove that h is differen-
tiable at c and that

h'(c)(u) = g(c) {f'(c)(u) } if u e W.

12.8 Let f : R2 -+ R3 be defined by the equation

f(x, y) = (sin x cos y, sin x sin y, cos x cos y).

Determine the Jacobian matrix Df(x, y).

12.9 Prove that there is no real-valued function f such that f'(c; u) > 0 for a fixed point
c in W and every nonzero vector u in W. Give an example such that f'(c; u) > 0 for a
fixed direction u and every c in W.

12.10 Let f = u + iv be a complex-valued function such that the derivative f(c) exists
for some complex c. Write z = c + re" (where a is real and fixed) and let r -+ 0 in the
difference quotient [f(z) - f(c)]/(z - c) to obtain

f'(c) = e-ta[u'(c; a) + iv'(c; a)],

where a = (cos a, sin a), and u'(c; a) and v'(c; a) are directional derivatives. Let b =
(cos f, sin f), where f = a + 1n, and show by a similar argument that

f(c) = e-ta[v'(c; b) - iu'(c; b)].

Deduce that u'(c; a) = v'(c; b) and v'(c; a) u'(c; b). The Cauchy-Riemann equa-
tions (Theorem 5.22) are a special case.

Gradients and the chain rule

12.11 Let f be real-valued and differentiable at a point c in R", and assume that
11 Vf (c)11 0 0. Prove that there is one and only one unit vector u in W such that
If'(c; u)l = 11 Vf (c) 11, and that this is the unit vector for which I f'(c; u)j has its maximum
value.

12.12 Compute the gradient vector Vf(x, y) at those points (x, y) in R2 where it exists:

a) f(x, y) = x2y2 log (x2 + y2) if (x, y) (0, 0), f(0, 0) = 0.

b) f(x, y) = xy sin 1 if (x, y) (0, 0), f(0, 0) = 0.x2 + y2
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12.13 Let f and g be real-valued functions defined on R1 with continuous second deriva-
tives f" and g". Define

F(x, y) = f [x + g(y)] for each (x, y) in R2.

Find formulas for all partials of F of first and second order in terms of the derivatives of
f and g. Verify the relation

(D1F)(D1.2F) = (D2F)(D1,1F)

12.14 Given a function f defined in R2. Let

F(r, 0) = f(r cos 0, r sin 6).

a) Assume appropriate differentiability properties off and show that

D1F(r, 6) = cos 0 Dlf(x, y) + sin 0 D2f(x, y),

D1,1F(r, 6) = cost 9D1,1f(x, y) + 2 sin 6cos 9 D1,2f(x, y) + sin 2 9D2,2f(x, y),
where x = r cos 0, y = r sin 6.

b) Find similar formulas for D2F, D1,2F, and D2,2F.
c) Verify the formula

IIVf(r cos 6, r sin 6)112 = [D1F(r, 9)]2 + [D2F(r, 9)]2.sr
12.15 If f and g have gradient vectors Vf(x) and Vg(x) at a point x in R" show that the
product function h defined by h(x) = f(x)g(x) also has a gradient vector at x and that

Vh(x) = f(x)Vg(x) + g(x)Vf(x).

State and prove a similar result for the quotient f/g.

12.16 Let f be a function having a derivative f' at each point in R1 and let g be defined
on R3 by the equation

9(x,Y,z)=x2+y2+ z2.
If h denotes the composite function h = f o g, show that

II Vh(x, y, z)112 = 49(x, y, z){f'[9(x, y, z)]}2

12.17 Assume f is differentiable at each point (x, y) in R2. Let g1 and g2 be defined on
R3 by the equations

91(x, Y, z)=x2+Y2+ z2, 92(x, Y,z)=x+y+z,
and let g be the vector-valued function whose values (in R2) are given by

g(x, Y, z) _ (91(x, Y, z), 92(x, Y, Z))'

Let h be the composite function h = f o g and show that

IIohII2 = 4(D1f)291 + 4(D1f)(D2f)92 + 3(D2f)2.

12.18 Let f be defined on an open set S in R". We say that f is homogeneous of degree p
over S if f(Ax) = 2°f(x) for every real A and for every x in S for which Ax e S. If such a
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function is differentiable at x, show that

x - Vf(x) = pf(x).

NOTE. This is known as Euler's theorem for homogeneous functions. Hint. For fixed x,
define g(A) = f(Ax) and compute g'(1).

Also prove the converse. That is, show that if x - Vf(x) = pf(x) for all x in an open
set S, then f must be homogeneous of degree p over S.

Mean-Value theorems

12.19 Let f : R -+ R2 be defined by the equation f(t) = (cos t, sin t). Then f'(t)(u) _
u(- sin t, cos t) for every real u. The Mean-Value formula

f(y) - f(x) = f'(z)(y - x)
cannot hold when x = 0, y = 2ir, since the left member is zero and the right member is a
vector of length 2n. Nevertheless, Theorem 12.9 states that for every vector a in R2 there
is a z in the interval (0, 2n) such that

a - {f(y) - f(x)} = a - {f'(z)(y - x)}.

Determine z in terms of a when x = 0 and y = 2n.
12.20 Let f be a real-valued function differentiable on a 2-ball B(x). By considering the
function

g(t) = f[tyl + (1 - t)x1, Y21 + f[x1, tY2 + (1 - t)x2]

prove that

f(y) - f(x) = (yl - x1)D1f(z1, y2) + (Y2 - x2)D2f(x1, z2),

where zl a L(xl, yl) and z2 E L(x2, Y2)-

12.21 State and prove a generalization of the result in Exercise 12.20 for a real-valued
function differentiable on an n-ball B(x).

12.22 Let f be real-valued and assume that the directional derivative f'(c + tu; u) exists
for each tin the interval '0 < t < 1. Prove that for some 0 in the open interval (0, 1) we
have

f(c + u) - f(c) = f'(c + 9u; u).

12.23 a) If f is real-valued and if the directional derivativef'(x; u) = 0 for every x in an
n-ball B(c) and every direction u, prove that f is constant on B(c).

b) What can you conclude about f if f'(x; u) = 0 for a fixed direction u and every
x in B(c)?

Derivatives of higher order and Taylor's formula

12.24 For each of the following functions, verify that the mixed partial derivatives D1,2f
and D2,1 If are equal.

a) f(x, y) = x4 + y4 - 4x2y2.
b) f(x, y) = log (x2 + y2), (x, y) t (0, 0).
c) f (x, y) = tan (x2/y), y # 0.



366 Multivariable Differential Calculus

12.25 Let f be a function of two variables. Use induction and Theorem 12.13 to prove
that if the 2k partial derivatives off of order k are continuous in a neighborhood of a point
(x, y), then all mixed partials of the form Drl and DPI. will be equal at (x, y)
if the k-tuple (r1, ... , r r) contains the same number of ones as the k-tuple ( P1 , . . . , pk).

12.26 If f is a function of two variables having continuous partials of order k on some
open set S in R2, show that

k (k)f(k)(X;

t) _ tit2-rD
{'

D1, ... , Pk (X), if X E S, t = (t1, t2),
r=O r

where in the rth term we have pl = = pr = I and pr+1 = . = pk = 2. Use this
result to give an alternative expression for Taylor's formula (Theorem 12.14) in the case
when n = 2. The symbol (kr) is the binomial coefficient k!/[r! (k - r)!].
12.27 Use Taylor's formula to express the following in powers of (x - 1) and (y - 2):

a) f(x, y) = x3 + y3 + xy2, b) f(x, y) = x2 + xy + y2.
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CHAPTER 13

IMPLICIT FUNCTIONS
AND EXTREMUM PROBLEMS

13.1 INTRODUCTION

This chapter consists of two principal parts. The first part discusses an important
theorem of analysis called the implicit function theorem; the second part treats
extremum problems. Both parts use the theorems developed in Chapter 12.

The implicit function theorem in its simplest form deals with an equation of
the form

f(x, t) = 0. (1)

The problem is to decide whether this equation determines x as a function of t.
If so, we have

x = g(t),

for some function g. We say that g is defined "implicitly" by (1).
The problem assumes a more general form when we have a system of several

equations involving several variables and we ask whether we can solve these
equations for some of the variables in terms of the remaining variables. This is
the same type of problem as above, except that x and t are replaced by vectors,
and f and g are replaced by vector-valued functions. Under rather general con-
ditions, a solution always exists. The implicit function theorem gives a description
of these conditions and some conclusions about the solution.

An important special case is the familiar problem in algebra of solving n linear
equations of the form

n

E aijxj t; (i = 1, 2, ... , n), (2)
j=1

where the ai j and ti are considered as given numbers and x1, ... , x represent
unknowns. In linear algebra it is shown that such a system has a unique solution
if, and only if, the determinant of the coefficient matrix A = [ai j] is nonzero.

NOTE. The determinant of a square matrix A = [aij] is denoted by det A or
det [ai j]. If det [ai j] # 0, the solution of (2) can be obtained by Cramer's rule
which expresses each xk as a quotient of two determinants, say xk = Ak/D, where
D = det [ai j] and A. is the determinant of the matrix obtained by replacing the
kth column of [ai j] by t 1, ... , tn. (For a proof of Cramer's rule, see Reference
13.1, Theorem 3.14.) In particular, if each t, = 0, then each xk = 0.

367
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Next we show that the system (2) can be written in the form (1). Each equation
in (2) has the form

fi(x, t) = 0 where x = (xl, ... , t = (tl,
and

/i(X, t) _ ai jx j - ti.
j=1

Therefore the system in (2) can be expressed as one vector equation f(x, t) = 0,
where f = (f1i ... , f ). If D jfi denotes the partial derivative off; with respect to
the j th coordinate xj, then D j f i(x, t) = ai j. Thus the coefficient matrix A = [ai j]
in (2) is a Jacobian matrix. Linear algebra tells us that (2) has a unique solution if
the determinant of this Jacobian matrix is nonzero.

In the general implicit function theorem, the nonvanishing of the determinant
of a Jacobian matrix also plays a role. This comes about by approximating f by
a linear function. The equation f(x, t) = 0 gets replaced by a system of linear
equations whose coefficient matrix is the Jacobian matrix of f.

NOTATION. If f = (fl, ... , and x = (x1, ... , x.), the Jacobian matrix
Df(x) = [D j fi(x)] is an n x n matrix. Its determinant is called a Jacobian
determinant and is denoted by Jf(x). Thus,

Jf(x) = det Df(x) = det [Djfi(x)].

The notation
a(fl, ... I A)
a(x1, ... , x,.)

is also used to denote the Jacobian determinant Jf(x).

The next theorem relates the Jacobian determinant of a complex-valued
function with its derivative.

Theorem 13.1. If f = u + iv is a complex-valued function with a derivative at a
point z in C, then Jf(z) _ I f'(z)12.

Proof We have f'(z) = Dlu + iD1v, so I f'(z)j2 = (Dlu)2 + (Dlv)2. Also,

J f(z) = det Dlu D2ul
= Dlu D2v - Dlv D2u = (Dlu)2 + (Dlv)2,

1Dly D2vJ

by the Cauchy-Riemann equations.

13.2 FUNCTIONS WITH NONZERO JACOBIAN DETERMINANT

This section gives some properties of functions with nonzero Jacobian determinant
at certain points. These results will be used later in the proof of the implicit function
theorem.
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f

f(B)

f(a)

Figure 13.1
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Theorem 13.2. Let B = B(a; r) be an n-ball in R", let 8B denote its boundary,

8B= {x:llx-all=r},

and let B = B u 8B denote its closure. Let f = (f1, ... , f") be continuous on B,
and assume that all the partial derivatives Dj f;(x) exist if x e B. Assume further
that f(x) 0 f(a) if x e 8B and that the Jacobian determinant JJ(x) : 0 for each
x in B. Then f(B), the image of B under f, contains an n-ball with center at f(a).

Proof. Define a real-valued function g on 8B as follows:

g(x) = Ilf(x) - f(a)ll ifxeaB.

Then g(x) > 0 for each x in 8B because f(x) # f(a) if x e 8B. Also, g is continuous
on 8B since f is continuous on B. Since 8B is compact, g takes on its absolute
minimum (call it m) somewhere on 8B. Note that m > 0 since g is positive on 8B.
Let T denote the n-ball

T = B(f(a); 2) .

We will prove that T c f(B) and this will prove the theorem. (See Fig. 13.1.)
To do this we show that y e T implies y e f(B). Choose a point y in T, keep

y fixed, and define a new real-valued function h on B as follows :

h(x) = IIf(x) - Yll ifxeB.

Then h is continuous on the compact set B and hence attains its absolute minimum
on B. We will show that h attains its minimum somewhere in the open n-ball B.
At the center we have h(a) = Ilf(a) - yll < m/2 since y e T. Hence the minimum
value of h in B must also be <m/2. But at each point x on the boundary 8B we
have

h(x) = llf(x) - YII = Ilf(x) - f(a) - (y - f(a))II

>- llf(x) - f(a)ll - Ilf(a) - YII > g(x) - 2 >- 2

so the minimum of h cannot occur on the boundary B. Hence there is an interior
point c in B at which h attains its minimum. At this point the square of h also has
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a minimum. Since

'(X) - y,.]2,h2(x) = Ilf(x) - YIIZ =
[f

Th. 13.3

=1

and since each partial derivative Dk(h2) must be zero at c, we must have
n

E [f,(c) - y,]Dkf,(c) = 0 for k = 1, 2, ... , n.
r=1

But this is a system of linear equations whose determinant Jf(c) is not zero, since
c e B. Therefore f,(c) = y, for each r, or f(c) = y. That is, y ef(B). Hence
T s f(B) and the proof is complete.

A function f : S -+ T from one metric space (S, ds) to another (T, dT) is
called an open mapping if, for every open set A in S, the image f(A) is open in T.

The next theorem gives a sufficient condition for a mapping to carry open sets
onto open sets. (See also Theorem 13.5.)

Theorem 13.3. Let A be an open subset of R" and assume that f : A R" is con-
tinuous and has finite partial derivatives D3 f on A. If f is one-to-one on A and if
Jf(x) 0 for each x in A, then f(A) is open.

Proof. If b e f(A), then b = f(a) for some a in A. There is an n-ball B(a; r) c A
on which f satisfies the hypotheses of Theorem 13.2, so f(B) contains an n-ball
with center at b. Therefore, b is an interior point of f(A), so f(A) is open.

The next theorem shows that a function with continuous partial derivatives is
locally one-to-one near a point where the Jacobian determinant does not vanish.

Theorem 13.4. Assume that f = (fl, ... , f") has continuous partial derivatives
Dj f, on an open set S in R", and that the Jacobian determinant Jf(a) 0 0 for some
point a in S. Then there is an n-ball B(a) on which f is one-to-one.

Proof. Let Z1, ... , Z. be n points in S and let Z = (Z1; ... ; Z") denote that
point in R"Z whose first n components are the components of Z1, whose next n
components are the components of Z2, and so on. Define a real-valued function
h as follows :

h(Z) = det [D; f (Z)].

This function is continuous at those points Z in R"2 where h(Z) is defined because
each D3 f is continuous on S and a determinant is a polynomial in its n2 entries.
Let Z be the special point in R"2 obtained by putting

Z1 = Z2 = ... = Z" = a.

Then h(Z) = Jf(a) # 0 and hence, by continuity, there is some n-ball B(a) such
that det [D j f (Z)] # 0 if each Z, e B(a). We will prove that f is one-to-one on
B(a).
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Assume the contrary. That is, assume that f(x) = f(y) for some pair of points
x # y in B(a). Since B(a) is convex, the line segment L(x, y) c B(a) and we can
apply the Mean-Value Theorem to each component of f to write

0 = .fi(y) - .fi(x) = Vfi(Z) - (y - x) for i = 1, 2, ... , n,
where each Zi a L(x, y) and hence Zi a B(a). (The Mean-Value Theorem is
applicable because f is differentiable on S.) But this is a system of linear equations
of the form

"r (Yk - xk)aik = 0 with aik = Dkf(Zi)

The determinant of this system is not zero, since Zi e B(a). Hence yk - xk = 0
for each, k, and this contradicts the assumption that x # y. We have shown,
therefore, that x # y implies f(x) # f(y) and hence that f is one-to-one on B(a).

NOTE. The reader should be cautioned that Theorem 13.4 is a local theorem and
not a global theorem. The nonvanishing of Jf(a) guarantees that f is one-to-one
on a neighborhood of a. It does not follow that f is one-to-one on S, even when
Jf(x) # 0 for every x in S. The following example illustrates this point. Let f be
the complex-valued function defined byf(z) = eZ if z e C. If z = x + iy we have

Jf(z) = If'(Z)12 = 1e12 = e2x.
Thus Jf(z) # 0 for every z in C. However, f is not one-to-one on C because
f(zl) = f(z2) for every pair of points z, and z2 which differ by 27ri.

The next theorem gives a global property of functions with nonzero Jacobian
determinant.

Theorem 13.5. Let A be an open subset of R" and assume that f : A - R" has
continuous partial derivatives Dj fi on A. If Jf(x) # 0 for all x in A, then f is an
open mapping.

Proof Let S be any open subset of A. If x e S there is an n-ball B(x) in which f
is one-to-one (by Theorem 13.4). Therefore, by Theorem 13.3, the image f(B(x))
is open in R". But we can write S = U.s B(x). Applying f we find f(S) _
UxEs f(B(x)), so f(S) is open.

NOTE. If a function f = (fl, ... , f") has continuous partial derivatives on a set S,
we say that f is continuously differentiable on S, and we write f e C' on S. In view
of Theorem 12.11, continuous differentiability at a point implies differentiability
at that point.

Theorem 13.4 shows that a continuously differentiable function with a non-
vanishing Jacobian at a point a has a local inverse in a neighborhood of a. The
next theorem gives some local differentiability properties of this local inverse
function. -
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13.3 THE INVERSE FUNCTION THEOREM

Theorem 13.6. Assume f = (fl, ... , f") a C' on an open set S in R", and let
T = f(S). If the Jacobian determinant Jf(a) # 0 for some point a in S, then there
are two open sets X S S and Y E- T and a uniquely determined function g such that

a) a e X and f(a) a Y,
b) Y = f(X),
c) f is one-to-one on X,

d) g is defined on Y, g(Y) = X, and g[f(x)] = x for every x in X,

e) g e C' on Y.

Proof. The function Jf is continuous on S and, since Jf(a) # 0, there is an n-ball
B1(a) such that Jf(x) # 0 for all x in B1(a). By Theorem 13.4, there is an n-ball
B(a) g B1(a) on which f is one-to-one. Let B be an n-ball with center at a and
radius smaller than that of B(a). Then, by Theorem 13.2, f(B) contains an n-ball
with center at f(a). Denote this by Y and let X = f -1(Y) n B. Then X is open
since both f -1(Y) and B are open. (See Fig. 13.2.)

Figure 13.2

The set B (the closure of B) is compact and f is one-to-one and continuous on
B. Hence, by Theorem 4.29, there exists a function g (the inverse function f -1 of
Theorem 4.29) defined on f(B) such that g[f(x)] = x for all x in B. Moreover, g
is continuous on f(B). Since X c B and Y c f(B), this proves parts (a), (b), (c)
and (d). The uniqueness of g follows from (d).

Next we prove (e). For this purpose, define a real-valued function h by the
equation h(Z) = det [Dj fi(Zl)], where Z1, ... , Z. are n points in S, and
Z = (Zr;...... ; Z") is the corresponding point in R"2. Then, arguing as in the proof
of Theorem 13.4, there is an n-ball B2(a) such that h(Z) # 0 if each Zi e B2(a).
We can now assume that, in the earlier part of the proof, the n-ball B(a) was chosen

so that B(a) c B2(a). Then B c B2(a) and h(Z) # 0 if each Zi e B.
To prove (e), write g = (g1, ... , g"). We will show that each gk e C' on Y.

To prove that D,gk exists on Y, assume y e Y and consider the difference quotient
[9k(Y + tu,) - gk(y)]/t, where u, is the rth unit coordinate vector. (Since Y is
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open, y + tur e Y if t is sufficiently small.) Let x = g(y) and let x' = g(y + tu,).
Then both x and x' are in X and f(x') - f(x) = tu,. Hence f;(x') - f,(x) is 0 if
i r, and is t if i = r. By the Mean-Value Theorem we have

f (x') - AX) = Vf (Z1) -
x' - x for i = 1, 2, ... , n,

t t

where each Zt is on the line segment joining x and x'; hence Zi a B. The expression
on the left is 1 or 0, according to whether i = r or i r. This is a system of n
linear equations in n unknowns (x; - xj)lt and has a unique solution, since

det [Djf1(Zi)] = h(Z) : 0.

Solving for the kth unknown by Cramer's rule, we obtain an expression for
[gk(y + tUr) - gk(y)]/t as a quotient of determinants. As t -+ 0, the point x -> x,
since g is continuous, and hence each Z; -+ x, since Zi is on the segment joining
x to V. The determinant which appears in the denominator has for its limit the
number det [Djff(x)] = Jf(x), and this is nonzero, since x e X. Therefore, the
following limit exists :

lim
t

9k(Y + tur) - 9k(Y) = Dr9k(Y)-

This establishes the existence of Drgk(y) for each y in Y and each r = 1, 2, ... , n.
Moreover, this limit is a quotient of two determinants involving the derivatives
D j fi(x). Continuity of the Dj f, implies continuity of each partial D,gk. This
completes the proof of (e).

NOTE. The foregoing proof also provides a method for computing D,gk(y). In
practice, the derivatives Dgk can be obtained more easily (without recourse to a
limiting process) by using the fact that, if y = f(x), the product of the two Jacobian
matrices Df(x) and Dg(y) is the identity matrix. When this is written out in detail
it gives the following system of n2 equations:

n

E =
Dk91(Y)Djjk(x) =

1 if i j,
{0 if i j.

For each fixed i, we obtain n linear equations as j runs through the values
1, 2, ... , n. These can then be solved for the n unknowns, D1gj(y),... , D g1(y),
by Cramer's rule, or by some other method.

13.4 THE IMPLICIT FUNCTION THEOREM

The reader knows that the equation of a curve in the xy-plane can be expressed
either in an "explicit" form, such as y = f(x), or in an "implicit" form, such as
F(x, y) = 0. However, if we are given an equation of the form F(x, y) = 0, this
does not necessarily represent a function. (Take, for example, x2 + y2 - 5 = 0.)
The equation F(x, y) = 0 does always represent a relation, namely, that set of all
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pairs (x, y) which satisfy the equation. The following question therefore presents
itself quite naturally: When is the relation defined by F(x, y) = 0 also a function?
In other words, when can the equation F(x, y) = 0 be solved explicitly for y in
terms of x, yielding a unique- solution? The implicit function theorem deals with
this question locally. It tells us that, give a point (xo, yo) such that F(xo, yo) = 0,
under certain conditions there will be a neighborhood of (xo, yo) such that in this
neighborhood the relation defined by F(x, y) = 0 is also a function. The conditions
are that F and D2F be continuous in some neighborhood of (xo, yo) and that
D2F(xo, yo) # 0. In its more general form, the theorem treats, instead of one
equation in two variables, a system of n equations in n + k variables:

f.(x1, ... , xn; t1, .. - , tk) = 0 (r = 1, 2, ... , n).

This system can be solved for x1, .. . , x" in terms of t1, ... , tk, provided that
certain partial derivatives are continuous and provided that the n x n Jacobian
determinant 8(fl, ... , fn)/8(x1, ... , xn) is not zero.

For brevity, we shall adopt the following notation in this theorem: Points in
(n + k)-dimensional space R"+k will be written in the form (x; t), where

x = (x1,...,xn)ER" and t = (t1,...,tk)eRk.
Theorem 13.7 (Implicit function theorem). Let f = (f 1, ... , f") be a vector-valued
function defined on an open set S in R"+k with values in R". Suppose f e C' on S.
Let (xo; to) be a point in S for which f(xo; to) = 0 and for which the n x n determi-
nant det [Djfi(xo; to)] # 0. Then there exists a k-dimensional open set To con-
taining to and one, and only one, vector-valued function g, defined on To and having
values in R", such that

a) g e C' on To,

b) g(to) = xo,
c) f(g(t); t) = 0 for every t in To.

Proof. We shall apply the inverse function theorem to a certain vector-valued
function F = (F1, ... , Fn; Fn+1, ... , Fn+k) defined on S and having values in
R"+k The function F is defined as follows: For 1 < m < n, let Fm(x; t) = fn(x; t),
and for 1 < m < k, let Fn+m(x; t) = We can then write F = (f; I), where
f = (fl, ... , fn) and where I is the identity function defined by I(t) = t for each t
in Rk. The Jacobian JF(x; t) then has the same value as the n x n determinant
det [Djfi(x; t)] because the terms which appear in the last k rows and also in the
last k columns of JF(x; t) form a k x k determinant with ones along the main
diagonal and zeros elsewhere; the intersection of the first n rows and n columns
consists of the determinant det [Djfi(x; t)], and

DiF,+ j(x; t) = 0 for 1 5 i < n, 1 < j 5 k.

Hence the Jacobian JF(xo; to) .96 0. Also, F(xo; to) _ (0; to). Therefore, by
Theorem 1-3.6, there exist open sets X and Y containing (xo; to) and (0; to),
respectively, such that F is one-to-one on X, and X = F-1(Y). Also, there exists
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a local inverse function G, defined on Y and having values in X, such that

G[F(x; t)] _ (x; t),

and such that G e C' on Y.
Now G can be reduced to components as follows: G = (v; w) where

v = (v1, ... , v") is a vector-valued function defined on Y with values in R" and
w = (w1, ... , wk) is also defined on Y but has values in R'. We can now determine
v and w explicitly. The equation G[F(x; t)] = (x; t), when written in terms of the
components v and w, gives us the two equations

v[F(x; t)] = x and w[F(x; t)] = t.

But now, every point (x; t) in Ycan be written uniquely in the form (x; t) = F(x'; t')
for some (x'; t') in X, because F is one-to-one on X and the inverse image F-'(Y)
contains X. Furthermore, by the manner in which F was defined, when we write
(x; t) = F(x'; t'), we must have t' = t. Therefore,

v(x; t) = v[F(x'; t)] = x' and w(x; t) = w[F(x'; t)] = t.

Hence the function G can be described as follows: Given a point (x; t) in Y, we
have G(x; t) = (x'; t), where x' is that point in R" such that (x; t) = F(x'; t).
This statement implies that

F[v(x; t); t] = (x; t) for every (x; t) in Y.

Now we are ready to define the set To and the function g in the theorem. Let

To = {t : t e Rk, (0; t) a Y},

and for each tin To define g(t) = v(0; t). The set To is open in Rk. Moreover,
g e C' on To because G e C' on Y and the components of g are taken from the
components of G. Also,

g(to) = v(0; to) = xo

because (0; to) = F(xo; to). Finally, the equation F[v(x; t); t] = (x; t), which
holds for every (x; t) in Y, yields (by considering the components in R") the
equation f[v(x; t); t] = x. Taking x = 0, we see that for every tin To, we have
f[g(t); t] = 0, and this completes the proof of statements (a), (b), and (c). It
remains to prove that there is only one such function g. But this follows at once
from the one-to-one character of f. If there were another function, say h, which
satisfied (c), then we would have f[g(t); t] = f[h(t); t], and this would imply
(g(t); t) = (h(t); t), or g(t) = h(t) for every tin To.

13.5 EXTREMA OF REAL-VALUED FUNCTIONS OF ONE VARIABLE

In the remainder of this chapter we shall consider real-valued functions f with a
view toward determining those points (if any) at which f has a local extremum,
that is, either a local maximum or a local minimum.
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We have already obtained one result in this connection for functions of one
variable (Theorem 5.9). In that theorem we found that a necessary condition for a
function f to have a local extremum at an interior point c of an interval is that
f'(c) = 0, provided thatf'(c) exists. This condition, however, is not sufficient, as
we can see by taking f(x) = x3, c = 0. We now derive a sufficient condition.

Theorem 13.8. For some integer n > 1, let f have a continuous nth derivative in the
open interval (a, b',. Suppose also that for some interior point c in (a, b) we have

f '(c) = f "(c) = ... = f("-1)(c) = 0, but f (")(c) # 0.

Then for n even, f has a local minimum at c if f (")(c) > 0, and a local maximum at
c if f (")(c) < 0. If n is odd, there is neither a local maximum nor a local minimum
at c.

Proof. Since f (")(c) # 0, there exists an interval B(c) such that for every x in B(c),
the derivative f (")(x) will have the same sign as f (")(c). Now by Taylor's formula
(Theorem 5.19), for every x in B(c) we have

f(x) - f(c) = f(")(X 1) (x - c)", where x1 a B(c).
n

'

.

If n is even, this equation implies f(x) f(c) when f(")(c) > 0, and f(x) < f(c)
when P ")(c) < 0. If n is odd and f (")(c) > 0, then f(x) > f(c) when x > c, but
f(x) < f(c) when x < c, and there can be no extremum at c. A similar statement
holds if n is odd and f (")(c) < 0. This proves the theorem.

13.6 EXTREMA OF REAL-VALUED FUNCTIONS OF SEVERAL VARIABLES

We turn now to functions of several variables. Exercise 12.1 gives a necessary
condition for a function to have a local maximum or a local minimum at an interior
point a of an open set. The condition is that each partial derivative Dkf(a) must
be zero at that point. We can also state this in terms of directional derivatives by
saying that f'(&; u) must be zero for every direction u.

The converse of this statement is not 'true, however. Consider the following
example of a function of two real variables :

f(x, y) = (y - x2)(y - 2x2).

Here we have D1 f(0, 0) = D2 f(0, 0) = 0. Now f(0, 0) = 0, but the function
assumes' both positive and negative values in every neighborhood of (0, 0), so
there is neither a local maximum nor a local minimum at (0, 0). (See Fig. 13.3.)

This example illustrates another interesting phenomenon. If we take a fixed
straight line through the origin and restrict the point (x, y) to move along this line
toward (0, 0), then the point will finally enter the region above the parabola
y = 2x2 (or below the parabola y = x2) in which f(x, y) becomes and stays
positive for every (x, y) # (0, 0). Therefore, along every such line, f has a minimum
at (0, 0), but the origin is not a local minimum in any two-dimensional neighbor-
hood of (0, 0).
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Definition 13.9. If f is differentiable at a and if Vf(a) = 0, the point a is called a
stationary point of f. A stationary point is called a saddle point if every n-ball B(a)
contains points x such that f(x) > f(a) and other points such that f(x) < f(a).

In the foregoing example, the origin is a saddle point of the function.
To determine whether a function of n variables has a local maximum, a local

minimum, or a saddle point at a stationary point a, we must determine the algebraic
sign of f(x) - f(a) for all x in a neighborhood of a. As in the one-dimensional
case, this is done with the help of Taylor's formula (Theorem 12.14). Take m = 2
and y = a + tin Theorem 12.14. If the partial derivatives off are differentiable
on an n-ball B(a) then

f(a + t) - f(a) = Vf(a) t + If "(z; 0, (3)

where z lies on the line segment joining a and a + t, and
n

f"(z; t) _ E D;,;f(z)tit;.
i=1 j=1

At a stationary point we have Vf(a) = 0 so (3) becomes

f(a + t) - f(a) = If "(z; 0.

Therefore, as a + t ranges over B(a), the algebraic sign of f(a + t) - f(a) is
determined by that of f"(z; t). We can write (3) in the form

f(a + t) - f(a) = 4f"(a; t) + IItII2E(t), (4)

where

The inequality
II t112E(t) = - f"(z; t) - If'"(a; t).

IIt112 IE(t)1.< i E E IDr.;f(z) - Di.if(a)I 11tl12,21=i j=i

shows that E(t) --p 0 as t --p 0 if the second-order partial derivatives of f are
continuous at-a. Since 11 t I12E(t) tends to zero faster than II t1l 2, it seems reasonable
to expect that the algebraic sign of f(a + t) - f(a) should be determined by that
off"(a; t). This is what is proved in the next theorem.
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Theorem 13.10 (Second-derivative test for extrema). Assume that the second-order
partial derivatives Di,j f exist in an n-ball B(a) and are continuous at a, where a is a
stationary point off. Let

1Q(t) = if"(a, t) = E E Di.jf(a)titj
2 i=1 j=1

a) If Q(t) > 0 for all t # 0, f has a relative minimum at a.
b) If Q(t) < 0 for all t # 0, f has a relative maximum at a.

(5)

c) If Q(t) takes both positive and negative values, then f has a saddle point at a.

Proof The function Q is continuous at each point tin R". Let S = {t : II t1l = 1 }
denote the boundary of the n-ball B(0; 1). If Q(t) > 0 for all t # 0, then Q(t) is
positive on S. Since S is compact, Q has a minimum on S (call it m), and m > 0.
Now Q(ct) = c2Q(t) for every real c. Taking c = 1/11t11 where t # 0 we see that
ct E S and hence c2Q(t) >- m, so Q(t) >- m II tIi 2 Using this in (4) we find

f(a + t) - f(a) = Q(t) + IIt1l 2E(t) > m 11 t1l 2 + II t1l 2E(t).

Since E(t) -+ 0 as t -+ 0, there is a positive number r such that IE(t)I < -m
whenever 0 < 11 t1l < r. For such t we have 0 < 11 t112 IE(t)I < 4m11 t112, so

f(a+t)-f(a)> mIItfl2 -4m11t112 =4m1It112>0.
Therefore f has a relative minimum at a, which proves (a). To prove (b) we use a.
similar argument, or simply apply part (a) to -f.

Finally, we prove (c). For each A > 0 we have, from (4),

f(a + At) - f(a) = Q(At) + A211tII2E(At) = A2{Q(t) + IIt112E(At)}.

Suppose Q(t) 0 0 for some t. Since E(y) -+ 0 as y -+ 0, there is a positive r such
that

IItOI2E(At) < 4IQ(t)I if 0 < A < r.

Therefore, for each such A the quantity .2{Q(t) + IItfl2E(At)} has the same sign as
Q(t). Therefore, if 0 < A < r, the difference f(a + At) - f(a) has the same sign
as Q(t). Hence, if Q(t) takes both positive and negative values, it follows that f
has a saddle point at a.

NOTE. A real-valued function Q defined on R" by an equation of the type
nn

Q(X) =
rLI L.r aijxixj,i=1 j=1

where x = (x1, ... , xn) and the ai j are real is called a quadratic form. The form is
called symmetric if aij = aji for all i and j, positive definite if x # 0 implies
Q(x) > 0, and negative definite if x 0 0 implies Q(x) < 0.

In general, it is not easy to determine whether a quadratic form is positive or
negative definite. One criterion, involving eigenvalues, is described in Reference
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13.1, Theorem 9.5. Another, involving determinants, can be described as follows.
Let A = det [a;;] and let Ak denote the determinant of the k x k matrix obtained
by deleting the last (n - k) rows and columns of [aij]. Also, put AO = 1. From
the theory of quadratic forms it is known that a necessary and sufficient condition
for a symmetric form to be positive definite is that the n + 1 numbers
Ao, A1, ... , A. be positive. The, form is negative definite if, and only if, the same
n + 1 numbers are alternately positive and negative. (See Reference, 13.2, pp.
304-308.) The quadratic form which appears in (5) is symmetric because the
mixed partials D;,j f(a) and DD,; f(a) are equal. Therefore, under the conditions of
Theorem 13.10, we see that f has a local minimum at a if the (n + 1) numbers
Ao, A1, ... , A are all positive, and a local maximum if these numbers are
alternately positive and negative. The case n = 2 can be handled directly and gives
the following criterion.

Theorem 13.11. Let f be a real-valued function with continuous second-order partial
derivatives at a stationary point a in R2. Let

A = D1,1f(a), B = D1,2f(a), C = D2,2.f(a),

and let

A=det[AB B1 =AC-B2.

Then we have:

a) If A > 0 and A > 0, f has a relative minimum at a.

b) If A > 0 and A < 0, f has a relative maximum at a.

c) If A < 0, f has a saddle point at a.

Proof. In the two-dimensional case we can write the quadratic form in (5) as
follows :

Q(x, y) = +{Ax2 + 2Bxy + Cy2}.

If A 0 0, this can also be written as

Q(x, Y) = ZA {(Ax + By)2 + Aye}.

If A > 0, the expression in brackets is the sum of two squares, so Q(x, y) has the
same sign as A. Therefore, statements (a) and (b) follow at once from parts (a)
and (b) of Theorem 13.10.

If A < 0, the quadratic form is the product of two linear factors. Therefore,
the set of points (x, y) such that Q(x, y) = 0 consists of two lines in the xy-plane
intersecting at (0, 0). These lines divide the plane into four regions; Q(x, y) is
positive in two of these regions and negative in the other two. Therefore f has a
saddle point at a.

NOTE. If A = 0, there may be a local maximum, a local minimum, or a saddle
point at a.
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13.7 EXTREMUM PROBLEMS WITH SIDE CONDITIONS

Consider the following type of extremum problem. Suppose that f(x, y, z)
represents the temperature at the point (x, y, z) in space and we ask for the maxi-
mum or minimum value of the temperature on a certain surface. If the equation of
the surface is given explicitly in the form z = h(x, y), then in the expression
f(x, y, z) we can replace z by h(x, y) to obtain the temperature on the surface as a
function of x and y alone, say F(x, y) = f [x, y, h(x, y)]. The problem is then
reduced to finding the extreme values of F. However, in practice, certain difficulties
arise. The equation of the surface might be given in an implicit form, say
g(x, y, z) = 0, and it may be impossible, in practice, to solve this equation
explicitly for z in terms of x and y, or even for x or y in terms of the remaining
variables. The problem might be further complicated by asking for the extreme
values of the temperature at those points which lie on a given curve in space. Such
a curve is the intersection of two surfaces, say g1(x, y, z) = 0 and g2(x, y, z) = 0.
If we could solve these two equations simultaneously, say for x and y in terms of z,
then we could introduce these expressions into f and obtain a new function of
z alone, whose extrema we would then seek. In general, however, this procedure
cannot be carried out and a more practicable method must be sought. A very
elegant and useful method for attacking such problems was developed by Lagrange.

Lagrange's method provides a necessary condition for an extremum and can be
described as follows. Let f(x1, ... , be an expression whose extreme values are
sought when the variables are restricted by a certain number of side conditions,
say g1(x1, ... , xn) = 0, ... , gm(xl, ... , xn) = 0. We then form the linear
combination

0(X1, ... , xn) = f(X1, ... , xn) + 2191(x1, ... , Xn) + ....+ 2.9.(x1, ... , xn),

where 21, ... , A. are m constants. We then differentiate 0 with respect to each
coordinate and consider the following system of n + m equations :

Dr4(xl, ... , xn) = 0, r = 1, 2, ... , n,

9k(xl,...,xn) = 0, k = 1,2,...,m.
Lagrange discovered that if the point (x1, ... , xn) is a solution of the extremum
problem, then it will also satisfy this system of n + m equations. In practice, one
attempts to solve this system for the n + m "unknowns," 21, ... , and
x1, ... , xn. The points (x1, ... , xn) so obtained must then be tested to determine
whether they yield a maximum, a minimum, or neither. The numbers 21, ... , 2m,
which are introduced only to help solve the system for x1, ... , xn, are known as
Lagrange's multipliers. One multiplier is introduced for each side condition.

A complicated analytic criterion exists for distinguishing between maxima and
minima in such problems. (See, for example, Reference 13.3.) However, this
criterion is not very useful in practice and in any particular prolem it is usually
easier to rely- on some other means (for example, physical or geometrical consider-
ations) to make this distinction.
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The following theorem establishes the validity of Lagrange's method:

Theorem 13.12. Let f be a real-valued function such that f E C' on an open set S
in W. Let g1, ... , gm be m real-valued functions such that g = (g1, ... , gm) E C'
on S, and assume that m < n. Let X0 be that subset of S on which g vanishes, that is,

Xo = {x : x E S, g(x) = 0}.

Assume that xo e Xo and assume that there exists an n-ball B(xo) such that f(x) <
f(xo) for all x in Xo r B(xo) or such that f(x) > f(xo) for all x in X0 n B(xo).
Assume also that the m-rowed determinant det [D1g1(xo)] 0 0. Then there exist
m real numbers A1i ... 2 Am such that the following n equations are satisfied:

m

Dr.f(xo) + E 'ZkD,gk(xo) = 0 (r = 1, 2,... , n). (6)
k=1

NOTE. The n equations in (6) are equivalent to the following vector equation:

Vf(xo) + Al V91(xo) + ... + Am Vg n(xo) = 0-

Proof. Consider the following system of m linear equations in the m unknowns

m

L, 2kDr9k(xo) D, f(xo) (r = 1, 2, ... , m).
k=1

This system has a unique solution since, by hypothesis, the determinant of the
system is not zero. Therefore, the first m equations in (6) are satisfied. We must
now verify that for this choice of A1, ... , Am, the remaining n - m equations in
(6) are also satisfied.

To do this, we apply the implicit function theorem. Since m < n, every point
x in S can be written in the form x = (x'; t), say, where x' E Rm and t e R".
In the remainder of this proof we will write x' for (x1, ... , xm) and t for
(xm+ 1, ... , x"), so that tk = xm+k. In terms of the vector-valued function
g = (g1, - , gm), we can now write

g(xo; to) = 0 if xo = (xo; to).

Since g c- C' on S, and since the determinant det [Djg;(xo; to)] 0, all the
conditions of the implicit function theorem. are satisfied. Therefore, there exists
an (n - m)-dimensional neighborhood To of to and a unique vector-valued
function h = (h1, ... , hm), defined on To and having values in Rm such that
h e C' on To, h(to) = xo, and for every t in To, we have g[h(t); t] = 0. This
amounts to saying that the system of m equations

91(x1,...,x") = 0,...,9m(x1,...,x") = 0,

can be solved for x1, ... , xm in terms of xm+ 1, ... , x,,, giving the solutions in the
form x, = hr(xm+1, ... , x"), r = 1, 2, ... , m. We shall now substitute these
expressions for x1, ... , xm into the expression f(x1, ... , x") and also into each



382 Implicit Functions and Extremum Problems

expression gp(x1, ... , xn). That is to say, we define a new function F as follows:

F(Xm+1) ... , xe) = J [hl(xm+l, ... , X . ) ,-.. , hm(Xm+l, ... , xn); Xm+1'... , xn];

and we define m new functions Gl,... , Gm as follows:

Gp(Xm+ 19 ... , xn) = gp[hl(xm+ 1, ... , xn), ... , hm(Xm+ 1, ... , xn); Xm+ 19 ... , Xn].

More briefly, we can write F(t) = f [H(t)] and Gp(t) = gp[H(t)], where H(t) _
(h(t); t). Here t is restricted to lie in the set To.

Each function Gp so defined is identically zero on the set To by the implicit
function theorem. Therefore, each derivative D,Gp is also identically zero on To
and, in particular, D,Gp(to) = 0. But by the chain rule (Eq. 12.20), we can com-
pute these derivatives as follows :

DrGp(to) = E Dkgp(xo)D,Hk(to) (r = 1, 2, ... , n - m).
k=1

But Hk(t) = hk(t) if 1 < k 5 m, and Hk(t) = xk if m + 1 < k < n. Therefore,
when m + 1 < k < n, we have D,Hk(t) _- 0 if m + r # k and D,Hm+r(t) = 1
for every t. Hence the above set of equations becomes

E Dkgp(xo)Drhk(to) + Dm+rgp(xo) = 0P
1, 2, ... , m,

(7)k=1 Ir= 1, 2,... , n - m.
By continuity of h, there is an (n - m)-ball B(to) c To such that t e B(to)

implies (h(t); t) a B(xo), where B(xo) is the n-ball in the statement of the theorem.
Hence, t e B(to) implies (h(t); t) a Xo n B(xo) and therefore, by hypothesis, we
have either F(t) < F(to) for all t in B(to) or else we have F(t) >- F(to) for all t in
B(to). That is, F has a local maximum or a local minimum at the interior point to.
Each partial derivative D,F(to) must therefore be zero. If we use the chain rule to
compute these derivatives, we find

D,F(to) = L, Dkf(xo)DPHk(to) (r = 1, ... , n - m),
k=1

and hence we can write
m

E Dkf(xo)Drhk(to) + Dm+r.f(xo) = 0 (r = 1, ... , n - m). (8)
k=1

If we now multiply (7) by Ap, sum on p, and add the result to (8), we find

E'"

m

[Dkf(xo) + )PDkp(xo) Drh k(to) + Dm+rf(xo) + i.pDm+rgp(xo) = 0,
p=1 p=1

for r = 1, ... -n - m. In the sum over k, the expression in square brackets



Extremum. Problems with Side Conditions 383

vanishes because of the way 21, ... , A,,, were defined. Thus we are left with
m

Dm+rf(xo) + E 2pDm+rgp(xo) = 0 (r = 1, 2, ... , n - m),
p=1

and these are exactly the equations needed to complete the proof.

NOTE. In attempting the solution of a particular extremum problem by Lagrange's
method, it is usually very easy to determine the system of equations (6) but, in
general, it is not a simple matter to actually solve the system. Special devices can
often be employed to obtain the extreme values off directly from (6) without first
finding the particular points where these extremes are taken on. The following
example illustrates some of these devices :

Example. A quadric surface with center at the origin has the equation

Axe + Bye + Cz2 + 2Dyz + 2Ezx + 2Fxy = 1.

Find the lengths of its semi-axes.

Solution. Let us write (x1, x2, x3) instead of (x, y, z), and introduce the quadratic form
3 3

q(x) = E E a1jxixi, (9)
J=1 i=1

where x = (x1, x2, x3) and the air = aji are chosen so that the equation of the surface
becomes q(x) = 1. (Hence the quadratic form is symmetric and positive definite.) The
problem is equivalent to finding the extreme values of f(x) = IIx1I2 = x1 + x2 + x3
subject to the side condition g(x) = 0, where g(x) = q (x) - 1. Using Lagrange's method,
we introduce one multiplier and consider the vector equation

Vf(x) + 2 Vq (x) = 0 (10)

(since Vg = Vq). In this particular case, both f and q are homogeneous functions of
degree 2 and we can apply Euler's theorem (see Exercise 12.18) in (10) to obtain

x Vf(x) + Ax Vq(x) = 2f(x) + 2Aq(x) = 0.

Since q(x) = I on the surface we find 2 = -f(x), and (10) becomes

t Vf(x) - Vq(x) = 0, (11)

where t = 1/f(x). (We cannot havef(x) = 0 in this problem.) The vector equation (11)
then leads to the following three equations for x1, x2, x3:

(a11-t)x1+ a12x2 + a13X3 = 0,

a21x1 + (a22 - t)x2 + a23x3 = 0,

a31x1 + a32x2 + (a33 - t)x3 = 0.

Since x = 0 cannot yield a solution to our problem, the determinant of this system must
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vanish. That is, we must have

all - t a12 a13

a21 a22 - t a23

a31 a32 a33 - t

Equation (12) is called the characteristic equation of the quadratic form in (9). In this case,
the geometrical nature of the problem assures us that the three roots tl, t2, t3 of this cubic
must be real and positive. [Since q(x) is symmetric and positive definite, the general
theory of quadratic forms also guarantees that the roots of (12) are all real and positive.
(See Reference 13.1, Theorem 9.5.)] The semi-axes of the quadric surface are ti 1/2,
t2 1/2, t3-1/2

EXERCISES

Jacobians

13.1 Let f be the complex-valued function defined for each complex z 0 by the
equation f(z) = 1/z. Show that Jf(z) Iz I'4. Show that f is one-to-one and compute
f -1 explicitly.

13.2 Let f = (fl,f2,f3) be the vector-valued function defined (for every point (x1, x2, x3)
in R3 for which xl + x2 + x3 96 -1) as follows:

fk(x1, x2, x3) =
k + x3

(k = 1, 2, 3).
1 + xl + x2

Show that Jf(x1, x2, x3) = (1 + x1 + x2 + x3)'4. Show that f is one-to-one and
compute f'1 explicitly.

13.3 Let f = (fi..... f") be a vector-valued function defined in R", suppose f e C'
on R", and let J f ( x ) denote the Jacobian determinant. L e t g 1 , . .. , g" be n real-valued
functions defined on R1 and having 'continuous derivatives g', . . . , g,;. Let hk(x) _
fk[gl(x1), . . . , g"(x,.], k = 1, 2, ... , n, and put h = (hl, ... , h"). Show that

J4(x) = if [91(x1), ... , g"(x")1g'1(x1) ... gg(x")

13.4 a) If x(r, 0) = r cos 0, y(r, 0) = r sin 0, show that

a(x, Y) = r.
a(r, 0)

b) If x(r, 0, q$) = r cos 0 sin q, y(r, 0, 0) = r sin 0 sin 0, z = r cos 0, show that

a(x, Y, z) r2 sin q$.
a(r, 0, 0)

13.5 a) State conditions on f and g which will ensure that the equations x = f (u, v),
y = g(u, v) can be solved for u and v in a neighborhood of (xo, yo). If the solu-
tions are u = F(x, y), v = G(x, y), and if J = a(f, g)/a(u, v), show that

aF-_ 1ag a F Iaf aG= - lag . 2G_ laf
ax

j
av ' ay , J av ' ax j au ' ay J au
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b) Compute J and the partial derivatives of F and G at (xo, yo) = (1, 1) when
flu, v) = u2 - v2, g(u, v) = 2uv.

13.6 Let f and g be related as in Theorem 13.6. Consider the case n = 3 and show that
we have

JE(x)D1 gi(y) =

ai,l

ai,2

ai,3

D1f2(x) D1f3(x)

D2f2(x) D2f3(x)

D3f2(x) D3f3(x)

(i = 1, 2, 3),

where y = f(x) and 8i, j = 0 or I according as i A j or i j. Use this to deduce the
formula

a(f2,f3) / a( 1,f2,f3)Dl gl = (X2, x3) a(x1, x2, x3)

There are similar expressions for the other eight derivatives Dkgi.

13.7 Let f = u + iv be a complex-valued function satisfying the following conditions:
u e C' and v e C' on the open disk A = {z : Iz < 11; f is continuous on the closed disk
A = {z : Iz < 11; u(x, y) = x and v(x, y) = y whenever x2 + y2 = 1; the Jacobian
Jf(z) > 0 if z e A. Let B = f(A) denote the image of A under f and prove that:

a) If X is an open subset of A, then f(X) is an open subset of B.
b) B is an open disk of radius 1.

c) For each point uo + ivo in B, there is only a finite number of points z in A such
that f(z) = uo + ivo.

Extremum problems

13.8 Find and classify the extreme values (if any) of the functions defined by the following
equations:

a) f(x, y) = y2 + x2y + x4,
b)f(x,y)=x2+y2+x+y+xy,
c) f(x, y) = (x - 1)4 + (x - y)4,
d) f(x, y) = y2 - x3.

13.9 Find the shortest distance from the point (0, b) on the y-axis to the parabola
x2 - 4y = 0. Solve this problem using Lagrange's method and also without using
Lagrange's method.

13.10 Solve the following geometric problems by Lagrange's method:

a) Find the shortest distance from the point (a1, a2, a3) in R3 to the plane whose
equation is 61x1 + 62x2 + 63x3 + bo = 0.

b) Find the point on the line of intersection of the two planes

and

a1x1 + a2X2 + a3x3 + ao = 0

61x1 + 62x2 + 63x3 + bo = 0

which is nearest the origin.
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13.11 Find the maximum value of lEk=1 akxkl, if k=1 xk = 1, by using

a) the Cauchy-Schwarz inequality.

b) Lagrange's method.

13.12 Find the maximum of (x1x2 ... x,,)2 under the restriction

xi+ +x.=1.
Use the result to derive the following inequality, valid for positive real numbers al, ... , an :

1/n a1 +...+ an
(a1 ... an)

n

13.13 If f(x) = xi + + 4, x = (x1, ... , xn), show that a local extreme of f, subject
to the condition x1 + + xn = a, is aknl'k

13.14 Show that all points (x1i x2, x3, x4) where x1 + x2 has a local extremum subject
to the two side conditions x1 + x3 + x4 = 4, x2 + 24 + 3x4 = 9, are found among

(0, 0, ±J3, ±1), (0, ±1, +2, 0), (±1, 0, 0, ± /3), (±2, ±3, 0, 0).

Which of these yield a local maximum and which yield a local minimum? Give reasons
for your conclusions.

13.15 Show that the extreme values of f(x1, x2, x3) = xi + x2 + x3, subject to the two
side conditions

33 33E E aiJxixJ = 1 (a1J = aji)
J=1 i=1

and

61x1 + 62x2 + 63x3 = 0, (bl, b2, b3) 9 (0, 0, 0),

are tl 1, t2 1, where tl and t2 are the roots of the equation

bl b2 b3 0

a12 a13 b1

a22 - t a23 b2

a32 a33 - t b3

= 0.

Show that this is a quadratic equation in t and give a geometric argument to explain why
the roots t1, t2 are real and positive.

13.16 Let A = det [xi; ] and let Xi = (xil, ... , xi ). A famous theorem of Hadamard
states that JAI 5 dl ... d,,, if dl, ... , do are n positive constants such that IJX1112 = dt
(i = 1, 2, ... , n). Prove this by treating A as a function of n2 variables subject to n
constraints, using Lagrange's method to show that, when A has an extreme under these
conditions, we must have

dl 0 0 .. 0

A2 =
0 d2 0 0

0 0 0 ... d.
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CHAPTER 14

MULTIPLE RIEMANN INTEGRALS

14.1 INTRODUCTION

The Riemann integral f .b f(x) dx can be generalized by replacing the interval [a, b]
by an n-dimensional region in which f is defined and bounded. The simplest
regions in R" suitable for this purpose are n-dimensional intervals. For example,
in R2 we take a rectangle I partitioned into subrectangles Ik and consider Riemann
sums of the form Y_f(xk, yk)A(Ik), where (xk, yk) E IA, and A(Ik) denotes the area of
Ik. This leads us to the concept of a double integral. Similarly, in R3 we use
rectangular parallelepipeds subdivided into smaller parallelepipeds IA; and, by
considering sums of the form Y_ f(xk, Yk, zk)V(Ik), where (xk, Yk, zk) E Ik and V(1k)
is the volume of Ik, we are led to the concept of a triple integral. It is just as easy
to discuss multiple integrals in R", provided that we have a suitable generalization
of the notions of area and volume. This "generalized volume" is called measure or
content and is defined in the next section.

14.2 THE MEASURE OF A BOUNDED INTERVAL IN R"

Let A 1, ... , A. denote n general intervals in R'; that is, each At may be bounded,
unbounded, open, closed, or half-open in R'. A set A in R" of the form

A = Al x x A. = {(x1i...,x"):XkEAt fork = 1, 2,..., n),

is called a general n-dimensional interval. We also allow the degenerate case in
which one or more of the intervals Ak consists of a single point.

If each Ak is open, closed, or bounded in R1, then A has the corresponding
property in R".

If each Ak is bounded, the n-dimensional measure (or n-measure) of A, denoted
by µ(A), is defined by the equation

µ(A) = µ(A1) ... µ(A"),

where µ(Ak) is the one-dimensional measure (length) of Ak. When n = 2, this is
called the area of A, and when n = 3, it is called the volume of A. Note that
p(A) = 0 if µ(Ak) = 0 for some k.

We turn next to a discussion of Riemann integration in R". The only essential
difference between the case n = 1 and the case n > I is that the quantity
Exk = xk - xk_ 1 which was used to measure the length of the subinterval

388
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[xk_ 1, xk] is replaced by the measure / (Ik) of an n-dimensional subinterval. Since
the work proceeds on exactly the same lines as the one-dimensional case, we shall
omit many of the details in the discussions that follow.

14.3 THE RIEMANN INTEGRAL OF A BOUNDED FUNCTION DEFINED
ON A COMPACT INTERVAL IN R"

Definition 14.1. Let A = Al x x A. be a compact interval in W. If Pk is a
partition of Ak, the Cartesian product

P = P1 x x P",

is said to be a partition of A. If Pk divides Ak into Mk one-dimensional subintervals,
then P determines a decomposition of A as a union of m1 m" n-dimensional
intervals (called subintervals of P). A partition P' of A is said to be finer than P if
P c P'. The set of all partitions of A will be denoted by /(A).

Figure 14.1 illustrates partitions of intervals in RZ and in R3.

Figure 14.1

Definition 14.2. Let f be defined and bounded on a compact interval I in W. If P
is a partition of I into m subintervals I,, .. , 1. and if tk e Ik, a sum of the form

M

S(P, f) = E f(tk)µ(Ik)r
k=1

is called a Riemann sum. We say f is Riemann-integrable on land we write f e R on
I, whenever there exists a real number A having the following property: For every
e > 0 there exists a partition Pe of I such that P finer than Pe implies

IS(P,f) - Al < E,
for all Riemann sums S(P, f). When such a number A exists, it is uniquely
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determined and is denoted by

SI

f dx, fr f(x) dx, or by f f(x1, ... , x") d(x1, ... , x").
r r

Def. 143

NOTE. For n > 1 the integral is called a multiple or n -fold integral. When n = 2
and 3, the terms double and triple integral are used. As in R1, the symbol x in
j', f(x) dx is a "dummy variable" and may be replaced by any other convenient
symbol. The notation f,f(x1, ... , x") dx1 .. dx" is also used instead of
f, f(xl, ... , x") d(xl, ... , x"). Double integrals are sometimes written with two
integral signs and triple integrals with three such signs, thus:

JJf(x, y) dx dy, z) dx dy555 f(x, y,

Definition 14.3. Let f be defined and bounded on a compact interval I in R". If P
is a partition of I into m subintervals I1, ... , Im, let

mk(f) = inf {f(x) : x e Ik}, Mk(f) = sup {f(x) : x e Ik}.

The numbers

m m

U(P, f) = E Mk(f),u(Ik) and L(P, f) = E mk(f)u(Ik),
k=1 k=1

are called upper and lower Riemann sums. The upper and lower Riemann integrals
off over I are defined as follows:

SI

SI

f dx = inf {U(P, f) : P e &(I)},

f dx = sup {L(P, f) : P E g(I)}.

The function f is said to satisfy Riemann's condition on I if, for every s > 0, there
exists a partition Pa of I such that P finer than Pe implies U(P, f) - L(P, f) < e.

NOTE. As in the one-dimensional case, upper and lower integrals have the following
properties :

a) f (f+g)dx5 fdx+ f, g dx,
J

r(f+g)dxZ rfdx+ rgdx.
Jr r ,
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b) If an interval I is decomposed into a union of two nonoverlapping intervals
I1, 12, then we have

f dx = Jfdx + ffdx and f f dx = ffdx + $fdx.
I , z J! i Iz

The proof of the following theorem is essentially the same as that of Theorem
7.19 and will be omitted.

Theorem 14.4. Let f be defined and bounded on a compact interval I in R. Then
the following statements are equivalent:

i) feRon I.
ii) f satisfies Riemann's condition on I.

iii) fI f dx = f, f dx.

14.4 SETS OF MEASURE ZERO AND LEBESGUE'S CRITERION FOR
EXISTENCE OF A MULTIPLE RIEMANN INTEGRAL

A subset T of R" is said to be of n-measure zero if, for every e > 0, T can be
covered by a countable collection of n-dimensional intervals, the sum of whose
n-measures is <.-.

As in the one-dimensional case, the union of a countable collection of sets of
n-measure 0 is itself of n-measure 0. If m < n, every subset of R, when considered
as a subset of R", has n-measure 0.

A property is said to hold almost everywhere on a set S in R" if it holds every-
where on S except for a subset of n-measure 0.

Lebesgue's criterion for the existence of a Riemann integral in R1 has a
straightforward extension to multiple integrals. The proof is analogous to that of
Theorem 7.48.

Theorem 14.5. Let f be defined and bounded on a compact interval I in R". Then
f e R on I if, and only if, the set of discontinuities off in I has n-measure zero.

14.5 EVALUATION OF A MULTIPLE INTEGRAL BY ITERATED
INTEGRATION

From elementary calculus the reader has learned to evaluate certain double and
triple integrals by successive integration with respect to each variable. For
example, if f is a function of two variables continuous on a compact rectangle Q
in the xy-plane, say Q = {(x, y) : a 5 x 5 b, c 5 y 5 d}, then for each fixed y
in [c, d] the function F defined by the equation F(x) = f(x, y) is continuous (and
hence integrable) on [a, b]. The value of the integral fl. F(x) dx depends on y and
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defines a new function G, where G(y) = f a f(x, y) dx. This function G is con-
tinuous (by Theorem 7.38), and hence integrable, on [c, d]. The integral f" G(y) dy
turns out to have the same value as the double integral IQ f(x, y) d(x, y). That is,
we have the equation

(' f
f(x, y) d(x, y) = I

d

CJ
bf(x, y) dxl dy. (l)

Jc o

(This formula will be proved later.) The question now arises as to whether a
similar result holds when f is merely integrable (and not necessarily continuous) on
Q. We can see at once that certain difficulties are inevitable. For example, the
inner integral fa f(x, y) dx may not exist for certain values of y even though the
double integral exists. In fact, if f is discontinuous at every point of the line
segment y = yo, a < x < b, then f a f(x, yo) dx will fail to exist. However, this
line segment is a set whose 2-measure is zero and therefore does not affect the
integrability of f on the whole rectangle Q. In a case of this kind we must use
upper and lower integrals to obtain a suitable generalization of (1).

Theorem 14.6. Let f be defined and bounded on a compact rectangle

Q = [a, b] x [c, d] in R2.

Then we have:

1) IQ f d(x, y) 5 fa [p, f(x, y) dy] dx < Ja [ f " f(x, y) dy] A < f Q fd(x, y).
ii) Statement (i) holds with Jd replaced by f" throughout.

iii) IQfd(x, y) 5 ,a [jaf(x, y) dx] dy 5 P [5of(x, y) dx] dy 5 JQfd(x, y).
iv) Statement (iii) holds with lab replaced by f .b throughout.

v) When f Q f(x, y) d(x, y) exists, we have

J f(x, y) d(x, y) = faa' [J d f(xy) dyl dx = lb [fd f(xy) dy] dx
c J ('c c

= d [la' y) dx] dy =d [fbf(x, y) dxl dy.

Proof. To prove (i), define F by the equation

d

F(x) = f f(x, y) dy, if x e [a, b].

Then IF(x)I 5 M(d - c), where M = sup {If(x, y)j : (x, y) e Q}, and we can
consider

1= f b F(x) dx =
fb [fdf(x,

y) dy] dx.
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Similarly, we define

393

I = f b F(x) dx = f b
[Jdf(x

, y) d y] dx.
a J

Let P1 = {xo, x1, ... , xn} be a partition of [a, b] and let

P2 = {Yo, Y1, ... , Ym},

be a partition of [c, d]. Then P = P1 X P2 is a partition of Q into mn sub-
rectangles Qi, and we define

z; r (' r ('
Ii,

L
f Y.r

f(x, y) dy] dx, I; = I s
L

J YJ f(x, y) dyJ dx.
xt-t YJ-1 xt-t YJ-1 J

Since we have

mjdf(x, y) dy = E f
YJ

f(x, y) dy,
j=1 YJ-1

we can write

fbLJCdf(x,y)dyl dx <_ E I IfYJ,f(x,y)dyl dx
J J J

m n fxi

1

[fYiJj

tj=1 i=1

That is, we have the inequality

Similarly, we find

If we write

f(x, y) dy] dx.

m n

I s E 37 Iii.
j=1 i=1

m n

I> ±
EIi,.

j=1 i=1

mi, = inf { f(x, y) : (x, y) a Qi,},
and

Mi, = sup {f(x,y):(x,y)eQi;},

then from the inequality mi, < f(x, y) 5 Mi,, (x, y) e Qi,, we obtain

YJ(
J

YJ-I
mi,(Y; - Yj -1) f(x, y) dy < Mii(Yi - Y.i-1)
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This, in turn, implies

mjiµ(Q,j) < f.,-. [rJ f(x,
y) dyl dx

7J-, JJ

x, 7J

<
CJ

f(x, y) dyI dx <_ M1jy(Q1j)
x+- i J-,

Summing on i and j and using the above inequalities, we get

L(P,f) S I S 15 U(P,f).
Since this holds for all partitions P of Q, we must have

rQ f d(x, y) < I< 1< f d(x, y).
J Q

This proves statement (i).
It is clear that the preceding proof could also be carried out if the function F

were originally defined by the formula

F(x) = f d f(x, y) dy,
C

and hence (ii) follows by the same argument.
Statements (iii) and (iv) can be similarly proved by interchanging the roles of

x and y. Finally, statement (v) is an immediate consequence of statements (i)
through (iv).

As a corollary, we have the formula mentioned earlier:

fb[fC d

Q f(X, Y) d(x, Y) , y) d.] dx = J
[fbf(x,y) dxI dy,

which is valid when f is continuous on Q. Ibis is often called Fubini's theorem.

NOTE. The existence of the iterated integrals

Jb [f d f(x,
y) dy] dx and

fd
[Jb f(x, y) dxl dy,

does not imply the existence of JQ f(x, y) d(x, y). A counter example is given in
Exercise 14.7.

Before commenting on the analog of Theorem 14.6 in R", we first introduce
some further notation and terminology. If k 5 n, the set of x in R". for which
xk = 0 is called the coordinate hyperplane f jk. Given a set S in R", the projection
Sk of S on r 1k- is defined to be the image of S under that mapping whose value at
each point (x1, x2,... , x") in S is (x1, ... , Xk-1, 0, Xk+ 1, ... , x"). It is easy to
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x3

x2

Figure 14.2

show that such a mapping is continuous on S. It follows that if S is compact, each
projection Sk is compact. Also, if S is connected, each S. is connected. Projections
in R3 are illustrated in Fig. 14.2.

A theorem entirely analogous to Theorem 14.6 holds for n-fold integrals. It
will suffice to indicate how the extension goes when n = 3. In this case, f is defined
and bounded on a compact interval Q = [al, b1] x [a2, b2] x [a3, b3] in R3
and statement (i) of Theorem 14.6 is replaced by

r rbi r r

C J 61

[J f d(x2, x3)] dx1 < J f dx, (2)
a Q Q

where Q1 is the projection of Q on the coordinate plane 111. When f Q f(x) dx
exists, the analog of part (v) of Theorem 14.6 is the formula

2, x3)] dxl = fe,
Ub,

1J d(xf (x) dx = bl
1fQIfQ fal J i f dXlJ d(x2, x3) (3)

As in Theorem 14.6, similar statements hold with appropriate replacements of
upper integrals by lower integrals, and there are also analogous formulas for the
projections Q2 and Q3.

The reader should have no difficulty in stating analogous results for n-fold
integrals (they can be proved by the method used in Theorem 14.6). The special
case in which the n-fold integral !Q f(x) dx exists is of particular importance and
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can be stated as follows :

Theorem 14.7. Let f be defined and bounded on a compact interval

Q = [al, b1] x ... x [a", b"],
in R". Assume that f Q f(x) dx exists. Then

Th. 14.7

f d(x2, x")] dxl =
J

b,
d(x2, x").

f f
61

f f dx =
Q Q

Similar formulas hold with upper integrals replaced by lower integrals and with Q1
replaced by Qk, the projection of Q on r 1k.

14.6 JORDAN-MEASURABLE SETS IN R"

Up to this point the multiple integral fI f(x) dx has been defined only for intervals
I. This, of course, is too restrictive for the applications of integration. It is not
difficult to extend the definition to, encompass more general sets called Jordan-
measurable sets. These are discussed in this section. The definition makes use of
the boundary of a set S in R. We recall that a point x in R" is called a boundary
point of S if every n-ball B(x) contains a point in S and also a point not in S. The
set of all boundary points of S is called the boundary of S and is denoted by S.
(See Section 3.16.)

Definition 14.8. Let S be a subset of a compact interval I in W. For every partition
P of I define J(P, S) to be the sum of the measures of those subintervals of P which
contain only interior points of S and let J(P, S) be the sum of the measures of those
subintervals of P which contain points of S u 8S. The numbers

c(S) = sup {J(P, S) : P e 9(I)},

c(S) = inf {J(P, S) : P e .9(I)},

are called, respectively, the (n-dimensional) inner and outer Jordan content of S.
The set S is said to be Jordan-measurable if c(S) = e(S), in which case this common
value is called the Jordan content of S, denoted by c(S).

It is easy to verify that c(S) and e(S) depend only on S and not on the interval
I which contains S. Also, 0 5 c(S) 5 e(S).

If S has content zero, then c(S) = e(S) = 0. Hence, for every e > 0, S can be
covered by a finite collection of intervals, the sum of whose measures is <e. Note
that content zero is described in terms of finite coverings, whereas measure zero is
described in terms of countable coverings. Any set with content zero also has
measure zero, but the converse is not necessarily true.

Every compact interval Q is Jordan-measurable and its content, c(Q), is equal to
its measure, p(Q). If k < n,'the n-dimensional content of every bounded set in Rk
is zero. -

Jordan=measurable sets S in R2 are also said to have area c(S). In this case, the
sums J(P, S) and J(P, S) represent approximations to the area from the "inside"
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Figure 143

397

and the "outside" of S, respectively. This is illustrated in Fig. 14.3, where the lightly
shaded rectangles are counted in J(P, S), the heavily shaded rectangles in J(P, S).
For sets in R3, c(S) is also called the volume of S.

The next theorem shows that a bounded set has Jordan content if, and only if,
its boundary isn't too "thick."

Theorem 14.9. Let S be a bounded set in R" and let DS denote its boundary. Then
we have

WS) = c(S) - c(S).

Hence, S is Jordan-measurable if, and only if, OS has content zero.

Proof. Let I be a compact interval containing S and 3S. Then for every partition
P of I we have

J(P, as) = J(P, S) J(P, S).

Therefore, J(P, 3S) >- c(S) - c(S) and hence c(aS) >- c(S) - c(S). To obtain
the reverse inequality, let e > 0 be given, choose Pl so that J(P1, S) < c(S) + e/2
and choose P2 so that J(P2, S) > c(S) _ e/2. Let P = Pl u P2. Since refine-
ment increases the inner sums J and decreases the outer sums j, we find

c(aS) 5 J(P, as) = J(P, S) - J(P, S) < J(P1, S) - J(P2, S)

< c(S) - c(S) + e.

Since a is arbitrary, this means that c(aS) 5 c(S) - c(S). Therefore, c(aS) _
c(S) - c(S) and the proof is complete.

14.7 MULTIPLE INTEGRATION OVER JORDAN-MEASURABLE SETS

Definition 14.10. Let f be defined and bounded on a bounded Jordan-measurable set
S in R". Let I be a compact interval containing S and define g 'on I as follows:

9(X) =
to

f (X) if X e S,

ifXEl - S.
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Then f is said to be Riemann-integrable on S and we write f e R on S, whenever the
integral J, g(x) dx exists. We also write

f(x) dx = f g(x) dx.fS

JIJ

The upper and lower integrals Is f(x) dx and Is f(x) dx are similarly defined.

NOTE. By considering the Riemann sums which approximate fI g(x) dx, it is easy
to see that the integral f s f(x) dx does not depend on the choice of the interval I
used to enclose S.

A necessary and sufficient condition for the existence of f s f(x) dx can now be
given.

Theorem 14.11. Let S be a Jordan-measurable set in R", and let f be defined and
bounded on S. Then f e R on S if, and only if, the discontinuities off in S form a
set of measure zero.

Proof. Let I be a compact interval containing S and let g(x) = f(x) when x e S,
g(x) = 0 when x e I - S. The discontinuities of f will be discontinuities of g.
However, g may also have discontinuities at some or all of the boundary points of
S. Since S is Jordan measurable, Theorem 14.9 tells us that c(8S) = 0. Therefore,
g e R on I if, and only if, the discontinuities of f form a set of measure zero.

14.8 JORDAN CONTENT EXPRESSED AS A RIEMANN INTEGRAL

Theorem 14.12. Let S be a compact Jordan-measurable set in R". Then the integral
Is 1 exists and we have

c(S) = f I.S

Proof. Let I be a compact interval containing S and let Xs denote the characteristic
function of S. That is,

1 ifxES,
xssx) =

0 if xel - S.
The discontinuities of Xs in I are the boundary points of S and these form a set

of content zero, so the integral I., Xs exists, and hence Is I exists.
Let P be a partition of I into subintervals I,, ... , I" and let

A = {k : Ik n S is nonempty}.

If k e A, we have

Mk(Xs) = SUP {Xs(x) : x E Ik) = 1,
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and Mk(Xs) = 0 if k 0 A, so
m

U(P, Xs) = E Mk(Xs)u(Ik) = E AID = J(P, Xs).
k=1 keA

Since this holds for all partitions, we have f, Xs = E(S) = c(S). But

Ji Xs = JI Xs so c(S) = f, Xs = fs 1.
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14.9 ADDITIVE PROPERTY OF THE RIEMANN INTEGRAL

The next theorem shows that the integral is additive with respect to sets having
Jordan content.

Theorem 14.13. Assume f e R on a Jordan-measurable set S in R". Suppose
S = A v B, where A and B are Jordan-measurable but have no interior points in
common. Then f e R on A, f e R on B, and we have

f(x) dx = f f(x) dx + f f(x) dx. (4)
JS A B

Proof. Let I be a compact interval containing S and define g as follows :

(f(x) ifxeS,
10 ifxel - S.

The existence of fA f(x) dx and $B f(x) dx is an easy consequence of Theorem
14.11. To prove (4), let P be a partition of I into m subintervals I1, ... , I. and
form a Riemann sum

rm

S(P, g) = L.r g(tk)P(Ik)
k=1

If SA denotes that part of the sum arising from those subintervals containing
points of A, and if S. is similarly defined, we can write

S(P,9)=SA+SB-Sc,
where Sc contains those terms coming from subintervals which contain both points
of A and points of B. In particular, all points common to the two boundaries 8A
and aB will fall in this third class. But now SA is a Riemann sum approximating
the integral JA f(x) dx, and SB is a Riemann sum approximating JB f(x) A. Since
c(aA n 8B) = 0, it follows that IS 1 can be made arbitrarily small when P is
sufficiently fine. The equation in the theorem is an easy consequence of these
remarks.

NOTE. Formula (4) also holds for upper and lower integrals.
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For sets S whose structure is relatively simple, Theorem 14.6 can be used to
obtain formulas for evaluating double integrals by iterated integration. These
formulas are given in the next theorem.

Theorem 14.14. Let 01 and 02 be two continuous functions defined on [a, b] such
that 01(x) < (/ 2(x) for each x in [a, b]. Let S be the compact set in R2 given by

S={(x,y):a<x<b,01(x)<y<<02(x)}.
If f e R on S, we have

f f(x, y) d(x, y) =
J 6 LJ

m2(=) f(x,
y) dyl dx.

s a mi(x) J
NOTE. The set S is Jordan-measurable because its boundary has content zero.
(See Exercise 14.9.)

Analogous statements hold for n-fold integrals. The extensions are too obvious
to require further comment.

a
- Figure 14.4

Figure 14.4 illustrates the type of region described in the theorem. For sets
which can be decomposed into a finite number of Jordan-measurable regions of
this type, we can apply iterated integration to each separate part and add the results
in accordance with Theorem 14.13.

14.10 MEAN-VALUE THEOREM FOR MULTIPLE INTEGRALS

As in the one-dimensional case, multiple integrals satisfy a mean value property.
This can be obtained as an easy consequence of the following theorem, the proof
of which is left as an exercise.

Theorem 14.15. Assume f e R and g e R on a Jordan-measurable set S in R". If
f(x) < g(x) for each x in S, then we have

f f(x) dx < f g(x) dx.
s ,Js
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Theorem 14.16 (Mean- Value Theorem for multiple integrals). Assume that g e R
and f e R on a Jordan-measurable set S in R" and suppose that g(x) >- 0 for each
x in S. Let m = inf f(S), M = sup f(S). Then there exists a real number I in the
interval m < A < M such that

Is
f(x)g(x) dx = 1 fs g(x) dx. (5)

In particular, we have

mc(S) < fs f(x) dx < Mc(S). (6)
J

NOTE. If, in addition, S is connected and f is continuous on S, then A = f(xa) for
some xo in S (by Theorem 4.38.) and (5) becomes

1,
f(x)g(x) dx = f(xo) f g(x) dx.

s
(7)

In particular, (7) implies fs f(x) dx = f(xo)c(S), where xo a S.

Proof. Since g(x) >- 0, we have mg(x) < f(x) g(x) < Mg(x) for each x in S. By
Theorem 14.15, we can write

g(x) dx.m f g(x) dx < f f(x)g(x) dx <_ M
fss

If Is g(x) dx = 0, (5) holds for every A. If Is g(x) dx > 0, (5) holds with
1 = Is f(x)g(x) dx/ fs g(x) dx. Taking g(x) _- 1, we obtain (6).

We can use (6) to prove that the integrandf can be disturbed on a set of content
zero without affecting the value of the integral. In fact, we have the following
theorem :

Theorem 14.17. Assume that f e R on a Jordan-measurable set S in R". Let T be a
subset of S having n-dimensional Jordan content zero. Let g be a function, defined
and bounded on S, such that g(x) = f(x) when x e S - T. Then g e R on S and

J.
f(x) dx = f

s

dx.
s

P r o o f. Let h = f - g. Then fs h(x) d x = IT h(x) d x + IS T h(x) dx. However,
IT h(x) dx = 0 because of (6), and Is_T h(x) dx = 0 since h(x) = 0 for each
x in S - T.

NOTE. This theorem suggests a way of extending the definition of the Riemann
integral fs f(x) dx for functions which may not be defined and bounded on the
whole of S. In fact, let S be a bounded set in R" having Jordan content and let T
be a subset of S having content zero. If f is defined and bounded on S - T and
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if IS_ T f(x) dx exists, we agree to write

f f(x) dx = f _ f(x) dx,
S JS T

and to say that f is Riemann-integrable on S. In view of the theorem just proved,
this is essentially the same as extending the domain of definition off to the whole
of S by defining f on Tin such a way that it remains bounded.

EXERCISES

Multiple integrals

14.1 If fl e R on [al, bl e R on [a., prove that

bl

(J
fl(xl) dxl) ... (f:fn(xII)dxn),

a

where S = [al, bl ] x x [a.,
14.2 Let f be defined and bounded on a compact rectangle Q = [a, b ] x [c, d ] in R2.

Assume that for each fixed y in [c, d ], f (x, y) is an increasing function of x, and that for
each fixed x in [a, b], f(x, y) is an increasing function of y. Prove that f e R on Q.
14.3 Evaluate each of the following double integrals.

a) ffsin2 x sine y dx dy, where Q = [0, n] x [0, n].

Q

b) 55 I cos (x + y) J dx dy, where Q = [0, n ] x [0, n ].

Q

c) ff [x + y ] dx dy, where Q = [0, 2] x [0, 2), and [t] is the greatest
Q

integer < t.

14.4 Let Q = [0, 1 ] x [0, 1 ] and calculate f f Q f (x, y) dx dy in each case.
a) f(x, y) = I - x - y if x + y <- 1, f(x, y) = 0 otherwise.
b) f(x, y) = x2 + y2 if x2 + y2 < 1, f(x, y) = 0 otherwise.
c) f(x, y) = x + y if x2 <- y <- 2x2, f(x, y) = 0 otherwise.

14.5 Define f on the square Q = [0, 1 ] x [0, 1 ] as follows:

_ 1 if x is rational,
f (x' y) 2y if x is irrational.

a) Prove that f 'O f(x, y) dy exists for 0 < t <- 1 and that
Ji

[Jo
f(x, y) dy] dx = t2,



and

Jo [f of(x, y) dyI dx = t.

This shows that f o'[f o f(x, y) dy] dx exists and equals 1.

b) Prove that fo [Jo f(x, y) dx] dy exists and find its value.

c) Prove that the double integral JQ f(x, y) d(x, y) does not exist.
14.6 Define f on the square Q = [0, 1 ] x [0, 1 ] as follows:

f.(x, y) = (0 if at least one of x, y is irrational,
1/n if y is rational and x = m/n,

where in and n are relatively prime integers, n > 0. Prove that
1 1 1

f(x, y) dx] dy = f f(x, y) d(x, y) = 0f0f(xY)dx f [o Qd

but that fo f(x, y) dy does not exist for rational x.
14.7 If pk denotes the kth prime number, let

,
1 :n= 1,2,...,Pk- 1, m= 1,2,...,Pk- 1},S(Pk)=

{\Pkn in

t Pk/f
1111

let S = Uk 1 S(pk), and let Q = [0, 1 ] x [0, 1 ].
a) Prove that S is dense in Q (that is, the closure of S contains Q) but that any line

parallel to the coordinate axes contains at most a finite subset of S.
b) Define f on Q as follows :

fix, y) = 0 if (x, y) a S, AX, y) = 1 if (x, y) e Q - S.
Prove that fo [fo f(x, y) dy] dx = fo [fof(x, y) dx] dy = 1, but that the
double integral fQ f(x, y) d(x, y) does not exist.

Jordan content

14.8 Let S be a bounded set in W having at most a finite number of accumulation points.
Prove that c(S) = 0.
14.9 Let f be a continuous real-valued function defined on [a, b]. Let S denote the

graph off, that is, S = {(x, y) : y = f(x), a s x < b}. Prove that S has two-dimensional
Jordan content zero.

14.10 Let I- be a rectifiable curve in R". Prove that IF has n-dimensional Jordan content
zero.

14.11 Let f be a nonnegative function defined on a set S in W. The ordinate set offover
S is defined to be the following subset of R"+ 1:

{(xi, ... , x", x"+1) : (x1, ... , xn) e S, 0 s x"+1 5 f(x1, ... , x")).

If S is a Jordan-measurable region in R" and if f is continuous on S, prove that the ordinate
set off over S has (n + 1)-dimensional Jordan content whose value is

j f(x1,... , x,) d(x1,... , x").
S

Interpret this problem geometrically when n = 1 and n = 2.
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14.12 Assume that f e R on S and suppose Js f(x) dx = 0. (S is a subset of R"). Let
A = {x : x e S, f(x) < 0} and assume that c(A) = 0. Prove that there exists a set B of
measure zero such that f (x) = 0 for each x in S - B.
14.13 Assume that f e R on S, where S is a region in R" and f is continuous on S. Prove
that there exists an interior point x0 of S such that

1 f(x) dx = f(xo)c(S)
s

14.14 Let f be continuous on a rectangle Q = [a, b] x [c, d ]. For each interior point
(x1, x2) in Q, define

F(x1, X2) = I

X, (f2
f(x, y) dy) dx.

a c J

Prove that D1,2F(xl, X2) = D2,1F(xl, x2) = f(x1, X2)-
14.15 Let T denote the following triangular region in the plane:

T (x, y):0<X+y<_1 , where a > 0, b > 0.
{ a b

Assume that f has a continuous second-order partial derivative D1, 2f on T. Prove that
there is a point (xo, yo) on the segment joining (a, 0) and (0, b) such that

fT
D1,2f(x, y) d(x, y) = f(0, 0) - f(a, 0 )+ aD1f(xo, yo).

SUGGESTED REFERENCES FOR FURTHER STUDY

14.1 Apostol, T. M., Calculus, Vol. 2, 2nd ed. Xerox, Waltham, 1969.

14.2 Kestelman, H., Modern Theories of Integration. Oxford University Press, 1937.

14.3 Rogosinski, W. W., Volume and Integral. Wiley, New York, 1952.



CHAPTER 15

MULTIPLE LEBESGUE INTEGRALS

15.1 INTRODUCTION

The Lebesgue integral was described in Chapter 10 for functions defined on subsets
of R1. The method used there can be generalized to provide a theory of Lebesgue
integration for functions defined on subsets of n-dimensional space W. The
resulting integrals are called multiple integrals. When n = 2 they are called double
integrals, and when n = 3 they are called triple integrals.

As in the one-dimensional case, multiple Lebesgue integration is an extension
of multiple Riemann integration. It permits more general functions as integrands,
it treats unbounded as well as bounded functions, and it encompasses more
general sets as regions of integration.

The basic definitions and the principal convergence theorems are completely
analogous to the one-dimensional case. However, there is one new feature that
does not appear in R'. A multiple integral in R" can be evaluated by calculating
a succession of n one-dimensional integrals. This result, called Fubini's Theorem,
is one of the principal concerns of this chapter.

As in the one-dimensional case we define the integral first for step functions,
then for a larger class (called upper functions) which contains limits of certain
increasing sequences of step functions, and finally for an even larger class, the
Lebesgue-integrable functions. Since the development proceeds on exactly the
same lines as in the one-dimensional case, we shall omit most of the details of
the proofs.

We recall some of the concepts introduced in Chapter 14. If I = Il x ... x I.
is a bounded interval in R", the n-measure of I is defined by the equation

YV) = u(Ii) ... u(I"),
where y(Ik) is the one-dimensional measure, or length, of Ik.

A subset T of R" is said to be of n-measure 0 if, for every e > 0, T can be
covered by a countable collection of n-dimensional intervals, the sum of whose
n-measures is <s.

A property is said to hold almost everywhere on a set S in R" if it holds every-
where on S except for a subset-of n-measure 0. For example, if {f.} is a sequence
of functions, we say f" - f almost everywhere on S if limo... fo(x) = f(x) for all
x in S except for those x in a subset of n-measure 0.

405
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15.2 STEP FUNCTIONS AND THEIR INTEGRALS

Let I be a compact interval in Rn, say

I=I1 x...xI.,
where each Ik is a compact subinterval of R1. If Pk is a partition of Ik, the cartesian
product P = P1 x x P. is called a partition of I. If Pk decomposes Ik into
mk one-dimensional subintervals, then P decomposes I into m = m1 Mk

n-dimensional subintervals, say Jl, ... ,
A function s defined on I is called a step function if a partition P of I exists such

that s is constant on the interior of each subinterval Jk, say

s(x) = ck ifxEintJk.

The integral of s over I is defined by the equation

SI

rM

S Ck.U(Jk)- (1)
k=1

Now let G be a general n-dimensional interval, that is, an interval in R" which
need not be compact. A function s is called a step function on G if there is a
compact n-dimensional subinterval I of G such that s is a step function on I and
s(x) = 0 if x e G - I. The integral of s over G is defined by the formula

where the integral over I is given by (1). As in the one-dimensional case the integral
is independent of the choice of I.

15.3 UPPER FUNCTIONS AND LEBESGUE-INTEGRABLE FUNCTIONS

Upper functions and Lebesgue-integrable functions are defined exactly as in the
one-dimensional case.

A real-valued function f defined on an interval I in R" is called an upper function
on I, and we write f e U(I), if there exists an increasing sequence of step functions
{sn} such that

a) s - f almost everywhere on I,
and
b) limn. $r s exists.

The sequence {sn} is said to generate f The integral of f over I is defined by the
equation

s,,. (2)f f = lim fr
r nw
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We denote by L(I) the set of all functions f of the form f = u - v, where
u e U(I) and v e U(I). Each function fin L(I) is said to be Lebesgue-integrable
on I, and its integral is defined by the equation

Jf=Ju _ fl v.

Since these definitions are completely analogous to the one-dimensional case,
it is not surprising to learn that many of the theorems derived from these definitions
are also valid. In particular, Theorems 10.5, 10.6, 10.7, 10.9, 10.10, 10.11, 10.13,
10.14, 10.16, 10.17(a) and (c), 10.18, and 10.19 are all valid for multiple integrals.
Theorem 10.17(b), which describes the behavior of an integral under expansion or
contraction of the interval of integration, needs to be modified as follows :

If f e L(I) and if g(x) = f(x/c), where c > 0, then g e L(cI) and

Jf 9=c"Jf..r f,
In other words, expansion of the interval by a positive factor c has the effect of
multiplying the integral by c", where n is the dimension of the space.

The Levi convergence theorems (Theorems 10.22 through 10.26), and the
Lebesgue dominated convergence theorem (Theorem 10.27) and its consequences
(Theorems 10.28, 10.29, and 10.30) are also valid for multiple integrals.

NOTATION. The integral J r f is also denoted by

f f(x) dx
r

or f(xl, ... , x")d(xl, ... , x").
SI

The notation 11 f(x1, ... , x") dx1 A. is also used. Double integrals are
sometimes written with two integral signs, and triple integrals with three such signs,
thus :

y ) dx dy,j'$f(x
r

15.4 MEASURABLE FUNCTIONS AND MEASURABLE SETS IN R"

A real-valued function f defined on an interval I in R" is called measurable on I,
and we write f e M(I), if there exists a sequence of step functions {s"} on I such
that

lim s"(x) = f(x) a.e. on I.
n- CO

The properties of measurable functions described in Theorems 10.35, 10.36, and
10.37 are also valid in this more general setting.

f$$f(x y, z) dx dy dz.
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A subset S of R" is called measurable if its characteristic function xs is measur-
able. If, in addition, Xs is Lebesgue-integrable on R", then the n-measure µ(S) of
the set S is defined by the equation

Xs.p(S) = fJR"

If Xs is measurable but not in L(R"), we define µ(S) = + oo. The function µ so
defined is called n-dimensional Lebesgue measure.

The properties of measure described in Theorems 10.44 through 10.47 are also
valid for n-dimensional Lebesgue measure. Also, the Lebesgue integral can be
defined for arbitrary subsets of R" by the method used in Section 10.19.

We emphasize in particular -the countably additive property of Lebesgue
measure described in Theorem 10.47:

If (A,, A2, ... } is a countable disjoint collection of measurable sets in R",
then the union 1 A, is measurable and

00

i (U A, I = p(A).

The next theorem shows that every open subset of R" is measurable.

Theorem 15.1. Every open set S in R" can be expressed as the union of a countable
disjoint collection of bounded cubes whose closure is contained in S. Therefore S is
measurable. Moreover, if S is bounded, then u(S) is finite.

Proof. Fix an integer m Z 1 and consider all half-open intervals in R1 of the form

(k k+1] fork=0,±1,±2,...2m 2m

All the intervals are of length 2-m, and they form a countable disjoint collection
whose union is R'. The cartesian product of n such intervals is an n-dimensional
cube of edge-length 2-m. Let Fm denote the collection of all these cubes. Then F.
is a countable disjoint collection whose union is R". Note that the cubes in Fm+

1

are obtained by bisecting the edges of those in Fm. Therefore, if Q. is a cube in Fm
and if Qm+ 1 is a cube in Fm+ 1, then either Q.,1 q Qm, or Qm+ 1 and Q. are
disjoint.

Now we extract a subcollection G. from Fm as follows. If m = 1, G1 consists
of all cubes in F1 whose closure lies in S. If m = 2, G2 consists of all cubes in F2
whose closure lies in S but not in any of the cubes in G1. Ifm = 3, G3 consists
of all cubes in F3 whose closure lies in S but not in any of the cubes in G1 or G2,
and so on. The construction is illustrated in Fig. 15.1 where S is a quarter of an
open disk in R2. The blank square is in G1, the lightly shaded ones are in G2,
and the darker ones are in G3.

Now let
00

T= U U Q.
m= 1 QEG,,,
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It C `' - s' lm_ Figure 15.1

That is, T is the union of all the cubes in G1, G2, ... We will prove that S = T
and this will prove the theorem because T is a countable disjoint collection of
cubes whose closure lies in S. Now T c S because each Q in G. is a subset of S.
Hence we need only show that S s T.

Let p = (pl, ... , p") be a point in S. Since S is open, there is a cube with
center p and edge-length S > 0, which lies in S. Choose m so that 2_m < 6/2.
Then for each i we have

S 1 1 S

Now choose k;, so that

kj < k,+ 1
2"`

pi < _
2"

and let Q be the Cartesian product of the intervals (k12-'", (k, + 1)2-'n] for
i = 1, 2, ... , n. Then p E Q for some cube Q in F",. If m is the smallest integer
with this property, then Q E G,", so p e T. Hence S s T. The statements about
the measurability of S follow at once from the countably additive property of
Lebesgue measure.

NOTE. If S is measurable, so is R" - S because Xin-s = I - Xs Therefore,
every closed subset of R" is measurable.

15.5 FUBINI'S REDUCTION THEOREM FOR THE DOUBLE INTEGRAL OF
A STEP FUNCTION

Up to this point, Lebesgue theory in R" is completely analogous to the one-
dimensional case. New ideas are required when we come to Fubini's theorem for
calculating a multiple integral in R" by iterated lower-dimensional integrals. To
better understand what is needed, we consider first the two-dimensional case.

Let us recall the corresponding result for multiple Riemann integrals. If
I = [a, b]- x [c, d] is a compact interval in R2 and if f is Riemann-integrable
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on I, then we have the following reduction formula (from part (v) of Theorem
14.6) :

J f(x, y) d(x, y) =
J

d y) dxI dy. (3)
I e a

There is a companion formula with the lower integral 1b. replaced by the upper
integral J .b, and there are two similar formulas with the order of integration re-
versed. The upper and lower integrals are needed here because the hypothesis of
Riemann-integrability on I is not strong enough to ensure the existence of the
one-dimensional Riemann integral f a f(x, y) dx. This difficulty does not arise in
the Lebesgue theory. Fubini's theorem for double Lebesgue integrals gives us the
reduction formulas

J f(x, y) d(x, y) =
fd

[S:fx (, y) dxdy = J b d.f(x, y) dy] dx,
o

und er the sole hypothesis that f is Lebesgue-integrable on I. We will show that the
inner integrals always exist as Lebesgue integrals. This is another example illus-
trating how Lebesgue theory overcomes difficulties inherent in the Riemann theory.

In this section we prove Fubini's theorem for step functions, and in a later
section we extend it to arbitrary Lebesgue integrable functions.

Theorem 15.2. (Fubini's theorem for step functions). Let s be a step function on
R2. Then for each fixed y in R1 the integral IR1 s(x, y) dx exists and, as a function
of y, is Lebesgue-integrable on R1. Moreover, we have

s(x, y) dxl dy. (4)f s(x, y) d(x, y) = SRI [Ski
JJ

R

Similarly, for each fixed x in R1 the integral 1.1 s(x, y) dy exists and, as a function
of x, is Lebesgue-integrable on R1. Also, we have

ff s(x, y) d(x, y) =
R2

fR.
UR1 s(x, y) dy] dx. (5)

Proof This theorem can be derived from the reduction formula (3) for Riemann
integrals, but we prefer to give a direct proof independent of the Riemann theory.

There is a compact interval I = [a, b] x [c, d] such that s is a step function
on I and s(x, y) = 0 if (x, y) a R2 - I. There is a partition of I into mn sub-
rectangles I,j = [x1_1, x,] x [ y j _,, y j] such that s is constant on the interior of
Ii j, say

s(x, y) = c,j if (x, y) a int I,j.
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Then
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S(x, y) dx1 dy.jj s(x, y) d(x, y) = c,j(x; - xi-1)(y; - y;-i) = J YJ

i xJJ 1 JYIjj

Summing on i and j we find

J J
s(x, y) d(x, y) =

f d [Jab s(x, y) dxl dy.

I J
Since s vanishes outside I, this proves (4), and a similar argument proves (5).

To extend Fubini's theorem to Lebesgue-integrable functions we need some
further results concerning sets of measure zero. These are discussed in the next
section.

15.6 SOME PROPERTIES OF SETS OF MEASURE ZERO

Theorem 15.3. Let S be a subset of R". Then S has n-measure 0 if, and only if, there
exists a countable collection of n-dimensional intervals {J1, J2, ... }, the sum of
whose n-measures is finite, such that each point in S belongs to Jk for infinitely
many k.

Proof. Assume first that S has n-measure 0. Then, for every m Z 1, S can be
covered by a countable collection of n-dimensional intervals {Im,l, Im,2i ... }, the
sum of whose n-measures is <2-m. The set A consisting of all intervals Im,k for
m = 1, 2, ... , and k = 1, 2, ... , is a countable collection which covers S, and
the sum of the n-measures of all these intervals is < Em=

1 2-' = 1. Moreover,
if a e S then, for each m, a e Im,k for some k. Therefore if we write
A = {J1, J2, ... }, we see that a belongs to Jk for infinitely many k.

Conversely, assume that there is a countable collection of n-dimensional
intervals {Jl, J2.... } such that the series Ek 1 i (Jk) converges and such that each
point in S belongs to Jk for infinitely many k. Given s > 0, there is an integer N
such that

00

1: µ(Jk) < s.
k=N

Each point of S lies in the set U fk N Jk, so S C- U f k N JA;. Thus, S has been
covered by a countable collection of intervals, the sum of whose n-measures is
<c, so S has n-measure 0.

Definition 15.4. If S is an arbitrary subset of R2, and if (x, y) e R2, we denote by
SY and S" the following subsets of R':

SY = {x : x E Rl and (x, y) E S},

S" = {y:yeR1 and '(x,y)ES}.
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y

Figure 15.2
X

171. 15.5

Examples are shown in Fig. 15.2. Geometrically, Sy is the projection on the
x-axis of a horizontal cross section of S; and S" is the projection on the y-axis of a
vertical cross section of S.

Theorem 15.5. If S is a subset of R2 with 2-measure 0, then Sy has 1-measure O for
almost all y in R1, and S" has 1-measure 0 for almost all x in R'.

Proof. We will prove that Sy has 1-measure 0 for almost all y in R'. The proof
makes use of Theorem 15.3.

Since S has 2-measure 0, by Theorem 15.3 there is a countable collection of
rectangles {Ik} such that the series

00

k=1
E µ(1k) converges, (6)

and such that every point (x, y) of S belongs to Ik for infinitely many k. Write
Ik = Xk x Yk, where Xk and Yk are subintervals of R'. Then

P(1 k) = U(X k)U(yk) = p(Xk) XYk =
J

iu(Xk) XYk,
RI

where XYk is the characteristic function of the interval Yk. Let 9k = U(Xk)XYk.
Then (6) implies that the series

00

gk converges.
k=1 Ri

Now {9k} is a sequence of nonnegative functions in L(R') such that the series
F_k 1

J.1 9k converges. Therefore, by the Levi theorem (Theorem 10.25), the series
Ex 1 9k converges almost everywhere on R'. In other words, there is a subset
T of R' of 1-measure 0 such that the series

- 00

E u(Xk)XYk(y) converges for all y in R' - T. (7)
k=1



Th. 15.6 Fubini's Reduction Theorem for Double Integrals 413

Take a point y in R' - T, keep y fixed and consider the set Sy. We will prove that
Sy has 1-measure zero.

We can assume that Sy is nonempty; otherwise the result is trivial. Let

A(y)= {Xk:yEYk, k= 1,2,...}.
Then A(y) is a countable collection of one-dimensional intervals which we relabel
as {J1, J2, ... }. The sum of the lengths of all the intervals Jk converges because of
(7). If x e Sy, then (x, y) E S so (x, y) E Ik = Xk x Yk for infinitely many k, and
hence x e J. for infinitely many k. By the one-dimensional version of Theorem
15.3 it follows that Sy has 1-measure zero. This shows that Sy has 1-measure zero
for almost all y in R', and a similar argument proves that S" has 1-measure zero
for almost all x in R'.

15.7 FUBINI'S REDUCTION THEOREM FOR DOUBLE INTEGRALS

Theorem 15.6. Assume f is Lebesgue-integrable on R2. Then we have:

a) There is a set T of 1-measure 0 such that the Lebesgue integral !RI f(x, y) dx
exsits for ally in R' - T.

b) The function G defined on R1 by the equation

f
G(Y)

f(x, y) dx ifyER' - T,- RI

0 ifyET,
is Lebesgue-integrable on R'.

c) f f = f G(y) dy. That is,
RJ

R1

ff f(x, y) d(x, y) = SRI
[fRI

f(x, y) dxl dy.
RZ J

NOTE. There is a corresponding result which concludes that

y) dy] dx.J f(x, y) d(x, Y)
= SRI [SRI' JJ

Proof We have already proved the theorem for step functions. We prove it next
for upper functions. If f e U(R2) there is an increasing sequence of step functions

such that s (x, y) - f(x, y) for all (x, y) in R2 - S, where S is a set of 2-
measure 0; also,

li
m

f y) d(x, y) = Jf f(x, y) d(x, y).
R_ 00

RZ
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Now (x, y) a R2 - S if, and only if, x E R' - Sy. Hence

sn(x, y) -+ f(x, y) if x c- R' - Sy. (8)

Let tn(y) = $RI sn(x, y) dx. This integral exists for each real y and is an integrable
function of y. Moreover, by Theorem 15.2 we have

fRl
tn(Y) dy = JR` 1JRI Sn(x, y) dx] dy = Sf s .(x, y) d(x, y) ff fJ

R2

Since the sequence {tn} is increasing, the last inequality shows that limn- J R. tn(y) dy
exists. Therefore, by the Levi theorem (Theorem 10.24) there is a function t in
L(R') such that t -+ t almost everywhere on R'. In other words, there is a set
T1 of 1-measure 0 such that tn(y) --> t(y) if yf e R' - T1. Moreover,

t(y) dy = lim tn(y) dy.
JR1 n-+CO Rll

Again, since {tn} is increasing, we have

tn(Y) = J ;(x, y) dx <_ t(y) if y e R' - T1.
lR

Applying the Levi theorem to {sn} we find that if y E R' - T1 there is a function
g in L(R') such that sn(x, y) -+ g(x, y) for x in R1 - A, where A is a set of 1-
measure 0. (The set A depends on y.) Comparing this with (8) we see that if
y e R1 - T1 then

g(x, y) = f(x, y) if x e R' - (A u Sy). (9)

But A has 1-measure 0 and Sy has 1-measure 0 for almost all y, say for all y in
R' - T2, where T2 has 1-measure 0. Let T = T1 u T2. Then T has 1-measure 0.
If y e R1 - T, the set A v Sy has 1-measure 0 and (9) holds. Since the integral
SRI g(x, y) dx exists if y E R1 - T it follows that the integral $R, f(x, y) dx also
exists if y E R' - T. This proves (a). Also, if y E R' - T we have

Sal
f(x, y) dx = fR g (x, y) dx = lim sn(x, y) dx = t(y). (10)

1
n-ao J al

Since t e L(R'), this proves (b). Finally, we have

f t(y) d y= f lim tn(y) d y= lim f tn(y) d y
n1 RI n- oo n-+ao JRI

= lim f [JR. sn(x, y) dxl d y = lim f sn(x, y) d(x, y)
R= J n~0D ,J

R

j'j'f(x, y) d(x, y).

R2
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Comparing this with (10) we obtain (c). This proves Fubini's theorem for upper
functions.

To prove it for Lebesgue-integrable functions we write f = u - v, where
u e L(R2) and v e L(R2) and we obtain

U=U
u -

J v = $ [f.1
u(x,

y) dx] dy - 5 [JRI v(x, y) dx] dY
R

= SRI [fRi
{u(x, y) - v(x, y)) dx] dy = fR` r fR` f(x, y) dx] dy.

As an immediate corollary of Theorem 15.6 and the two-dimensional analog
of Theorem 10.11 we obtain :

Theorem 15.7. Assume that f is defined and bounded on a compact rectangle
I = [a, b] x [c, d], and that f is continuous almost everywhere on I. Then f E L(I)
and we have

fJ J
f (x, y) d(x, y) = fd [fa"' y) dx I dy =

fb [$df(xy)
dy] dx.

J J

NOTE. The one-dimensional integral f a f(x, y) dx exists for almost all y in [c, d]
as a Lebesgue integral. It need not exist as a Riemann integral. A similar remark
applies to the integral f' f(x, y) dy. In the Riemann theory, the inner integrals
in the reduction formula must be replaced by upper or lower integrals. (See
Theorem 14.6, part (v).)

There is, of course, an extension of Fubini's theorem to higher-dimensional
integrals. If f is Lebesgue-integrable on R"'+k the analog of Theorem 15.6
concludes that

y) dx] dy = f [SRk f(x; y) dyl dx.
Rm+kf = IRk [i"1m f(x;

Here we have written a point in Rm .k as (x; y), where x e R' and y e W. This
can be proved by an extension of the method used to prove the two-dimensional
case, but we shall omit the details.

15.8 THE TONELLI-HOBSON TEST FOR INTEGRABILITY

Which functions are Lebesgue-integrable on R2? The next theorem gives a useful
sufficient condition for integrability. Its proof makes use of Fubini's theorem.

Theorem 15.8. Assume that f is measurable on R2 and assume that at least one of
the two iterated integrals

SRI [5
RI lf(x, Y)l dx] dy or

J'Ri [SRI Jf(x, Y)I
dy] dx,
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exists. Then we have:

Th. 15.8

a) f e L(R2).

y) dxJ
dy _ SRI [SRI f(x, y)

dy] dx.b) ff f = L [SRI f(x,
RZ

J

Proof. Part (b) follows from part (a) because of Fubini's theorem. We will also
use Fubini's theorem to prove part (a). Assume that the iterated integral
JR. [fRI If(x, y)I dx] dy exists. Let {sn} denote the increasing sequence of nonneg-
ative step functions defined as follows:

sn(x, y) _ n if IxJ < n and I yI <_ n,

0 otherwise.

Let fn(x, y) = min {sn(x, y), I f(x, y)I }. Both s and If I are measurable so fn is
measurable. Also, we have 0 < ,(x, y) < sn(x, y), so fn is dominated by a
Lebesgue-integrable function. Therefore, fn e L(R2). Hence we can apply Fubini's
theorem to fn along with the inequality 0 < fn(x, y) _< I f(x, y)I to obtain

y) dx] dy
` f [S I f(x, y)I dxl dy.J'ffn = SRI [SRl'

J
RZ

Since { fn} is increasing, this shows that the limit limn $.1R2 fn exists. By the Levi
theorem (the two-dimensional analog of Theorem 10.24), { fn} converges almost
everywhere on R2 to a limit function in L(R2). But fn(x, y) -+ I f(x, y)I as n -+ oo,
so if I e L(R2). Since f is measurable, it follows that f e L(R2). This proves (a).
The proof is similar if the other iterated integral exists.

15.9 COORDINATE TRANSFORMATIONS

One of the most important results in the theory of multiple integration is the
formula for making a change of variables. This is an extension of the formula

f g(d) f(x) dx = J df[g(t)]g'(t) dt,
g(c)

which was proved in Theorem 7.36 for Riemann integrals under the assumption
that g has a continuous derivative g' on an interval T = [c, d] and that f is
continuous on the image g(T).

Consider the special case in which g' is never zero (hence of constant sign) on
T. If g' is positive on T, then g is increasing, so g(c) < g(d), g(T) = [g(c), g(d)],
and the above formula can be written as follows:

[g(t)]g'(t) dt.f f(x) dx =
fT

f
9(T)
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On the other hand, if g' is negative on T, then g(T) = [g(d), g(c)] and the above
formula becomes

(t)]g'(t) dt.f f(x) dx = - fT f[g
9(T)

Both cases are included, therefore, in the single formula

J f(x) dx = f
T

Ig'(t)I dt. (11)
g(T) T

Equation (11) is also valid when c > d, and it is in this form that the result will be
generalized to multiple integrals. The function g which transforms the variables
must be replaced by a vector-valued function called a coordinate transformation
which is defined as follows.

Definition 15.9. Let T be an open subset of W. A vector-valued function g : T --> R"
is called a coordinate transformation on T if it has the following three properties:

a) g e C' on T.
b) g is one-to-one on T.

c) The Jacobian determinant Jg(t) = det Dg(t) : 0 for all t in T.

NOTE. A coordinate transformation is sometimes called a diffeomorphism.

Property (a) states that g is continuously differentiable on T. From Theorem
13.4 we know that a continuously differentiable function is locally one-to-one
near each point where its Jacobian determinant does not vanish. Property (b)
assumes that g is globally one-to-one on T. This guarantees the existence of a
global inverse g-1 which is defined and one-to-one on the image g(T). Properties
(a) and (c) together imply that g is an open mapping (by Theorem 13.5). Also, g-1
is continuously differentiable on g(T) (by Theorem 13.6).

Further properties of coordinate transformations will be deduced from the
following multiplicative property of Jacobian determinants.

Theorem 15.10 (Multiplication theorem for Jacobian determinants). Assume that g
is differentiable on an open set T in R" and that h is differentiable on the image g(T).
Then the composition k = h o g is differentiable on T, and for every t in T we have

Jk(t) = Je[g(t)]J,(t) (12)

Proof. The chain rule (Theorem 12.7) tells us that the composition k is differen-
tiable on T, and the matrix form of the chain rule tells us that the corresponding
Jacobian matrices are related as follows :

Dk(t) = Dh[g(t)]Dg(t). (13)

From the theory of determinants we know that det (AB) = det A det B, so (13)
implies (12).
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This theorem shows that if g is a coordinate transformation on T and if h is a
coordinate transformation on g(T), then the composition k is a coordinate trans-
formation on T. Also, if h = g-1, then

k(t) = t for all tin T, and Jk(t) = 1,

so Jh[g(t)]J1(t) = 1 and g-1 is a coordinate transformation on g(T).
A coordinate transformation g and its inverse g-1 set up a one-to-one corre-

spondence between the open subsets of T and the open subsets of g(T), and also
between the compact subsets of T and the compact subsets of g(T). The following
examples are commonly used coordinate transformations.

Example 1. Polar coordinates in R2. In this case we take

T = {(t1, t2) : t1 > 0, 0 < t2 < 27r},

and we let g = (g1, g2) be the function defined on T as follows:

g1(t) = t1 cos t2, g2(t) = t1 sin t2.

It is customary to denote the components of t by (r, 0) rather than (t1, t2). The co-
ordinate transformation g maps each point (r, 0) in T onto the point (x, y) in g(T) given
by the familiar formulas

x = r cos 0, y = r sin 0.

The image g(T) is the set R2 - {(x, 0) : x >- 0}, and the Jacobian determinant is

j5(t) = cos 0 sin 0 _ r
I- r sin o r cos B

Example 2. Cylindrical coordinates in R3. Here we write t = (r, 0, z) and we take

T = {(r, o, z) : r > 0, 0 < 0 < 2n, - oo < z < + oo }.

The coordinate transformation g maps each point (r, o, z) in T onto the point (x, y, z)
in g(T) given by the equations

x = r cos o, y = r sin 0, z = Z.

T (x, Y,
Z)

I

r

Figure 15.3

x
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The image g(T) is the set R3 - {(x, 0, 0) : x >- 0}, and the Jacobian determinant is
given by

cos 0 sin 0 0

- r sin 0 r cos 0 0
0 0 1

= r.

The geometric significance of r, 0, and z is shown in Fig. 15.3.

Example 3. Spherical coordinates in R3. In this case. we write t = (p, 0, gyp) and we take

T= {(p,0,rp):p>0, 0<0<2,r, 0< 9P <n}.

The coordinate transformation g maps each point (p, 0, (p) in T onto the point (x, y, z)
in g(T) given by the equations

x = p cos 0 sin ip, y = p sin 0 sin ip, z = p cos rp.

The image g(T) is the set R3 - [{(x, 0, 0) : x -> 0) u {(0, 0, z) : z e R}), and the
Jacobian determinant is

cos 0 sin (p sin 0 sin q cos
- p sin 0 sin ip p cos 0 sin rp 0
p cos 0 cos ip p sin 0 cos ip - p sin ip

= - p2 sin (p.

The geometric significance of p, 0, and (p is shown in Fig. 15.4.

P .4 (x,y,Z)

P COs q

y Figure 15.4

Psinq
x

Example 4. Linear transformations in R. Let g : R" - R", be a linear transformation
represented by a matrix (a1J) = m(g), so that

" n

g(t) aljtj,... , aits
J=1

Then g = (gi, ... , g") where gi(t) _ 1 a1Jt1, and the Jacobian matrix is

Dg(t) = (DJgi(t)) = (ai,).
Thus the Jacobian determinant J,(t) isconstant, and equals det (a, j), the determinant of
the matrix (ai J). We also call this the determinant of g and we write

det g = det (at J).
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A linear transformation g which is one-to-one on R" is called nonsingular.
We shall use the following elementary facts concerning nonsingular transforma-
tions from R" to R". (Proofs can be found in any text on linear algebra; see also

Reference 14.1.)
A linear transformation g is nonsingular if, and only if, its matrix A = m(g)

has an inverse A` such that AA-1 = I, where I is the identity matrix (the matrix
of the identity transformation), in which case A is also called nonsingular. An

n x n matrix A is nonsingular if, and only if, det A : 0. Thus, a linear function
g is a coordinate transformation if, and only if, det g # 0.

Every nonsingular g can be expressed as a composition of three special types
of nonsingular transformations called elementary transformations, which we refer
to as types a, b, and c. They are defined as follows :

Type a: ga(t1, ... , tk, ... , t") _ (t1, ... , ttk, ... , t"), where A.: 0. In other
words, ga multiplies one component of t by a nonzero scalar )L. In particular, ga
maps the unit coordinate vectors as follows :

ga(Uk) = ).Uk for some k, ga(ui) = u, for all i # k.

The matrix of ga can be obtained by multiplying the entries in the kth row of the
identity matrix by A. Also, det ga = A.

Type b: gb(ti, ... , tk, ... , t") = (t1, ... , tk + t1, ... , t"), where j # k. Thus,
gb replaces one component of t by itself plus another. In particular, gb maps the
coordinate vectors as follows:

gb(uk) = Uk + uj for some fixed k and j, k # j,

gb(ui) = ui for all i # k.

The matrix gb can be obtained from the identity matrix by replacing the kth row
of I by the kth row of I plus the jth row of I. Also, det gb = 1.

Type c: ge(d, ... , ti, ... , ti, ... , tn) = (t 1, ... , t;) ... , ti, ... , te), where i # j.
That is, gc interchanges the ith and jth components of t for some i and j with

i # j. In particular, g(ui) = u1, g(u;) = ui, and g(uk) = uk for all k # i, k j.
The matrix of g, is the identity matrix with the ith and jth rows interchanged. In
this case det gc = - 1.

The inverse of an elementary transformation is another of the same type. The
matrix of an elementary transformation is called an elementary matrix. Every
nonsingular matrix A can be transformed to the identity matrix I by multiplying
A on the left by a succession of elementary matrices. (This is the familiar Gauss-
Jordan process of linear algebra.) Thus,

I= T1T2...T,A,

where each Tk is an elementary matrix, Hence,

A = V 1 ... TZ 1 T1 1.
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If A = m(g), this gives a corresponding factorization of g as a composition of
elementary transformations.

15.10 THE TRANSFORMATION FORMULA FOR MULTIPLE INTEGRALS

The rest of this chapter is devoted to a proof of the following transformation
formula for multiple integrals.

Theorem 15.11. Let T be an open subset of R" and let g be a coordinate transfor-
mation on T. Let f be a real-valued function defined on the image g(T) and assume
that the Lebesgue integral cg(T)f(x) dx exists. Then the Lebesgue integral
1T f [g(t)] IJg(t)I dt also exists and we have

f f(x) dx = r f[g(t)] IJJ(t)I d t. (14)
g(T) T

The proof of Theorem 15.11 is divided into three parts. Part 1 shows that the
formula holds for every linear coordinate transformation a. As a corollary we
obtain the relation

p[a(A)] = Idet al µ(A),

for every subset A of R" with finite Lebesgue measure. In part 2 we consider a
general coordinate transformation g and show that (14) holds when f is the
characteristic function of a compact cube. This gives us

µ(K) = IJg(t)I dt, (15)
s '(K)

for every compact cube K in g(T). This is the lengthiest part of the proof. In part
3 we use Equation (15) to deduce (14) in its general form.

15.11 PROOF OF THE TRANSFORMATION FORMULA FOR LINEAR
COORDINATE TRANSFORMATIONS

Theorem 15.12. Let a : R" -+ R" be a linear coordinate transformation. If the
Lebesgue integral fR" f(x) dx exists, then the Lebesgue integral f R"f[a(t)] IJJ(t)I dt
also exists, and the two integrals are equal.

Proof. First we note that if the theorem is true for a and ft, then it is also true for
the composition y = a o ft because

f f(x) dx = $Rflf1111 IJ(t)I dt = fa.f(a[fl(t)]) J[/S(t)]I J,(t)I
"

_ .f'[y(t)] IJY(t)I dt,R"

since J7(t) = Jj[ft(t)] JJ(t).
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Therefore, since every nonsingular linear transformation a is a composition
of elementary transformations, it suffices to prove the theorem for every elemen-
tary transformation. It also suffices to assume f >- 0.

Suppose a is of type a. For simplicity, assume that a multiplies the last
component of t by a nonzero scalar A, say

a(tl, ... , t") = (t1, . . . , to-1, At").

Then IJJ(t)I = (det al = 1).J. We apply Fubini's theorem to write the integral off
over R" as the iteration of an (n - 1)-dimensional integral over R"-1 and a one-
dimensional integral over R1. For the integral over R1 we use Theorem 10.17(b)
and (c), and we obtain

, ... , x") dx" dx1 ... dx"-1f fdx
= J

[Jf(xi

fR.1
[lei Jf(xi.

$Rn_1
[Jf[x(t)I IJ.(t)l dtn] dt1 ... dt"-1

jf[(t)] IJ.(t)l dt,
"

1

where in the last step we use the Tonelli-Hobson theorem. This proves the theorem
if a is of type a. If a is of type b, the proof is similar except that we use Theorem
10.17(a) in the one-dimensional integral. In this case IJJ(t)I = 1. Finally, if a is
of type c we simply use Fubini's theorem to interchange the order of integration
over the ith and jth coordinates. Again, IJ.(t)l = 1 in this case.

As an immediate corollary we have:

Theorem 15.13. If a : R" -+ R" is a linear coordinate transformation and if A is
any subset of R" such that the Lebesgue integral f(x) dx exists, then the
Lebesgue integral JA f [a(t)] IJ.(t)l dt also exists, and the two are equal.

Proof. Let J(x) = f(x) if x e a(A), and let J(x) = 0 otherwise. Then

LA)
f(x) dx = SRn .fi(x) dx = $Rfl f[a(t)] IJJ(t)I dt = IA f[a(t)] IJ.(t)I dt.

s a corollary of Theorem 15.13 we have the following relation between theA
measure of A_and the measure of a(A).
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Theorem 15.14. Let a : R" -+ R" be a linear coordinate transformation. If A is a
subset of R" with finite Lebesgue measure µ(A), then a(A) also has finite Lebesgue
measure and

p[a(A)] = Idet al p(A). (16)

Proof. Write A = a-1(B), where B = a(A). Since a-1 is also a coordinate
transformation, we find

µ(A) = f
A

= dx =
J

Idet a-' I d t= Idet a-' I p(B).
A JB

This proves (16) since B = a(A) and det (a-1) = (det a)-1.

Theorem 15.15. If A is a compact Jordan-measurable subset of R", then for any
linear coordinate transformation a : R" -+ R" the image a(A) is a compact Jordan-
measurable set and its content is given by

c[a(A)] = Idet al c(A).

Proof. The set a(A) is compact because a is continuous on A. To prove the
theorem we argue as in the proof of Theorem 15.14. In this case, however, all the
integrals exist both as Lebesgue integrals and as Riemann integrals.

15.12 PROOF OF THE TRANSFORMATION FORMULA FOR THE
CHARACTERISTIC FUNCTION OF A COMPACT CUBE

This section contains part 2 of the proof of Theorem 15.11. Throughout the
section we assume that g is a coordinate transformation on an open set T in R.
Our purpose is to prove that

u(K) = l J.(T)l d t,
ft-I(K)

for every compact cube K in T. The auxiliary results needed to prove this formula
are labelled as lemmas.

To help simplify the details, we introduce some convenient notation. Instead
of the usual Euclidean metric for R" we shall use the metric d given by

d(x, y) = max Ixi - yii.Isis"

This metric was introduced in Example 9, Section 3.13. In this section only we
shall write Ilx - yll for d(x, y).

With this metric, a ball B(a; r) with center a and radius r is an n-dimensional
cube with center a and edge-length 2r; that is, B(a; r) is the cartesian product of
n one-dimensional intervals, each of length 2r. The measure of such a cube is
(2r)", the product of the edge-lengths.
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If a : R" -+ R" is a linear transformation represented by a matrix (ai j), so that
n n

11a(X) = (a,jxj, ... , E a"jxj),
j=1 j=1

then

II a(x) ll = max
15i<n

We also define

aijxjl IIXII max E laijl.
j=1 15i5nj=1 (17)

n

Il ll = max E laijl. (18)
1<_i<_n j=1

This defines a metric Ila - P11 on the space of all linear transformations from
R" to R". The first lemma gives some properties of this metric.

Lemma 1. Let a and J denote linear transformations from R" to R". Then we have:

a) Ilall = Ila(x)II for some x with 11x11 = 1.

b) 11a(x)11 <- hall Ilx11 for all x in R".

c) 11a ° P11 <- hall IIill.

d) IIIII = 1, where I is the identity transformation.

Proof. Suppose that max, s i5n E;=1 Iaijl is attained for i = p. Take xp = 1 if
apj>-- 0,xp= -1 ifapj <0,andxj =0ifj p. Then 11x11 = I and 11211 =
Ila(x)ll, which proves (a).

Part (b) follows at once from (17) and (18). To prove (c) we use (b) to write

11((Z° P)(x)ll = Ila(P(x))II < II«II IIP(x)II < Ilall IIPII Ilxll

Taking x with Ilxll = 1 so that 11(a ° P)(x)ll = Ila ° P11, we obtain (c).
Finally, if I is the identity transformation, then each sum E1=1 IaijI = 1 in

(18)so11111=1.

The coordinate transformation g is differentiable on T, so for each t in T the
total derivative g'(t) is a linear transformation from R" to R" represented by the
Jacobian matrix Dg(t) = (Djgi(t)). Therefore, taking a = g'(t) in (18), we find

n

Ilg'(t)II = max E IDjgi(t)I
1<i5n j=1

We note that llg'(t)II is a continuous function of t since all the partial derivatives
Djgi are continuous on T.

If Q is a compact subset of T, each function Djgi is bounded on Q; hence
llg'(t)II is also bounded on Q, and we define

teQ tGQ 15i_n j=1
' g(Q) = sup Ilg'(t)II = sup { max IDjgi(t)I} (19)
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The next lemma states that the image g(Q) of a cube Q of edge-length 2r lies
in another cube of edge-length 2r t g(Q).

Lemma 2. Let Q = {x : 1l x - all < r} be a compact cube of edge-length 2r
lying in T. Then for each x in Q we have

Ilg(x) - g(a)ll < r),g(Q)

Therefore g(Q) lies in a cube of edge-length 2r).g(Q).

Proof. By the Mean-Value theorem for real-valued functions we have

g.(x) - g1(a) = Og,(z,) - (x - a) _ D;g1(zj)(x - a;),
j=1

(20)

where z1 lies on the line segment joining x and a. Therefore

n

lg1(x) - g.(a)l < ID;g1(zi)l lxi - a,l <- Ilx - all E lD,g1(z1)I :5 rl.(Q),
i=1 i=1

and this implies (20).

NOTE. Inequality (20) shows that g(Q) lies inside a cube of content

(2r),g(Q))" = {1g(Q)}"c(Q)

Lemma 3. If A is any compact Jordan-measurable subset of T, then g(A) is a com-
pact Jordan-measurable subset of g(T).

Proof. The compactness of g(A) follows from the continuity of g. Since A is
Jordan-measurable, its boundary OA has content zero. Also, 8(g(A)) = g(8A),
since g is one-to-one and continuous. Therefore, to complete the proof, it suffices
to show that g(8A) has content zero.

Given e > 0, there is a finite number of open intervals A1, ... , Am lying in
T, the sum of whose measures is < e, such that 8A S U"'1 A;. By Theorem 15.1,
this union can also be expressed as a union U(e) of a countable disjoint collection
of cubes, the sum of whose measures is < e. If e < 1 we can assume that each
cube in U(e) is contained in U(1). (If not, intersect the cubes in U(e) with U(l) and
apply Theorem 15.1 again.) Since 8A is compact, a finite subcollection of the cubes
in U(e) covers 8A, say Q1, ... , Qk. By Lemma 2, the image g(Q1) lies in a cube of
measure {).g(Q;)}"c(Q;). Let J. = ).g(U(1)). Then ),g(Q;) < A since Q; c U(1).
Thus g(8A) is covered by a finite number of cubes, the sum of whose measures
does not exceed A" Y_k=, c(Q,) < ei". Since this holds for every e < 1, it follows
that g(8A) has Jordan content 0, so g(A) is Jordan-measurable.

The next lemma relates the content of a cube Q with that of its image g(Q).
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Lemma 4. Let Q be a compact cube in T and let h = a o g, where a : R" - R" is
any nonsingular linear transformation. Then

c[g(Q)] < Idet al -1
{Ah(Q)}"c(Q) (21)

Proof. From Lemma 2 we have c[g(Q)] < { .(Q)}"c(Q). Applying this inequality
to the coordinate transformation h, we find

c[h(Q)] < {Ah(Q)}"c(Q)

But by Theorem 15.15 we have c[h(Q)] = c[a(g(Q))] = Idet al c[g(Q)], so

c[g(Q)] = Idet al -1 c[h(Q)] < Idet al -1 {Ae(Q)}"c(Q)

Lemma 5. Let Q be a compact cube in T. Then for every e > 0, there is a b > 0
such that ifteQand aeQwe have

11g'(a)-1 o g'(t) 11 < 1 + e whenever lit - all < 6. (22)

Proof. The function Ilg'(t)-111 is continuous and hence bounded on Q, say
Ilg'(t)-1il < M for all tin Q where M > 0. By the continuity of Ilg'(t)ll, there is
a & > 0 such that

II g'(t) - g'(a) ll < M whenever lit - all < 5.

If I denotes the identity transformation, then

g'(a)-1 o g'(t) - I(t) = g'(a)-1 o {g'(t) - g'(a)},

so if lit - all < S we have

I191(a)-1 o g'(t) - I(t)II < Ilg'(a)-' II Ilg'(t) - g'(a)ll < M M = a.

The triangle inequality gives us Ilall IIPII + Ila - P11. Taking

a = g'(a)-1 o g'(t) and

we obtain (22).

Lemma 6. Let Q be a compact cube in T. Then we have

z(t)I dt.c[g(Q)] < fo I

Proof. The integral on the right exists as a Riemann integral because the inte-
grand is continuous and bounded on Q. Therefore, given s > 0, there is a partition
PP of Q such that for every Riemann sum S(P, IJ,I) with P finer than Pe we have

IS(P,
J

dt
Q

< a.

Take such a partition P into a finite number of cubes Q1, ... , Q,", each of which
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has edge-length <S, where S is the number (depending on s) given by Lemma 5.
Let ai denote the center of Qi and apply Lemma 4 to Qi with a = g'(ai)-' to
obtain the inequality

c[g(Qi)] 5 Idet gr(ai)l {Ah(Qi)}" c(Qi), (23)

where h = a o g. By the chain rule we have h'(t) = a'(x) o g'(t), where x = g(t).
But a'(x) = a since a is a linear function, so

hi(t) = a o g'(t) = g'(ai)-1 o g'(t).

But by Lemma 5 we have IIh'(t)ll < 1 + s if t e Qi, so

/tb(Q1) = sup 11b'(011 <_ 1 + S.
teQ;

Thus (23) gives us

c[g(Qi)] <_ Idet g'(ai)1 (1 + s)" c(Q).

Summing over all i, we find
m

c[g(Q)] < (1 + e)" E Idet g'(ai)I c(Q).
i=1

Since det g'(ai) = Jg(a), the sum on the right is a Riemann sum S(P, IJg1 ), and
since S(P, IJgi) < fe IJg(t)I dt + e, we find

c[g(Q)] < (1 + e)" JQ IJ,(t)I dt + sl

But a is arbitrary, so this implies c[g(Q)] < fe IJ,(t)I dt.

Lemma 7. Let K be a compact cube in g(T). Then

µ(K) < IJg(t)I dt. (24)
g-'(K)

Proof. ' The integral exists as a Riemann integral because the integrand is con-
tinuous on the compact set g-1(K). Also, by Lemma 3, the integral over g-'(K)
is equal to that over the interior of g- '(K). By Theorem 15.1 we can write

OD

int g-1(K) = U Ai,
i=1

where {A1i A2, ... } is a countable disjoint collection of cubes whose closure lies
in the interior of g-'(K). Thus, int g- 1(K) = UJ' 1 Qi where each Qi is the
closure of A i. Since the integral in (24) is also a Lebesgue integral, we can use
countable additivity along with Lemma 6 to write

00

IJ (t)I dt =r ('
IJ (t)I dtt LI J g P[g(Qt)] = ul U g(Qi) I = u(K)

g-1(K) i=1 Qi i=1 i=1 JJJ
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Lemma 8. Let K be a compact cube in g(T). Then for any nonnegative upper
function f which is bounded on K, the integral 1. (K) f[g(t)] IJ1(t)I dt exists, and
we have the inequality

f f(x) dx < f f [g(t)] IJg(t)I dt. (25)
K g (K)

Proof. Let s be any nonnegative step function on K. Then there is a partition of
K into a finite number of cubes K1, ... , K, such that s is constant on the interior
of each Ki, say s(x) = ai >_ 0 if x e int Ki. Apply (24) to each cube Ki, multiply
by ai and add, to obtain

f s(x) dx < f s[g(t)] IJg(t)I dt.
K g '(K)

(26)

Now let {sk} be an increasing sequence of nonnegative step functions which
converges almost everywhere on K to the upper function f. Then (26) holds for
each sk, and we let k -+ oo to obtain (25). The existence of the integral on the
right follows from the Lebesgue bounded convergence theorem since both
f [g(t)] and IJg(t)I are bounded on the compact set g-(K).

Theorem 15.16. Let K be a compact cube in g(T). Then we have

µ(K) = IJg(t)I dt.
g-'(K)

Proof. In view of Lemma 7, it suffices to prove the inequality

IJg(t)I dt < µ(K)

As in the proof of Lemma 7, we write

(27)

(28)

int g-1(K) = U Ai = U Qi'
i=1 i=1

where {A 1, A2, ... } is a countable, disjoint collection of cubes and Qi is the closure
of A i. Then

f IJg(t)) dt = f IJg(t)I dt. (29)
Jg '(K) '-1 Qi

Now we apply Lemma 8 to each integral f., IJg(t)I dt, taking f = IJgi and using
the coordinate transformation h = g-1. This gives us the inequality

J IJg(t)I dt <
JS(Qi)

IJg[h(u)]I IJh(u)) du =
J

du = µ[g(Qi)],
QI g(Q,)

which, when used in (29) gives (28).
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15.13 COMPLETION OF THE PROOF OF THE TRANSFORMATION
FORMULA
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Now it is relatively easy to complete the proof of the formula

f [g(t)] IJg(t)I dt, (30)f f(x) dx =
fTg(T)

under the conditions stated in Theorem 15.11. That is, we assume that T is an
open subset of R", that g is a coordinate transformation on T, and that the integral
on the left of (30) exists. We are to prove that the integral on the right also exists
and that the two are equal. This will be deduced from the special case in which the
integral on the left is extended over a cube K.

Theorem 15.17. Let K be a compact cube in g(T) and assume the Lebesgue integral
$K f(x) dx exists. Then the Lebesgue integral $g -,(K) f [g(t)] IJg(t)I dt also exists,
and the two are equal.

Proof. It suffices to prove the theorem when f is an upper function on K. Then
there is an increasing sequence of step functions {sk} such that sk -> f almost
everywhere on K. By Theorem 15.16 we have

fK
Sk(x) dx =

ft-
sk[g(t)] IJg(t)) dt,

'(K)

for each step function sk. When k --, oo, we have f K sk(x) dx -+ f K f(x) dx. Now
let

fk(t) _ to IJg(t)) if t e g-'(K),
0 if teR" - g-'(K).

Then

I fk(t) d t =
J

Sk[g(t)] )Jg(t)I d t= J Sk(x) dx,
R" g (K) K

so

lim f fk(t) d t = lim f sk(x) dx = f f(x) dx.
k cc R" k-ao JK JK

By the Levi theorem (the analog of Theorem 10.24), the sequence { fk} converges
almost everywhere on R" to a function in L(R"). Since we have

I'M fk(t) =
to

f[g(t)] IJg(t)I if t e g- '(K),
k-ao if t o R" - g-'(K),

almost everywhere on R", it follows that the integral f g-1(K) f [g(t)] )Jg(t)I dt exists
and equals 1K f(x) A. This completes the proof of Theorem 15.17.
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Proof of Theorem 15.11. Now assume that the integral 1 S(T) f(x) dx exists. Since
g(T) is open, we can write

g(T) = U A;,
=1

where {A1, A2, ... } is a countable disjoint collection of cubes whose closure lies
in g(T). Let K; denote the closure of A;. Using countable additivity and Theorem
15.17 we have

f f(x) dx = f ` f(x) dx
(T) i-1 K

00 J .f [g(t)] IJs(t)I dt
i= 1 8 I(R[)

= ff[(t)] IJ5(t)I d t.

EXERCISES

15.1 If f e L(T), where T is the triangular region in R2 with vertices at (0, 0), (1, 0),
and (0, 1), prove that

f(x, y) d(x, y) =
1 sf rI f(x, y) dy I dx =

1 1I I I f(x, y) dx I dy.f
r

JT o o .J 0 L .J

15.2 For fixed c, 0 < c < 1, define f on R2 as follows:

f(x, y) =
{(1 - y)c/(x - y)` if 0 < y < x, 0 < x < 1,
0 otherwise.

Prove that f e L(R2) and calculate the double integral f12 f(x, y) d(x, y).

15.3 Let S be a measurable subset of R2 with finite measure u(S). Using the notation of
Definition 15.4, prove that

AS) =
J

p(SX) dx =
J

u(S,) dy.
00

15.4 Let f (x, y) = e-x' sin x sin y if x >- 0, y > 0, and let f (x, y) = 0 otherwise.
Prove that both iterated integrals

f [f11, y) dx] dy and f [Jaf(x, y) dy] dx

exist and are equal, but that the double integral off over R2 does not exist. Also, explain
why this does not contradict the Tonelli-Hobson test (Theorem 15.8).
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15.5 Let f(x, y) = (x2 - y2)/(x2 + y2)2 for 0 < x < 1, 0 < y < 1, and let f(0, 0) _
0. Prove that both iterated integrals

fl
[fo R X, y) dy] dx and 101 [fe' f(x, y) dx] dY

exist but are not equal. This shows that f is not Lebesgue-integrable on [0, 1 ] x [0, 1 ].

15.6 Let I = [0, 1 ] x [0, 1 ], let f(x, y) = (x - y)/(x + y)3 if (x, y) a I, (x, y)
(0, 0), and let f(0, 0) = 0. Prove that f 0 L(I) by considering the iterated integrals

f(x, Y) dx] dy.
f

[f f(x, Y) dy] dx and ji Ifo'
15.7 Let I = [0, 11 x [1, + oo) and let f(x, y) = e-I - 2e_2xy if (x, y) a I. Prove

that f 0 L(I) by considering the iterated integrals

Jo I floo f(x, y)
dy] dx and

f i Ifo, f(x, y) dx] dy.

15.8 The following formulas for transforming double and triple integrals occur in ele-
mentary calculus. Obtain them as consequences of Theorem 15.11 and give restrictions
on T and T' for validity of these formulas.

a) fff(x, y) dx dy = fff(r cos 0, r sin 0)r dr dB.
T T'

b) ffff(x, y, z) dx dy dz = fffi(r cos 0, r sin 0, z)r dr dO dz.

T T'

c) ffff(x y, z) dx dy dz
T

= ffff(P cos 0 sin ip, p sin 0 sin gyp, p cos rp) p2 sin p dp d9 dip.

T'

15.9 a) Prove that fR2 e- 2+Y2) d(x, y) = x by transforming the integral to polar
coordinates.

b) Use part (a) to prove that f--. e_x2 dx =tin.
c) Use part (b) to prove that JR e- II it2 d(xl,... , x") = e2.
d) Use part (b) to calculate J°_° a-"`2 dx and f°_° x2 e-t"2 dx, t > 0.

15.10 Let V"(a) denote the n-measure of the n-ball B(0; a) of radius a. This exercise
outlines a proof of the formula

nn/tan
V"(a) = r(}n + 1)

a) Use a linear change of variable to prove that Vn(a) = a"V"(1).
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b) Assume n >- 3, express the integral for V"(1) as the iteration of an (n - 2)-fold
integral and a double integral, and use part (a) for an (n - 2)-ball to obtain the
formula

2" 1

V"(1) = V"-2(1) fo r f (1 - r2)"12-1r dr] dB = V"_2(1) 2n

o J J n

c) From the recursion formula in (b) deduce that
V"(1) nn/2

r(+n + 1)

15.11 Refer to Exercise 15.10 and prove that

f X2 d(x1,... , xn) = V"(1)

9(071) n + 2
for each k = 1, 2, ... , n.

15.12 Refer to Exercise 15.10 and express the integral for V"(1) as the iteration of an
(n - 1)-fold integral and a one-dimensional integral, to obtain the recursion formula

1

V"(1) = 2V"_1(1) r (1 - x2)(,,-1)12 dx.

0

Put x = cos tin the integral, and use the formula of Exercise 15.10 to deduce that

fo
/2

cos" t dt = 2
r(In + 1),J

15.13 If a > 0, let S"(a) = {(x1,. .. , x.): jxl i + - - - + Ix"i <- a}, and let V"(a) denote
the n-measure of S"(a). This exercise outlines a proof of the formula V"(a) = 21a"/n!.

a) Use a linear change of variable to prove that V"(a) = a"V"(1).

b) Assume n >- 2, express the integral for V"(1) as an iteration of a one-dimensional
integral and an (n - 1)-fold integral, use (a) to show that

('1
V"(1) = V"-1(1) i (1 - lxl)"-1 dx = 2V"-1(1)ln,

JJ 1

and deduce that V"(1) = 2"/n!.

15.14 If a > 0 and n >- 2, let S"(a) denote the following set in R":

S"(a) = {(x1, ... , x") : Ixti + Ix"i < a for each i = 1, ... , n - 1 }.

Let V"(a) denote the n-measure of S"(a). Use a method suggested by Exercise 15.13 to
prove that V"(a) = 2"a"/n.

15.15 Let Q"(a) denote the "first quadrant" of the n-ball B(0: a) given by

Q"(a) = {(xl,... , x") : jlxDD s a and 0 <- xi <- a for each i = 1, 2, ... , n}.

Let f(x) = x1... x" and prove that

f f(x) dx = a2"
J Qn(a)
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CHAPTER 16

CAUCHY'S THEOREM
AND THE

RESIDUE CALCULUS

16.1 ANALYTIC FUNCTIONS

The concept of derivative for functions of a complex variable was introduced in
Chapter 5 (Section 5.15). The most important functions in complex variable theory
are those which possess a continuous derivative at each point of an open set.
These are called analytic functions.

Definition 16.1. Let f = u + iv be a complex-valued function defined on an open
set S in the complex plane C. Then f is said to be analytic on S if the derivative f'
exists and is continuous* at every point of S.

NOTE. If T is an arbitrary subset of C (not necessarily open), the terminology
'!f is analytic on T" is used to mean that f is analytic on some open set containing
T. In particular, f is analytic at a point z if there is an open disk about z on which
f is analytic.

It is possible for a function to have a derivative at a point without being
analytic at the point. For example, if f(z) = Iz I2, then f has a derivative at 0 but
at no other point of C.

Examples of analytic functions were encountered in Chapter 5. If f(z) = z"
(where n is a positive integer), then f is analytic everywhere in C and its derivative
is f'(z) = nz"-1. When n is a negative integer, the equation f(z) = z" if z # 0
defines a function analytic everywhere except at 0. Polynomials are analytic
everywhere in C, and rational functions are analytic everywhere except at points
where the denominator vanishes. The exponential function, defined by the formula
e= = ?(cos y + i sin y), where z = x + iy, is analytic everywhere in C and is
equal to its derivative. The complex sine and cosine functions (being linear
combinations of exponentials) are also analytic everywhere in C.

Let f(z) = Log z if z # 0, where Log z denotes the principal logarithm of
z (see Definition 1.53). Then f is analytic everywhere in C except at those points
z = x + iy for which x S 0 and y = 0. At these points, the principal logarithm
fails to be continuous. Analyticity at the other points is easily shown by verifying

* It can be shown that the existence of f' on S automatically implies continuity of f' on
S (a fact di9overed by Goursat in 1900). Hence an analytic function can be defined as
one which merely possesses a derivative everywhere on S. However, we shall include
continuity off' as part of the definition of analyticity, since this allows some of the proofs
to run more smoothly.

434
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that the real and imaginary parts of f satisfy the Cauchy-Riemann equations
(Theorem 12.6).

We shall see later that analyticity at a point z puts severe restrictions on a
function. It implies the existence of all higher derivatives in a neighborhood ofz
and also guarantees the existence of a convergent power series which represents
the function in a neighborhood of z. This is in marked contrast to the behavior of
real-valued functions, where it is possible to have existence and continuity of the
first derivative without existence of the second derivative.

16.2 PATHS AND CURVES IN THE COMPLEX PLANE

Many fundamental properties of analytic functions are most easily deduced with
the help of integrals taken along curves in the complex plane. These are called
contour integrals (or complex line integrals) and they are discussed in the next
section. This section lists some terminology used for different types of curves,
such as those in Fig. 16.1.

1,-a w 0
are Jordan are closed curve Jordan curve

Figure 16.1

We recall that a path in the complex plane is a complex-valued function y,
continuous on a compact interval [a, b]. The image of [a, b] under y (the graph
of y) is said to be a curve described by y and it is said to join the points y(a)
and y(b).

If y(a) y(b), the curve is called an arc with endpoints y(a) and y(b).
If y is one-to-one on [a, b], the curve is called a simple arc or a Jordan arc.
If y(a) = y(b), the curve is called a closed curve. If y(a) = y(b) and if y is

one-to-one on the half-open interval [a, b), the curve is called a simple closed curve,
or a Jordan curve.

The path y is called rectifiable if it has finite arc length, as defined in Section
6.10. We recall that y is rectifiable if, and only if, y is of bounded variation on
[a, b]. (See Section 7.27 and Theorem 6.17.)

A path y is called piecewise smooth if it has a bounded derivative y' which is
continuous everywhere on [a, b] except (possibly) at a finite number of points.
At these exceptional points it is required that both right- and left-hand derivatives
exist. Every piecewise smooth path is rectifiable and its arc length is given by the
integral f; by'(t)I dt.

A piecewise smooth closed path will be called a circuit.
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Definition 16.2. If a e C and r > 0, the path y defined by the equation

y(0)=a+re'°, 0<0<27r,
is called a positively oriented circle with center at a and radius r.

NOTE. The geometric meaning of y(O) is shown in Fig. 16.2. As 0 varies from 0
to 2n, the point y(0) moves counterclockwise around the circle.

16.3 CONTOUR INTEGRALS

Contour integrals will be defined in terms of complex Riemann-Stieltjes integrals,
discussed in Section 7.27.

Definition 16.3. Let y be a path in the complex plane with domain [a, b], and let f
be a complex-valued function defined on the graph of y. The contour integral off
along y, denoted by J .Y f, is defined by the equation

f f = J f[y(t)] dy(t),
y a

whenever the Riemann-Stieltjes integral on the right exists.

NOTATION. We also write

J.

Y(b)

f(z) dz or fY(a) f(z) dz,
J

for the integral. The dummy symbol z can be replaced by any other convenient
symbol. For example, J, f(z) dz = 1, f(w) dw.

If y is rectifiable, then a sufficient condition for the existence of f y f is that f be
continuous on the graph of y (Theorem 7.27).

The effect of replacing y by an equivalent path (as defined in Section 6.12) is,
at worst, a change in sign. In fact, we have:

Theorem 16.4. Let y and 6 be equivalent paths describing the same curve IF. If
fy f exists, then f j f also exists. Moreover, we have
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if y and S trace out IF in the same direction, whereas

J.

437

if y and S trace out IF in opposite directions.

Proof. Suppose S(t) = y[u(t)] where u is strictly monotonic on [c, d]. From
the change-of-variable formula for Riemann-Stieltjes integrals (Theorem 7.7) we
have

fu(d)f[y(t)] dy(t) = J f[S(t)] d6(t) = fa
v(c)

If u is increasing then u(c) = a, u(d) = b and (1) becomes f }, f = f j f.

(1)

If u is decreasing then u(c) = b, u(d) = a and (1) becomes - Jy f = jj f.

The reader can easily verify the following additive properties of contour
integrals.

Theorem 16.5. Let y be a path with domain [a, b].

i) If the integrals f .,f and f
Y

g exist, then the integral fY (af + fig) exists for every
pair of complex numbers a, fi, and we have

f7

(af+fig) =a ff+ fi f
yv f,

ii) Let yl and y2 denote the restrictions of y to [a, c] and [c, b], respectively,
where a < c < b. If two of the three integrals in (2) exist, then the third also exists
and we have

1.
f+Yif (2)

In practice, most paths of integration are rectifiable. For such paths the
following theorem is often used to estimate the absolute value of a contour integral.

Theorem 16.6. Let y be a rectifiable path of length A(y). If the integral f
Y
f exists,

and if I f(z)l 5 M for all z on the graph of y, then we have the inequality

JYf
Proof. We simply observe that all Riemann-Stieltjes sums which occur in the
definition of f f [y(t)] dy(t) have absolute value not exceeding MA(y).

Contour integrals taken over piecewise smooth curves can be expressed as
Riemann integrals. The following theorem is an easy consequence of Theorem 7.8.

f= J f
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Theorem 16.7. Let y be a piecewise smooth path with domain [a, b]. If the contour
integral fY f exists, we have

J f = J bf[y(t)] y'(t) dt.
Y c

16.4 THE INTEGRAL ALONG A CIRCULAR PATH AS A FUNCTION OF
THE RADIUS

Consider a circular path y of radius r >: 0 and center a, given by

y(9)=a+ret°, 050<2ir.
In this section we study the integral 1. f as a function of the radius r.

Let 9(r) = JY f. Since y'(9) = ireiB, Theorem 16.7 gives us

pp(r) = fo
ZR

f(a + re`B)ire'B d9. (3)

As r varies over an interval [r1, r2], where 0 < r1 < r2, the points y(9) trace out
an annulus which we denote by A(a; r1, r2). (See Fig. 16.3.) Thus,

A(a; r1, r2) = {z: r1 5 lz - al < r2}.

If r1 = 0 the annulus is a closed disk of radius r2. If f is continuous on the annulus,
then (p is continuous on the interval [r1, r2]. If f is analytic on the annulus, then (P
is differentiable on [r1, r2]. The next theorem shows that ap is constant on [r1, r2]
if f is analytic everywhere on the annulus except possibly on a finite subset, pro-
vided that f is continuous on this subset.

Figure 16.3

Theorem 16.8. Assume f is analytic on the annulus A(a; r1, r2), except possibly at a
finite number of points. At these exceptional points assume that f is continuous.
Then the function (p defined by (3) is constant on the interval [r1, r2]. Moreover,
if r1 = 0 the constant is 0.

Proof. Let z1, ... , z denote the exceptional points where f fails to be analytic.
Label these points according to increasing distances from the center, say

Iz1-al SIz2-al
and let R. = Izk - al. Also, let R0 = r1, 1 = r2.
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The union of the intervals [Rk, Rk+l] fo r k = 0, 1 , 2, ... , n is the interval
[r1, r2]. We will show that qp is constant on each interval [Rk, Rk+l]. We write
(3) in the form

pp(r) =
f2x

g(r, B) dB, where g(r, 0) = f(a + re`BireiB.
o

An easy application of the chain rule shows that we have

09 = it a9
. (4)ae Or

(The reader should verify this formula.) Continuity off' implies continuity of the
partial derivatives aglar and ag/a9. Therefore, on each open interval (Rk, Rk+i),
we can calculate (p'(r) by differentiation under the integral sign (Theorem 7.40)
and then use (4) and the second fundamental theorem of calculus (Theorem 7.34)
to obtain

(p'(r) =
Jo

fn

or
d9

it Jo a9
d9

it {g(r, 2ir) - 9(r, 0)} = 0.

Applying Theorem 12.10, we see that (p is constant on each open subinterval
(Rk, Rk+ 1). By continuity, 9 is constant on each closed subinterval [Rk, Rk+ 1] and
hence on their union [r1, r2]. From (3) we see that (p(r) - 0 as r -+ 0 so the
constant value of qp is 0 if rl = 0.

16.5 CAUCHY'S INTEGRAL THEOREM FOR A CIRCLE

The following special case of Theorem 16.8 is of particular importance.

Theorem 16.9 (Cauchy's integral theorem for a circle). If f is analytic on a disk
B(a; R) except possibly for a finite number of points at which it is continuous, then

for every circular path y with center at a and radius r < R.

Proof. Choose r2 so that r < r2 < R and apply Theorem 16.8 with rl = 0.
NOTE. There is a more general form of Cauchy's integral theorem in which the
circular path y is replaced by a more general closed path. These more general paths
will be introduced through the concept of homotopy.

16.6 HOMOTOPIC CURVES

Figure 16.4 shows three arcs having the same endpoints A and B and lying in an
open region D. - Arc I can be continuously deformed into arc 2 through a collection
of intermediate arcs, each of which lies in D. Two arcs with this property are said
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Figure 16.4

Def. 16.10

to be homotopic in D. Arc 1 cannot be so deformed into arc 3 (because of the
hole separating them) so they are not homotopic in D.

In this section we give a formal definition of homotopy. Then we show that, if
f is analytic in D, the contour integral off from A to B has the same value along
any two homotopic paths in D. In other words, the value of a contour integral
f A f is unaltered under a continuous deformation of the path, provided the in-
termediate contours remain within the region of analyticity of f. This property
of contour integrals is of utmost importance in the applications of complex
integration.

Definition 16.10. Let yo and yi be two paths with a common domain [a, b]. Assume
that either

a) yo and yi have the same endpoints: yo(a) = yi(a) and yo(b) = yi(b), or

b) yo and yi are both closed paths: yo(a) = yo(b) and y, (a) = yi(b).

Let D be a subset of C containing the graphs of yo and yi. Then yo and yi are said
to be homotopic in D if there exists a function h, continuous on the rectangle
[0, 1] x [a, b], and with values in D, such that

1) h(0, t) = yo(t) if t e [a, b],
2) h(1, t) = y1(t) if t e [a, b].

In addition we require that for each s in [0, 1] we have

3a) h(s, a) = yo(a) and h(s, b) = yo(b), in case (a);
or

3b) h(s, a) = h(s, b), in case (b).

The function h is called a homotopy.

The concept of homotopy has a simple geometric interpretation. For each
fixed s in [0, 1], let ys(t) = h(s, t). Then ys can be regarded as an intermediate
moving path which starts from yo when s = 0 and ends at yi when s = 1.

Example 1. Homotopy to a point. If yi is a constant function, so that its graph is a single
point, and if yo is homotopic to yi in D, we say that yo is homotopic to a point in D.

Example 2. Linear homotopy. If, for each t in [a, b], the line segment joining yo(t) and
yi(t) lies in D, then yo and yi are homotopic in D because the function

h(s, t) = syi(t) + (1 - s)yo(t)
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serves as a homotopy. In this case we say that yo and 71 are linearly homotopic in D. In
particular, any two paths with domain [a, b] are linearly homotopic in C (the complex
plane) or, more generally, in any convex set containing their graphs.

NOTE. Homotopy is an equivalence relation.

The next theorem shows that between any two homotopic paths we can inter-
polate a finite number of intermediate polygonal paths, each,of which is linearly
homotopic to its neighbor.

Theorem 16.11 (Polygonal interpolation theorem). Let yo and yl be homotopic
paths in an open set D. Then there exist a finite number of paths ao, al, ... , an such
that:

a) ao = yo and a = y1,

b) a1 is a polygonal path for 1 < j < n - 1,
c) a1 is linearly homotopic in D to a1+

1 for 0 < j < n - 1.
Proof. Since yo and yl are homotopic in D, there is a homotopy h satisfying the
conditions in Definition 16.10. Consider partitions

{so, sl, ... , of [0, 1] and {to, t1i ... , of [a, b],

into n equal parts, choosing n so large that the image of each rectangle [si, s1+ 11 x
[tk, tk+1] under h is contained in an open disk D1k contained in D. (The reader
should verify that this is possible because of uniform continuity of h.)

On the intermediate path y f given by

y,J(t) = h(s1, t) for 0 < j < n,

we inscribe a polygonal path a1 with vertices at the points h(s1, tk). That is,

a1(tk) = h(s1, tk) for k = 0, 1, ... , n,

and a1 is linear on each subinterval [tk, tk+ 1] for 0 < k < n - 1. We also define
ao = yo and an = yl. (An example is shown in Fig. 16.5.)

The four vertices a1(tk), a1(tk+1), aJ+1(tk), and a1+1(tk+1) all lie in the disk D1k.
Since D1k is convex, the line segments joining them also lie in D1k and hence the
points

saJ+1(t) + (1 - s)a1(t), (5)

Figure 16.5
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lie in DJk for each (s, t) in [0, 1] x [tk, tk+1]. Therefore the points (5) lie in D
for all (s, t) in [0, 1] x [a, b], so aj+1 is linearly homotopic to a} in D.

16.7 INVARIANCE OF CONTOUR INTEGRALS UNDER HOMOTOPY

Theorem 16.12. Assume f is analytic on an open set D, except possibly for a finite
number of points where it is continuous. If yo and yl are piecewise smooth paths
which are homotopic in D we have

ff=If7oJYiProof.
First we consider the case in which yo and yl are linearly homotopic. For

each s in [0, 1] let

ys(t) = sy1(t) + (1 - s)yo(t) if t E [a, b].

Then ys is piecewise smooth and its graph lies in D. Write

ys(t) = yo(t) + sa(t), where a(t) = y1(t) - yo(t),

and define

1V(s) =
J

f =
J

bf[ys(t)] dyo(t) + s
J

bf[y:(t)] da(t),
r. a a

for 0 5 s < 1. We wish to prove that q,(0) = lp(l). We will in fact prove that qp

is constant on [0, 1].
We use Theorem 7.40 to calculate (p'(s) by differentiation under the integral

sign. Since

a ys(t) = a(t),

this gives us

V(S) =

'( (

J
b a(t)f'[ys(t)]ys(t) dt + J bf[ys(t)] do(t)

a aa

bf'[y:(t)]a(t) dyo(t) + S J f'[y3(t)]a(t) da(t) + J bf[y.(t)] da(t)
J

f
a a a

6 6

a

a(t)f'[y3(t)] dy.(t) + Ja f[ys(t)] da(t)

f 6 a(t) d{f[y3(t)]} +
J

bf[y.(t)] da(t)I
a(b)f [y3(b)] - a(a)f [ys(a)],

by the formula for integration by parts (Theorem 7.6). But, as the reader can easily
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verify, the last expression vanishes because yo and yl are homotopic, so cp'(s) = 0
for all s in [0, 1]. Therefore (p is constant on [0, 1]. This proves the theorem when
yo and y, are linearly homotopic in D.

If they are homotopic in D under a general homotopy h, we interpolate poly-
gonal paths ai as described in Theorem 16.11. Since each polygonal path is piece-
wise smooth, we can repeatedly apply the result just proved to obtain

Jf=ffjf=...=$f=ff
70

The general form of Cauchy's theorem referred to earlier can now be easily deduced
from Theorems 16.9 and 16.12. We remind the reader that a circuit is a piecewise
smooth closed path.

Theorem 16.13 (Cauchy's integral theorem for circuits homotopic to a point). Assume
f is analytic on an open set D, except possibly for a finite number of points at which
we assume f is continuous. Then for every circuit y which is homotopic to a point in
D we have

J.
f=0.

Proof. Since y is homotopic to a point in D, y is also homotopic to a circular
path S in D with arbitrarily small radius. Therefore fr f = f a f, and 16f = 0 by
Theorem 16.9.

Definition 16.14. An open connected set D is called simply connected if every closed
path in D is homotopic to a point in D.

Geometrically, a simply connected region is one without holes, Cauchy's
theorem shows that, in a simply connected region D the integral of an analytic
function is zero around any circuit in D.

16.9 CAUCHY'S INTEGRAL FORMULA

The next theorem reveals a remarkable property of analytic functions. It relates
the value of an analytic function at a point with the values on a closed curve not
containing the point.

Theorem 16.15 (Cauchy's integral formula). Assume f is analytic on an open set D,
and let y be any circuit which is homotopic to a point in D. Then for any point z in
D which is not on the graph of y we have

f f(w) dw = f(z) f dw. (6)
V w- Z

Y
w- z
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Proof. Define a new function g on D as follows :

.f(w) -.f(z) if w z
g(w) = w - z

f'(z) if w = Z.

Then g is analytic at each point w # z in D and, at the point z itself, g is continuous.
Applying Cauchy's integral theorem to g we have J,, g = 0 for every circuit y
homotopic to a point in D. But if z is not on the graph of y we can write

f g = f. f(w) - f(z) dw = f f(w) dw - f(z) f 1 dw,
r wz ,Jyw - z yw - z

which proves (6).

NOTE. The same proof shows that (6) is also valid if there is a finite subset T of
D on which f is not analytic, provided that f is continuous on T and z is not in T.

The integral f), (w - z)-1 dw which appears in (6) plays an important role in
complex integration theory and is discussed further in the next section. We can
easily calculate its value for a circular path.

Example. If y is a positively oriented circular path with center at z and radius r, we can
write y(O) = z + rei°, 0 <- 0 <- 2n. Then y'(0) = ireie = i {y(0) - z }, and we find

fy

dwfo y,(B) I
d9 J i d6 = 2ni.w- z Y(0) - z o

NOTE. In this case Cauchy's integral formula (6) takes the form

2nif(z) = fy f(w) dw.
w - z

Again writing y(O) = z + reie, we can put this in the form
1 2m

.f (z) = 2n fo
f(z + re") d8. (7)

This can be interpreted as a Mean- Value Theorem expressing the value off at the
center of a disk as an average of its values at the boundary of the disk. The function
f is assumed to be analytic on the closure of the disk, except possibly for a finite
subset on which it is continuous.

16.10 THE WINDING NUMBER OF A CIRCUIT WITH RESPECT TO A POINT

Theorem 16.16. Let y be a circuit and let z be a point not on the graph of y. Then
there is an integer n (depending on y and on z) such that

fy
= 2nin. (8)

W - z

dw
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Proof. Suppose y has domain [a, b]. By Theorem 16.7 we can express the integral
in (8) as a Riemann integral,

f dw = ('b y'(t) dt
JYw - z JaY(t) - z

Define a complex-valued function on the interval [a, b] by the equation
F(x) = r" y'(t) dt if a < x < b.

Ja y(t) - z
To prove the theorem we must show that F(b) = 2itin for some integer n. Now F
is continuous on [a, b] and has a derivative

Ax)F '(x) _
y(x) - z

at each point of continuity of y'. Therefore the function G defined by

G(t) = e-F(t){y(t) - z} if t e [a, b],

is also continuous on [a, b]. Moreover, at each point of continuity of y' we have

G'(t) = e-F(t)y,(t) - F,(t)e-F(t){y(t) - z} = 0.

Therefore G'(t) = 0 for each t in [a, b] except (possibly) for a finite number of
points. By continuity, G is constant throughout [a, b]. Hence, G(b) = G(a). In
other words, we have

e-F(b) {y(b) - z} = y(a) - z.

Since y(b) = y(a) # z we find

e-F(b) = 1,

which implies F(b) = 2irin, where n is an integer. This completes the proof.

Definition 16.17. If y is a circuit whose graph does not contain z, then the integer n
defined by (8) is called the winding number (or index) of y with respect to z, and is
denoted by n(y, z). Thus,

n (y,
1 (' dw

(y, z
2ni Y w - z

NOTE. Cauchy's integral formula (6) can now be restated in the form

n(y, z)f(z) = 2ni
f,

w

(w)z
dw.

v

The term "winding number" is used because n(y, z) gives a. mathematically
precise way of counting the number of times the point y(t) "winds around" the
point z as t varies over the interval [a, b]. For example, if y is a positively oriented



446 Cauchy's Theorem and the Residue Calculus 11. 16.18

circle given by y(O) = z + re`°, where 0 < 0 S 2ir, we have already seen that the
winding number is 1. This is in accord with the physical interpretation of the
point y(O) moving once around a circle in the positive direction as 0 varies from
0 to 2n. If 0 varies over the interval [0, 2nn], the point y(O) moves n times around
the circle in the positive direction and an easy calculation shows that the winding
number is n. On the other hand, if 6(0) = z + re-iB for 0 < 0 < 2irn, then 6(0)
moves n times around the circle in the opposite direction and the winding number
is -n. Such a path 6 is said to be negatively oriented.

16.11 THE UNBOUNDEDNESS OF THE SET OF POINTS WITH WINDING
NUMBER ZERO

Let F denote the graph of a circuit y. Since IF is a compact set, its complement
C - IF is an open set which, by Theorem 4.44, is a countable union of disjoint
open regions (the components of C - I,). If we consider the components as
subsets of the extended plane C*, exactly one of these contains the ideal point oo.
In other words, one and only one of the components of C - IF is,unbounded.
The next theorem shows that the winding number n(y, z) is 0 for each z in the
unbounded component.

Theorem 16.18. Let y be a circuit with graph F. Divide the set C - F into two
subsets:

E = {z : n(y, z) = 0} and I = {z : n(y, z) # 0}.

Then both E and I are open. Moreover, E is unbounded and I is bounded.

Proof. Define a function g on C - IF by the formula

g(z) = n(y, z) = 1

J
dw

2ni w - z

By Theorem 7.38, g is continuous on C - r and, since g(z) is always an integer,
it follows that g is constant on each component of C - t. Therefore both E and
I are open since each is a union of components of C - r.

Let U denote the unbounded component of C - r. If we prove that E con-
tains U this will show that E is unbounded and that I is bounded. Let K be a
constant such that ly(t)I < K for all t in the domain of y, and let c be a point in
U such that Icl > K + A(y) where A(y) is the length of y. Then we have

1 < 1

ICI - ly(t)I icl - K
Estimating the integral for n(y, c) by Theorem 16.6 we find

0 <_ Ig(c)I <_ A(y) < 1.
Icl - K
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Since g(c) is an integer we must have g(c) = 0, so g has the constant value 0 on U.
Hence E contains the point c, so E contains all of U.

There is a general theorem, called the Jordan curve theorem, which states that
if IF is a Jordan curve (simple closed curve) described by y, then each of the sets
E and I in Theorem 16.18 is connected. In other words, a Jordan curve F divides
C - F into exactly two components E and I having IF as their common boundary.
The set I is called the inner (or interior) region of IF, and its points are said to be
inside IF. The set E is called the outer (or exterior) region of F, and its points are
said to be outside F.

Although the Jordan curve theorem is intuitively evident and easy to prove for
certain familiar Jordan curves such as circles, triangles, and rectangles, the proof
for an arbitrary Jordan curve is by no means simple. (Proofs can be found in
References 16.3 and 16.5.)

We shall not need the Jordan curve theorem to prove any of the theorems in
this chapter. However, the reader should realize that the Jordan curves occurring
in the ordinary applications of complex integration theory are usually made up of
a finite number of line segments and circular arcs, and for such examples it is
usually quite obvious that C - F consists of exactly two components. For points
z inside such curves the winding number n(y, z) is + I or -1 because y is homo-
topic in I to some circular path 6 with center z, so n(y, z) = n(S, z), and n(8, z) is
+ I or -1 depending on whether the circular path S is positively or negatively
oriented. For this reason we say that a Jordan circuit y is positively oriented if,
for some z inside F we have n(y, z) = + 1, and negatively oriented if n(y, z) = - 1.

16.12 ANALYTIC FUNCTIONS DEFINED BY CONTOUR INTEGRALS

Cauchy's integral formula, which states that('

n(y, z)f(z) = 1 J f(w) dw,2ni Yw-z
has many important consequences. Some of these follow from the next theorem
which treats integrals of a slightly more general type in which the integrand
f(w)l(w - z) is replaced by (p(w)/(w - z), where qp is merely continuous and not
necessarily analytic, and y is any rectifiable path, not necessarily a circuit.

Theorem 16.19. Let y be a rectifiable path with graph F. Let 9 be a complex-valued
/'unction which is continuous on I', and let f be defined on C - F by the equation

f(z) = f w(w) dw if z 0 F.
r w - Z

Then f has the following properties:

a) For each point a in C - I', f has a power-series representation

f(Z) _ cn(z - a)n, (9)
n=0
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where

Th. 16.19

cn = f" (w T(a)r+ 1 dw for n = 0, 1, 2,... (10)

b) The series in (a) has a positive radius of convergence R, where

R=inf{jw-al :wEF}. (11)

c) The function f has a derivative of every order n on C - IF given by

f(")(z) = n! f
y

(w
q(z)n+1 dw if z 0 F. (12)

Proof. First we note that the number R defined by (11) is positive because the
function g(w) = Iw - al has a minimum on the compact set IF, and this minimum
is not zero since a 0 F. Thus, R is the distance from a to the nearest point of F.
(See Fig. 16.6.)

Figure 16.6

To prove (a) we begin with the identity

1 k

t" +
tk+1

1-t n=0 1-t' (13)

valid for all t # 1. We take t = (z - a)/(w - a) where Iz - al < R and w e IF.
Then 1/(1 - t) = (w - a)l(w - z): Multiplying (13) by (p(w)l(w - a) and
integrating along y, we find

f(z) = f T(w) dw
J r w - z

E(z-a)" f T(w) dw+
n=O JY (w - a)n+1

n=0

k

E cn(z - a)" + Ek,

1,

(p(w) (z - a
w - z a

where cn is given by (10) and Ek is given by

_
fy (Z - a\k+l

w - Z aEk J
dw.

dw

(14)
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Now we show that Ek -> 0 as k -+ oo by estimating the integrand in (14). We have

<Iz - al and
1 - 1 < 1

R Iw - zI Iw - a+a - zI R- la - zl
Let M = max {I(p(w)I : w e F), and let A(y) denote the length of y. Then (14)
gives us

IEkI <_
MA(y)(y) Clz - allk+1

R- a-
zI

R J
Since Iz - at < R we find that Ek -> 0 as k - co. This proves (a) and (b).

Applying Theorem 9.23 to (9) we find that f has derivatives of every order on
the disk B(a; R) and that f(")(a) = n!c". Since a is an arbitrary point of C - F
this proves (c).

NOTE. The series in (9) may have a radius of convergence greater than R, in which
case it may or may not represent fat more distant points.

16.13 POWER-SERIES EXPANSIONS FOR ANALYTIC FUNCTIONS

A combination of Cauchy's integral formula with Theorem 16.19 gives us :

Theorem 16.20. Assume f is analytic on an open set S in C, and let a be any point
of S. Then all derivatives f (")(a) exist, and f can be represented by the convergent
power series

f(z) = E f(")(a) (z - a)",
"=o n!

(15)

in every disk B(a; R) whose closure lies in S. Moreover, for every n > 0 we have

(a)"+ dw, (16)f (")(a)
= 2ni fY (w -

where y is any positively oriented circular path with center at a and radius r < R.

NOTE. The series in (15) is known as the Taylor expansion off about a. Equation
(16) is called Cauchy's integral formula for f(")(a).

Proof. Let y be a circuit homotopic to a point in S, and let F be the graph of
y. Define g on C - F by the equation

g(z) = f f(w) dw if z 0 F.yw-z
If z e B(a; R), Cauchy's integral formula tells us that g(z) = 2nin(y, z)f(z).
Hence,

- n(y, z)f(z) =
2ni f w

(W)z dw if Iz - al < R.
r
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Now let y(O) = a + re'°, where Iz - al < r < R and 0 5 0 5 tic. Then
n(y, z) = 1, so by applying Theorem 16.19 to (p(w) = f(w)/(2ai) we find a series
representation

1(z) = E c"(z - a)",00
n=0

convergent for Iz - al < R, where c" = f(")(a)/n!. Also, part (c) of Theorem
16.19 gives (16).

Theorems 16.20 and 9.23 together tell us that a necessary and sufficient con-
dition for a complex-valued function f to be analytic at a point a is that f be
representable by a power series in some neighborhood of a. When such a power
series exists, its radius of convergence is at least as large as the radius of any
disk B(a) which lies in the region of analyticity off. Since the circle of convergence
cannot contain any points in its interior where f fails to be analytic, it follows that
the radius of convergence is exactly equal to the distance from a to the nearest
point at which f fails to be analytic.

This observation gives us a deeper insight concerning power-series expansions
for real-valued functions of a real variable. For example, letf(x) = 1/(1 + x2) if
x is real. This function is defined everywhere in R1 and has derivatives of every
order at each point in R1. Also, it has a power-series expansion about the origin,
namely,

1 2 4 6

1 + x2
=1-x +x -x +...

However, this representation is valid only in the open interval (- 1, 1). From the
standpoint of real-variable theory, there is nothing in the behavior off which
explains this. But when we examine the situation in the complex plane, we see at
once that the function f(z) = 1/(1 + z2) is analytic everywhere in C except at
the points z = ± i. Therefore the radius of convergence of the power-series
expansion about 0 must equal 1, the distance from 0 to i and to -i.

Examples. The following power series expansions are valid for all z in C:
w n OD (_ i)nz2n+1

a) e= = E sin z = F
(2n + 1)!n=0 n! n=O

z R

c) Cos z = r (- i)nz2n

n=0 (2n)!

16.14 CAUCHY'S INEQUALITIES. LIOUVILLE'S THEOREM

If f is analytic on a closed disk B(a; R), Cauchy's integral formula (16) shows that

f(n)(a)

2ni Jr (w f (a)"' d"',
where y is any positively oriented circular path with center a and radius r < R.
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We can write y(9) = a + reie, 0 < 0 < 27v, and put this in the form
f(")(a)

2ar"

L rzn f(a
+ re'°) a-'no dB. (17)

Jo

This formula expresses the nth derivative at a as a weighted average of the values
of f on a circle with center at a. The special case n = 0 was obtained earlier in
Section 16.9.

Now, let M(r) denote the maximum value of If I on the graph of y. Estimating
the integral in (17), we immediately obtain Cauchy's inequalities:

If(n)(a)I < M(r)n!
(n = 0, 1, 2, ... ). (18)r

'

The next theorem is an easy consequence of the case n = 1.

Theorem 16.21(Liouville's theorem). If f is analytic everywhere on C and bounded
on C, then f is constant.

Proof. Suppose If(z)I S M for all z in C. Then Cauchy's inequality with n = 1
gives us I f'(a) I < M/r for every r > 0. Letting r -> + co, we find f'(a) = 0 for
every a in C and hence, by Theorem 5.23, f is constant.

NOTE. A function analytic everywhere on C is called an entire function. Examples
are polynomials, the sine and cosine, and the exponential. Liouville's theorem
states that every bounded entire function is constant.

Liouville's theorem leads to a simple proof of the Fundamental Theorem of
Algebra.

Theorem 16.22 (Fundamental Theorem of Algebra). Every polynomial of degree
n >- 1 has a zero.

Proof. Let P(z) = ao + a1z + + where n z I and an # 0. We assume
that P has no zero and prove that P is constant. Let f(z) = 1/P(z). Then f is
analytic everywhere on C since P is never zero. Also, since

P(z)=z"(an +za1i+...+azl+a)

we see that IP(z)I - + oo as Iz I - + oo, so f(z) - 0 as Iz I -' + co. Therefore
f is bounded on C so, by Liouville's theorem, f and hence P is constant.

16.15 ISOLATION OF THE ZEROS OF AN ANALYTIC FUNCTION

If f is analytic at a and iff(a) = 0, the Taylor expansion off about a has constant
term zero and hence assumes the following form :

f(Z) = E Cn(Z - a)".00E
n=1
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This is valid for each z in some disk B(a). If f is identically zero on this disk [that
is, if f(z) = 0 for every z in B(a)], then each c = 0, since c = f(°)(a)/n!. If f is
not identically zero on this neighborhood, there will be a first nonzero coefficient
ck in the expansion, in which case the point a is said to be a zero of order k. We
will prove next that there is a neighborhood of a which contains no further zeros
off This property is described by saying that the zeros of an analytic function are
isolated.

Theorem 16.23. Assume that f is analytic on an open set S in C. Suppose f(a) = 0
for some point a in S and assume that f is not identically zero on any neighborhood
of a. Then there exists a disk B(a) in which f has no further zeros.

Proof. The Taylor expansion about a becomesf(z) = (z - a)kg(z), where k > 1,

g(z)=ck+ck+,(z-a)+..., and g(a)=ck96 0.

Since g is continuous at a, there is a disk B(a) c S on which g does not vanish.
Therefore, f(z) 0 0 for all z a in B(a).

This theorem has several important consequences. For example, we can use
it to show that a function which is analytic on an open region S cannot be zero
on any nonempty open subset of S without being identically zero throughout S.
We recall that an open region is an open connected set. (See Definitions 4.34
and 4.45.)

Theorem 16.24. Assume that f is analytic on an open region S in C. Let A denote the
set of those points z in S for which there exists a disk B(z) on which f is identically
zero, and let B = S - A. Then one of the two sets A or B is empty and the other
one is S itself.

Proof. We have S = A u B, where A and B are disjoint sets. The set A is open
by its very definition. If we prove that B is also open, it will follow from the
connectedness of S that at least one of the two sets A or B is empty.

To prove B is open, let a be a point of B and consider the two possibilities:
f(a) # 0, f(a) = 0. If f(a) # 0, there is a disk B(a) S on which f does not
vanish. Each point of this disk must therefore belong to B. Hence, a is an interior
point of B if f(a) # 0. But, if f(a) = 0, Theorem 16.23 provides us with a disk
B(a) containing no further zeros off. This means that B(a) c B. Hence, in either
case, a is an interior point of B. Therefore, B is open and one of the two sets A or
B must be empty.

16.16 THE IDENTITY THEOREM FOR ANALYTIC FUNCTIONS

Theorem 16.25. Assume that f is analytic on an open region S in C. Let T be a
subset of S having an accumulation point a in S. If f(z) = 0 for every z in T, then
f(z) = 0 for every z in S.

Proof. There exists an infinite sequence whose terms are points of T, such
that lim .. z = a. By continuity, f(a) = 0. We will prove
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next that there is a neighborhood of a on which f is identically zero. Suppose
there is no such neighborhood. Then Theorem 16.23 tells us that there must be a
disk B(a) on whichf(z) 0 if z a. But this is impossible, since every disk B(a)
contains points of T other than a. Therefore there must be a neighborhood of a
on which f vanishes identically. Hence the set A of Theorem 16.24 cannot be
empty. Therefore, A = S, and this means f(z) = 0 for every z in S.

As a corollary we have the following important result, sometimes referred to
as the identity theorem for analytic functions:

Theorem 16.26. Let f and g be analytic on an open region S in C. If T is a subset
of S having an accumulation point a in S, and if f(z) = g(z) for every z in T, then
f(z) = g(z) for every z in S.

Proof. Apply Theorem 16.25 to f - g.

16.17 THE MAXIMUM AND MINIMUM MODULUS OF AN ANALYTIC
FUNCTION

The absolute value or modulus If I of an analytic function f is a real-valued non-
negative function. The theorems of this section refer to maxima and minima of
Ifi.

Theorem 16.27 (Local maximum modulus principle). Assume f is analytic and not
constant on an open region S. Then If I has no local maxima in S. That is, every
disk B(a; R) in S contains points z such that If(z)I > If(a)j.

Proof. We assume there is a disk B(a; R) in S in which If(z)I < If(a)I and prove
that f is constant on S. Consider the concentric disk B(a; r) with 0 < r < R.
From Cauchy's integral formula, as expressed in (7), we have

2a

If(a)I s
1

2n
I.f(a + re`B)I d0. (19)

0

Now I f(a + ret°)I < I f(a)I for all 0. We show next that we cannot have strict
inequality I f(a + re`B)I < If(a)I for any 0. Otherwise, by continuity we would
have I f(a + re`B)I < I f(a)I - e for some e > 0 and all 0 in some subinterval I of
[0, 2n] of positive length h, say. Let J = [0, 2n] - I. Then J has measure
2n - h, and (19) gives us

f(a + re'B)I dO2irjf(a)I <- 5 I f(a + re`B)I dO +
fj

I

I

< h{If(a)I - e} + (2n - h) If(a)I = 27r If(a)I - he < 2ir If(a)I
Thus we get the contradiction I f(a)I < If(a)I. This shows that if r < R, we
cannot have strict inequality I f(a + reie)I < If(a)I for any 0. Hence I f(z)I = If(a)I
for every z in B(a; R). Therefore If I is constant on this disk so, by Theorem 5.23,
f itself is constant on this disk. By the identity theorem, f is constant on S.
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Theorem 16.28 (Absolute maximum modulus principle). Let T be a compact subset
of the complex plane C. Assume f is continuous on T and analytic on the interior of
T. Then the absolute maximum of If I on T is attained on 8T, the boundary of T.

Proof. Since T is compact, If I attains its absolute maximum somewhere on T,
say at a. If a e OT there is nothing to prove. If a e int T, let S be the component
of int T containing a. Since If I has a local maximum at a, Theorem 16.27 implies
that f is constant on S. By continuity, f is constant on 8S s T, so the maximum
value, If(a)I, is attained on 8S. But 8S c 8T (Why?) so the maximum is attained
on 8T.

Theorem 16.29 (Minimum modulus principle). Assume f is analytic and not constant
on an open region S. If If I has a local minimum in S at a, thenf(a) = 0.

Proof. If f(a) # 0 we apply Theorem 16.27 tog = 1/f Then g is analytic in some
open disk B(a; R) and I g I has a local maximum at a. Therefore g and hence f is
constant on this disk and therefore on S, contradicting the hypothesis.

16.18 THE OPEN MAPPING THEOREM

Nonconstant analytic functions are open mappings; that is, they map open sets
onto open sets. We prove this as an application of the minimum modulus
principle.

Theorem 16.30 (Open mapping theorem). If f is analytic and not constant on an
open region S, then f is open.

Proof. Let A be any open subset of S. We are to prove that f(A) is open. Take
any b in f(A) and write b = f(a), where a e A. First we note that a is an isolated
point of the inverse-image f -1({b}). (If not, by the identity theorem f would be
constant on S.) Hence there is some disk B = B(a; r) whose closure B lies in A
and contains no point off -1({b}) except a. Since f(B) s f(A) the proof will be
complete if we show that f(B) contains a disk with center at b.

Let 8B denote the boundary of B, 3B = {z : Iz - al = r}. Then f(8B) is a
compact set which does not contain b. Hence the number m defined by

m = inf {If(z) - bI : z e 8B},

is positive. We will show that f(B) contains the disk B(b; m/2). To do this, we
take any w in B(b; m/2) and show that w = f(zo) for some zo in B.

Let g(z) = f(z) - w if z e B. We will prove that g(zo) = 0 for some zo in B.
Now IgI is continuous on B and, since B is compact, there is a point zo in B at
which IgI attains its minimum. Since a e B, this implies

Ig(z0)I :5 Ig(a)I = If(a) - wl = Ib - wI <

But if z e 8B, we have

I9(z)l=I.f(z)-b+b-wl?I.f(z)-bl-Iw-bl>m-=2.
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Hence, zo 0 8B so zo is an interior point of B. In other words, I9I has a local
minimum at z0. Since g is analytic and not constant on B, the minimum modulus
principle shows that g(zo) = 0 and the proof is complete.

16.19 LAURENT EXPANSIONS FOR FUNCTIONS ANALYTIC IN AN
ANNULUS

Consider two functionsf1 and g1, both analytic at a point a, with gl(a) = 0. Then
we have power-series expansions

91(z) bn(z - a)", for Iz - al < Ti,
and

n=1

00

fi(z) = F; cn(z - a)", for Iz - al < r2. (20)
n=0

Letf2 denote the composite function given by

f2(z) = 91
(z

1 + a) .

Thenf2 is defined and analytic in the region Iz - al > r1 and is represented there
by the convergent series

f2(z) _ bn(z - a)-", for Iz - aI > ri. (21)
n=1

Now if r1 < r2, the series in (20) and (21) will have a region of convergence in
common, namely the set of z for which

r1 < Iz - al < Ti.

In this region, the interior of the annulus A(a; r1, r2), both f1 andf2 are analytic
and their sum fi + f2 is given by

00 00

f1(z) + f2(z) = E c"(z - a)" + E bn(Z - a)-n.

n=0 n=1

The sum on the right is written more briefly as
00

E cn(z - a)",
n=-00

where c_" = bn for n = 1, 2, ... A series of this type, consisting of both positive
and negative powers of z - a, is called a Laurent series. We say it converges if
both parts converge separately.

Every convergent Laurent series represents an analytic function in the interior
of the annulus A(a; r1, r2). Now we will prove that, conversely, every function
f which is analytic on an annulus can be represented in the interior of the annulus
by a convergent Laurent series.
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Theorem 16.31. Assume that f is analytic on an annulus A(a; r1, r2). Then for
every interior point z of this annulus we have

f(z) = f1(z) + .f2(z), (22)
where

f1(z) _ cn(z - a)" and
n=0

OD

f2(z) = E c-.(z - a)-".

n=1

The coefficients are given by the formulas

c" = 1 f (w) dw (n = 0, ± 1 , ±2, ... ), (23)
27r1

7
(w - a)n+1

where y is any positively oriented circular path with center at a and radius r, with
r1 < r < r2. The function f1 (called the regular part off at a) is analytic on the
disk B(a; r2). The function f2 (called the principal part off at a) is analytic outside
the closure of the disk B(a; r1).

Proof Choose an interior point z of the annulus, keep z fixed, and define a function
g on A(a; r1, r2) as follows:

.f(w) - f(z) if w z
9(w) w-z

f'(z) if w = Z.

Then g is analytic at w if w # z and g is continuous at z. Let

cp(r) = f g(w) dw,
.J rr

where y, is a positively oriented circular path with center a and radius r, with
r1 < r 5 r2. By Theorem 16.8, cp(r1) = cp(r2) so

fyi g(w) dw = f72

where y1 = Yr1 and 72 = y,2. Since z is not on the graph of y1 or of y2, in each of
these integrals we can write

9(w) =
.f(w) - f(Z)

w - z w - z

Substituting this in (24) and transposing terms, we find

f(z) 1
dw dw.

rI

f(w)
- z )

l -Jr2
wf (-w)z

dw - f
I r2 w - z - fy w

1
dw

w- z

g(w) dw, (24)

(25)

But $71 (w - z)-1 dw = 0 since the integrand is analytic on the disk B(a; r1),
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and 172 (w - z)-1 dw = 27ri since n(y2, z) = 1. Therefore, (25) gives us the
equation

where

f1(z)

f(z) = fi(z) + f2(z),

_ 1 f(w) dw
27ri f72 w - z

and f2(z) _ - 2ni f, w
(w)z dw.

Yt

By Theorem 16.19, f1 is analytic on the disk B(a; r2) and hence we have a Taylor
expansion

f1(z) _ E cn(z - a)" for Iz - al < r2,

where
n=0

1 f(w)c"= - dw.
27ri

12
(W - a)n+1

(26)

Moreover, by Theorem 16.8, the path y2 can be replaced by y, for any r in the
interval rl S r 5 r2.

To find a series expansion forf2(z), we argue as in the proof of Theorem 16.19,
using the identity (13) with t = (w - a)/(z - a). This gives us

1 = CW -a\"+(w-a k+l Z-a
(27)1 -(w-a)/(z-a) n=0 Z -a z -a) (z-W6

If w is on the graph of y1, we have Iw - al = rl < Iz - aj, so ItI < 1. Now we
multiply (27) by -f(w)l(z - a), integrate along y1, and let k -> oo to obtain

00

where

f2(z)_ Ebn(z-a)-" forIz - aj>rl
n=1

1 f(w)
dw. (28)

27rr
Y,

(w - a)1-n

By Theorem 16.8, the path yl can be replaced by y, for any r in [rl, r2]. If we take
the same path y, in both (28) and (26) and if we write c_,, for bn, both formulas
can be combined into one as indicated in (23). Since z was an arbitrary interior
point of the annulus, this completes the proof.

NOTE. Formula (23) shows that a function can have at most one Laurent ex-
pansion in a given annulus.

16.20 ISOLATED SINGULARITIES

A disk B(a; r) minus its center, that is, the set B(a; r) - {a}, is called a deleted
neighborhood of a and is denoted by B'(a; r) or B'(a).
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Definition 16.32. A point a is called an isolated singularity off if

a) f is analytic on a deleted neighborhood of a,

and

b) f is not analytic at a.

NOTE. f need not be defined at a.

If a is an isolated singularity off, there is an annulus A(a; r1, r2) on which f is
analytic. Hence f has a uniquely determined Laurent expansion, say

f(z) _ cn(z - a)" + c-n(Z - a)-n, (29)
n=0 n=1

Since the inner radius r1 can be arbitrarily small, (29) is valid in the deleted
neighborhood B'(a; r2). The singularity a is classified into one of three types
(depending on the form of the principal part) as follows:

If no negative powers appear in (29), that is, if c_,, = 0 for every n = 1 , 2, ... ,
the point a is called a removable singularity. In this case, f(z) -+ co as z -+ a and
the singularity can be removed by defining f at a to have the value f(a) = co.
(See Example I below.)

If only a finite number of negative powers appear, that is, if c_,, 96 0 for some
n but c_, = 0 for every m > n, the point a is said to be a pole of order n. In this
case, the principal part is simply a finite sum, namely,

C-1 + C-2 + ... +. C-nz-a (z-a)2 (z-a)"'
A pole of order 1 is usually called a simple pole. If there is a pole at a, then
I.f(z)I - oo as z - a.

Finally, if c_" # 0 for infinitely many values of n, the point a is called an
essential singularity. In this case, f(z) does not tend to a limit as z - a.

Example 1. Removable singularity. Let f(z) _ (sin z)/z if z 0 0, f(O) = 0. This func-
tion is analytic everywhere except at 0. (It is discontinuous at 0, since (sin z)/z -+ 1 as
z - 0.) The Laurent expansion about 0 has the form

sin z z2 z4- = 1 - + - +
z 3! 5!

Since no negative powers of z appear, the point 0 is a removable singularity. If we re-
define f to have the value 1 at 0, the modified function becomes analytic at 0.

Example 2. Pole. Let f(z) = (sin z)/zs if z # 0. The Laurent expansion about 0 is

sin z _4 1 _2 1 1 2

zs 3! 5! 7!
- z -- z +---z +

In this case, the point 0 is a pole of order 4. Note that nothing has been said about the
value of fat 0.
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Example 3. Essential singularity. Let f(z) = e' if z # 0. The point 0 is an essential
singularity, since

el/z = l + Z-1 + 1 Z-2 + ... + 1 Z-n + ...
2! n!

Theorem 16.33. Assume that f is analytic on an open region Sin C and define g by
the equation g(z) = 1/f(z) if f(z) # 0. Then f has a zero of order k at a point a in
S if, and only if, g has a pole of order k at a.

Proof. If f has a zero of order k at a, there is a deleted neighborhood B'(a) in
which f does not vanish. In the neighborhood B(a) we have f(z) = (z - a)h(z),
where h(z) # 0 if z e B(a). Hence, 1/h is analytic in B(a) and has an expansion

1 1

h(z)
b0 + b1(z - a) + , where bo = ha # 0.

()

Therefore, if z e B'(a), we have

1 _ bo b1
g(Z)

_ -
(z - a)kh(z) (z - a)k + (z - a)k-1

+ ...

and hence a is a pole of order k for g. The converse is similarly proved.

16.21 THE RESIDUE OF A FUNCTION AT AN ISOLATED SINGULAR POINT

If a is an isolated singular point of f, there is a deleted neighborhood B'(a) on
which f has a Laurent expansion, say

00

00

f(Z) = E cn(z - a)n + E c-.(z - a)-n. (30)
n=0 n=1

The coefficient c_ 1 which multiplies (z - a)-1 is called the residue off at a and
is denoted by the symbol

c-1 = Res f(z).
:=a

Formula (23) tells us that

Si
f(z) dz = 2ai Res f(z),

z=a
(31)

if y is any positively oriented circular path with center at a whose graph lies in the
disk B(a).

In many cases it is relatively easy to evaluate the residue at a point without
the use of integration. For example, if a is a simple pole, we can use formula (30)
to obtain

Resf(z) = lim (z - a)f(z). (32)
z=a z-a
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Similarly, if a is a pole of order 2, it is easy to show that

Res f(z) = g'(a), where g(z) = (z - a)2f(z).
z=a

Th. 16.34

In cases like this, where the residue can be computed very easily, (31) gives us a
simple method for evaluating contour integrals around circuits.

Cauchy was the first to exploit this idea and he developed it into a powerful
method known as the residue calculus. It is based on the Cauchy residue theorem
which is a generalization of (31).

16.22 THE CAUCHY RESIDUE THEOREM

Theorem 16.34. Let f be analytic on an open region S except for a finite number of
isolated singularities z1, ... , z" in S. Let y be a circuit which is homotopic to a
point in S, and assume that none of the singularities lies on the graph of y. Then we
have

17

n

f(z) dz = 2iri E n(y, zk) Res f(z), (33)
k=1 z=zk

where n(y, zk) is the winding number of y with respect to zk.

Proof. The proof is based on the following formula, where m denotes an integer
(positive, negative, or zero) :

f (z - zk)' dz = 27rin(y, zk) if m = -1,
y 0 ifm#-1. (34)

The formula for m = -1 is just the definition of the winding number n(y, zk).
Let [a, b] denote the domain of y. If m # -1, let g(t) _ {y(t) - zk}'"+ 1 for tin
[a, b]. Then we have

fr
(z - zkm dz = J b {y(t) -7 zk}my'(t) dt = m + 1 f b g'(t) dt

1 {g(b) - g(a)} = 0,
m + 1,

since g(b) = g(a). This proves (34).
To prove the residue theorem, letfk denote the principal part off at the point

Zk. By Theorem 16.31, fk is analytic everywhere in C except at zk. Therefore f - fl
is analytic in S except at z2,.... , zn. Similarly, f - f1 - f2 is analytic in S except
at z3, ... , z" and, by induction, we find that f - Ek= 1 fk is analytic everywhere
in S. Therefore, by Cauchy's integral theorem, fy (f - Ek=, fk) = 0, or

f Af f
k=1y k=1

Now we express fk as a Laurent series about zk and integrate this series term by
term, using (34) and the definition of residue to obtain (33).
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NOTE. If y is a positively oriented Jordan curve with graph I', then n(y, zk) = I
for each zk inside I', and n(y, zk) = 0 for each zk outside F. In this case, the
integral off along y is 2iri times the sum of the residues at those singularities lying
inside F.

Some of the applications of the Cauchy residue theorem are given in the next
few sections.

16.23 COUNTING ZEROS AND POLES IN A REGION

If f is analytic or has a pole at a, and if f is not identically 0, the Laurent expansion
about a has the form

f(z) = E cn(z - a)n,
n=m

where cm 0 0. If m > 0 there is a zero at a of order m; if m < 0 there is a pole
at a of order -m, and if m = 0 there is neither a zero nor a pole at a.

NOTE. We also write m(f; a) for m to emphasize that m depends on both f and a.

Theorem 16.35. Let f be a function, not identically zero, which is analytic on an
open region S, except possibly for a finite number of poles. Let y be a circuit which is
homotopic to a point in S and whose graph contains no zero or pole off. Then we
have

1 f f'(z)
J dz n(y, a)m(f; a), (35)

27ri
Y f(z) aeS

where the sum on the right contains only a finite number of nonzero terms.

NOTE. If y is a positively oriented Jordan curve with graph r, then n(y, a)- I
for each a inside IF and (35) is usually written in the form

f
( dz = N - P, (36)

2ni fy f(z))
where N denotes the number of zeros and P the number of poles of f inside r,
each counted as often as its order indicates.

Proof Suppose that in a deleted neighborhood of a point a we have f(z) _
(z - a)mg(z), where g is analytic at a and g(a) # 0, m being an integer (positive
or negative). Then there is a deleted neighborhood of a on which we can write

f'(z) = In + g'(z)
f(z) z-a g(z)

the quotient g'/g being analytic at a. This equation tells us that a zero off of
order m is a simple pole off'/f with residue m. Similarly, a pole off of order m
is a simple pole of f'lf with residue -m. This fact, used in conjunction with
Cauchy's residue theorem, yields (35).



462 Cauchy's Theorem and the Residue Calculus Th. 16.36

16.24 EVALUATION OF REAL-VALUED INTEGRALS BY MEANS OF
RESIDUES

Cauchy's residue theorem can sometimes be used to evaluate real-valued Riemann
integrals. There are several techniques available, depending on the form of the
integral. We shall describe briefly two of these methods.

The first method deals with integrals of the form 10' R(sin 6, cos 6) d8, where
R is a rational function* of two variables.

Theorem 16.36. Let R be a rational function of two variables and let

f(z) =
R(22 - 1 z2 + 1'\

2iz
,

2z

whenever the expression on the right is finite. Let y denote the positively oriented
unit circle with center at 0. Then

2x

R(sin 6, cos 6) d9 = f f(?) dz, (37)
0

y
1Z

provided that f has no poles on the graph of y.

Proof. Since y(O) = e'° with 0 < 0 < 2ir, we have

Y'(0) = iY(0),
y(9)2 - 1

= sin 0,
Y(e)2 + 1

= cos 0,
2iy(0) 2y(O)

and (37) follows at once from Theorem 16.7.

NoTE. To evaluate the integral on the right of (37), we need only compute the
residues of the integrand at those poles which lie inside the unit circle.

Example. Evaluate I = f' dOl(a + cos 6), where a is real, dal > 1. Applying (37), we
find

dz

f z2 + 2az + 1

The integrand has simple poles at the roots of the equation z2 + 2az + 1 = 0. These are
the points

z1 = -a + a2 - 1,

Z2 = -a - Va2 - 1.

* A function P defined on C x C by an equation of the form
P 4

P(z1, Z2) = E E am,nzlz2
M=0 n=0

is called a polynomial in two variables. The coefficients am,,, may be real or complex. The
quotient of two such polynomials is called a rational function of two variables.
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The corresponding residues R1 and R2 are given by

R1 = lim - z - zi = 1

z-.z, z2 + 2az + 1 zi - z2

463

R2= lim z-Z2 = 1

z-.z2 z2 + 2az + 1 z2 - Z1

If a > 1, zl is inside the unit circle, z2 is outside, and I = 41r/(z, - z2) = 1.

If a < -1, z2 is inside, z1 is outside, and we get I = -2n/Va2 - 1.

Many improper integrals can be dealt with by means of the following theorem :

Theorem 16.37. Let T = {x + iy : y >- 01 denote the upper half-plane. Let S be
an open region in C which contains T and suppose f is analytic on S, except, possibly,
for a finite number of poles. Suppose further that none of these poles is on the real
axis. If

lim

then

fo,

f(Re'B) Re'° dO = 0, (38)

lim
JR

f(x) dx = 2ni Res f(z). (39)R-.+R k=1 z=zk

where z1, ... , zn are the poles off which lie in T.

Proof. Let y be the positively oriented path formed by taking a portion of the real
axis from - R to R and a semicircle in T having [ - R, R] as its diameter, where R
is taken large enough to enclose all the poles z1, ... , zn. Then

2ni fR f(Re'B) Ret° dB.E Resf(z) =
fy

f(z) dz f(x) dx + i fox
k=1 z=zk ,J R

When R - + oo, the last integral tends to zero by (38) and we obtain (39).

NOTE. Equation (38) is automatically satisfied if f is the quotient of two poly-
nomials, say f = P/Q, provided that the degree of Q exceeds the degree of P by
at least 2. (See Exercise 16.36.)

Example. To evaluate f-'. dxl(1 + x4), let f(z) = 1/(z4 + 1). Then P(z) = 1,
Q(z) = 1 + z4, and hence (38) holds. The poles of f are the roots of the equation
1 + z4 = 0. These are zl, z2, z3, z4i where

zk = e(2k-1)at/4 (k = 1, 2, 3, 4).

Of these, only zl and z2 lie in the upper half-plane. The residue at zl is

1Res f(z) = lim (z - z1)f(z) e-
z=zt z-z, 41 - Z2)(Z1 - Z3)(Z1 - z4) 4i
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Similarly, we find Rest=.2 f(z) = (1/4i)ext/4. Therefore,

Th.16.38

dx _ 2nf -xt/4 t/4 n
x = =+

(
0

n 2_
n cos 4e

eI + x4 4iF. 2 .

16.25 EVALUATION OF GAUSS'S SUM BY RESIDUE CALCULUS

The residue theorem is often used to evaluate sums by integration. We illustrate
with a famous example called Gauss's sum G(n), defined by the formula

n-1
G(n) _ E e2 a1r2/n

r=0
(40)

where n >_ 1. This sum occurs in various parts of the Theory of Numbers. For
small values of n it can easily be computed from its definition. For example, we
have

G(l) = 1, G(2) = 0, G(3) = i3, G(4) = 2(1 + 1).

Although each term of the sum has absolute value 1, the sum itself has absolute
value 0, -Vn, or 2n. In fact, Gauss proved the remarkable formula

G(n) = 2 ,ln(1 + i)(1 + "e- ntn/2), (41)

for every n >_ 1. A number of different proofs of (41) are known. We will deduce
(41) by considering a more general sum S(a, n) introduced by Dirichlet,

n-1
S(a, n) _ extar2/n

r= O

where n and a are positive integers. If a = 2, then S(2, n) = G(n). Dirichlet
proved (41) as a corollary of a reciprocity law for S(a, n) which can be stated as
follows :

Theorem 16.38. If the product na is even, we have

1 + it S(n, a), (42)S(a, n) = f \ /a

where the bar denotes the complex conjugate.

NOTE. To deduce Gauss's formula (41), we take a = 2 in (42), and observe that
S (n, 2) = 1 + e-xtn/2.

Proof. The proof given here is particularly instructive because it illustrates several
techniques used in complex analysis. Some minor computational details are left
as exercises for the reader.

Let g be the function defined by the equation
n-1

g(z)
=

E ex1a(z+r)2/n (43)
r=0
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Then g is analytic everywhere, and g(O) = S(a, n). Since na is even we find
a-1

g(z + 1) - g(z) = e,iaz=1n(e2ziaz - 1) = eaiaz2/n(e2xiz - 1) E e2ximzl
,

m=0

466

(Exercise 16.41). Now define f by the equation

f(z) = g(z)/(e2xiz - 1).

Then f is analytic everywhere except for a first-order pole at each integer, and f
satisfies the equation

where
f(z + 1) = f(z) + (P(z),

a-1
(p(z) = exiozz/n 2 e2ximz.

M=0

The function (P is analytic everywhere.
At z = 0 the residue off is g(0)/(2iri) (Exercise 16.41), and hence

(44)

(45)

S(a, n) = g(0) = 2ni Resf(z) = I f(z) dz, (46)
z=0 y

where y is any positively oriented simple closed path whose graph contains only the
pole z = 0 in its interior region. We will choose y so that it describes a paral-
lelogram with vertices A, A + 1, B + 1, B, where

A = -I - Rexi14 and B = -I + Rexti4,

Figure 16.7

as shown in Fig. 16.7. Integrating f along y we have

fy.

A+1 B+1 B A

.f= f+ r f+ f f+ f f.
A A+1 B+1 B

In the integral f A+ i f we make the change of variable w = z + I and then use (44)
to get

f
f(w)

dw = f
A

f(z + 1) dz =
fA

B f(z) dz + f B (p(z) dz.
A+1 A JA
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Therefore (46) becomes

A+1 B+1
S(a, n) =

fA
co(z) dz + f f(z) dz - f f(z) dz. (47)

A B

Now we show that the integrals along the horizontal segments from A to A + I
and from B to B + I tend to 0 as R - + oo. To do this we estimate the integrand
on these segments. We write

f(z)I = 19(Z)I
Ie2xiz - 11'

and estimate the numerator and denominator separately.
On the segment joining B to B + 1 we let

y(t) = t + Rexi/4, where -I < t < I.

From (43) we find

(48)

19[y(t)1I Iexp
{lria(t + Rexi/4 + r)2) I (49)

r=O

- ira(,l2tR + R2 + V2rR)/n.

Since I?+iYJ = e and exp {-iraN/2rR/n} < 1, each term in (49) has absolute
value not exceeding exp { - 7raR2/n} exp { - ./2natR/n}. But -I < t < 1, so
we obtain the estimate

I9[y(t)]I < n e-xaR21n.

For the denominator in (48) we use the triangle inequality in the form

Ie2xiz - 1I Z (Ie2xizl

Since lexp {2niy(t )} I = exp { - 21R sin (n/4)} = exp { - 'l27rR}, we find

e2xiyu>

Therefore on the line segment joining B to B + 1 we have the estimate

e-xaR2/n
I.f(z)I <

1 -
o(l) as R - +oo.

2sR

Here o(1) denotes a function of R which tends to 0 as R - + oo.
A similar argument shows that the integrand tends to 0 on the segment joining

A to A + I as R - + oo. Since the length of the path of integration is I in each
case, this shows that the second and third integrals on the right of (47) tend to 0
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Figure 16.8

as R -+ + oo. Therefore we can write (47) in the form

S(a, n) = fA

B

T(z) dz + o(1) as R -+ + oo. (50)
J

To deal with the integral f
A

.p we apply Cauchy's theorem, integrating cp around
the parallelogram with vertices A, B, a, -a, where a = B + -- = Re"'/4. (See
Fig. 16.8.) Since qp is analytic everywhere, its integral around this parallelogram
is 0, so

cp+ fA. q'=O. (51)f
B`p+

fB

a(p+

I-"A

Because of the exponential factor axiaZ2/" in (45), an argument similar to that given
above shows that the integral of (p along each horizontal segment -+0 as R - + oo.
Therefore (51) gives us

B a

A(p= f app+o(1)

a = Re"i/4. Using (45) we findf a-1

fat

a-1
9(z) dz = E eniazz/n e2 aimz dz = F e- ainm=/a I (a1,

a m=0 m=0

where

S(a, n) = (a (p(z) dz + o(l) as R - +oo, (52)

I(a, m, n, R) = f as exp na (z + na121 dz.

m, n, R),

Applying Cauchy's theorem again to the parallelogram with vertices -a, a,
a - nm/a, -a - nm/a, we find as before that the integrals along the horizontal
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segments -+0 as R -+ + oo, so

a-mn/a iia nm 2
I(a, m, n, R) = f- exp f- (z + -1 1 dz + o(1) as R - + oo.

J a-nm/a n a )
The change of variable w = -v/a/n(z + nm/a) puts this into the form

an
I(a, m, n, R) = J n e""'2 dw + o(1) as R -+ + oo.

l

fcol-a/na

a-1
S(a, n)

=
E e ainm2/a n lim
m=0 a R-.+co /e

e1t 2 dw. (53)

By writing T = Ja/nR, we see that the last limit is equal to

f
Te"i/4

lim eni"Z dw = I.
T-. too - Te-114

say, where I is a number independent of a and n. Therefore (53) gives us

S(a, n) = Jn IS(n, a). (54)
a

To evaluate I we take a = 1 and n = 2 in (54). Then S(1, 2) = 1 + i and
S(2, 1) = 1, so (54) implies I = (1 + i)lf, and (54) reduces to (42).

16.26 APPLICATION OF THE RESIDUE THEOREM TO THE INVERSION
FORMULA FOR LAPLACE TRANSFORMS

The following theorem is, in many cases, the easiest method for evaluating the
limit which appears in the inversion formula for Laplace transforms. (See Exercise
11.38.)

Theorem 16.39. Let F be a function analytic everywhere in C except, possibly, for
a finite number of poles. Suppose there exist three positive constants M, b, c such that

IF(z)I < M whenever IzI b.
z

Let a be a positive number such that the vertical line x = a contains no poles of F
and let z1, . . ., zn denote the poles of F which lie to the left of this line. Then, for
each real t > 0, we have

lim f e(a+i°)` F(a + iv) dv = 2iv E Res {ez`F(z)}. (55)
T- +oo -T k=1 z=zk
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Figure 16.9

Proof. We apply Cauchy's residue theorem to the positively oriented path r
shown in Fig. 16.9, where the radius T of the circular part is taken large enough
to enclose all the poles of F which lie to the left of the line x = a, and also T > b.
The residue theorem gives us

Sr
Now write

?t F(z) dz = 27[i ERes {e2tF(z)}. (56)
k=1 z=zk

B E

-JA +f +JCD+.ID + fE

where A, B, C, D, E are the points indicated in Fig. 16.9, and denote these integrals
by I1, I2, 13, 14, I5. We will prove that It -1, 0 as T - + oo when k > 1.

First, we have

1121 < M' f l z etT cos a T d0 < Me"t ( a1 = Meet T aresin a
Tc Tc-1 12 - / Tc 1.J

Since T aresin (a/T) - a as T -+ + oo, it follows /that I2 --* 0 as T -* + oo. In
the same way we prove I5 - 0 as T -± + oo.

Next, consider 13. We have

1131 <
M etT cos B A = M x/2 e-tT sin 4 d
c-1 1 (PT E/2 Tc - o

But sin ip -> 2q,/ic if 0 < 9 < ir/2, and hence

M
x/2 ItM

1131 < T`-1
fo

e-ztTq,/x d(p = (1 - etT) _- 0 as T -i +oo.
2tT`

Similarly, we find 14 -1- 0 as T - + co. But as T -- + oo the righthand side of
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(56) remains unchanged. Hence "MT-+co Ii exists and we have

T
lim Ii = lim f-T e(°+`°)t F(a + iv) i dv = 21ri E Res {e`F(z)}.

T-+oo k=1 z=zk

Example. Let F(z) = zl (z ` + a2), where a is real. Then F has simple poles at ± ia.
Since z/(z2 + a2) _ 1[1/(z + ia) + 1/(z - ia)], we find

Res {e tF(z)} = I e", Res {etF(t)} = # e tat
z=ta z=-ia

Therefore the limit in (55) has the value 2ni cos at. From Exercise 11.38 we see that the
function f, continuous on (0, + oo), whose Laplace transform is F, is given by f(t) _
cos at.

16.27 CONFORMAL MAPPINGS

An analytic function f will map two line segments, intersecting at a point c, into
two curves intersecting at f(c). In this section we show that the tangent lines to
these curves intersect at the same angle as the given line segments if f'(c) # 0.

This property is geometrically obvious for linear functions. For example,
suppose f(z) = z + b. This represents a translation which moves every line
parallel to itself, and it is clear that angles are preserved. Another example is
f(z) = az, where a 0. If jal = 1, then a = e`a and this represents a rotation
about the origin through an angle a. If JaJ 1, then a = Re" and f represents
a rotation composed with a stretching (if R > 1) or a contraction (if R < 1).
Again, angles are preserved. A general linear function f(z) = az + b with a # 0
is a composition of these types and hence also preserves angles.

In the general case, differentiability at c means that we have a linear approx-
imation near c, say f(z) = f(c) + f'(c)(z - c) + o(z - c), and if f'(c) # 0 we
can expect angles to be preserved near c.

To formalize these ideas, let yi and Y2 be two piecewise smooth paths with
respective graphs r, and I'2, intersecting at c. Suppose that yi is one-to-one on
an interval containing ti, and that Y2 is one-to-one on an interval containing t2,
where y1(t1) = y2(t2) = c. Assume also that y'1(t1) # 0 and y2(t2) # 0. The
difference

arg [YZ(t2)] - arg [y,(ti)],

is called the angle from I'1 to r2 at c.
Now assume that f'(c) # 0. Then (by Theorem 13.4) there is a disk B(c) on

which f is one-to-one. Hence the composite functions

w1(t) =f[Y1(t)] and w2(t) =f[Y2(t)],

will be locally one-to-one near ti and t2, respectively, and will describe arcs C1
and C2 intersecting at f(c). (See Fig. 16.10.) By the chain rule we have

w'1(t1) = f'(c)Yi(t1) # 0 and w2(12) = f'(c)YZ(t2) # 0
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C2

Figure 16.10

Therefore, by Theorem 1.48 there exist integers nl and n2 such that

arg [w'1(t1)] = arg [f'(c)] + arg [yi(tl)] + 2nn1,

arg [wz(t2)] = arg [f'(c)] + arg [y2(t2)] + 2nn2,

so the angle from Cl to C2 at f(c) is equal to the angle from f1 to f2 at c plus
an integer multiple of 2ic. For this reason we say that f preserves angles at c. Such
a function is also said to be conformal at c.

Angles are not preserved at points where the derivative is zero. For example,
iff(z) = z2, a straight line through the origin making an angle a with the real axis
is mapped by f onto a straight line making an angle 2a with the real axis. In general,
when f'(c) = 0, the Taylor expansion off assumes the form

f(Z) - f(c) = (z - c)k[ak + ak+l(Z - C) + ... ],

where k z 2. Using this equation, it is easy to see that angles between curves
intersecting at c are multiplied by a factor k under the mapping f.

Among the important examples of conformal mappings are the Mobius
transformations. These are functions f defined as follows: If a, b, c, d are four
complex numbers such that ad - be # 0, we define

f(z) = az + b (57)

cz + d

whenever cz + d 0. It is convenient to define f everywhere on the extended
plane C* by setting f(-d/c) = oo and f(oo) = a/c. (If c = 0, these last two
equations are to be replaced by the single equation f(oo) = oo.) Now (57) can be
solved for z in terms of f(z) to get

- df(z) + b
z =

cf(z) - a

This means that the inverse function f -1 exists and is given by

f_1(z)
-dz + b
cz - a
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with the understanding that f -'(a/c) = oo and f -1(oo) = -d/c. Thus we see
that Mobius transformations are one-to-one mappings of C* onto itself. They are
also conformal at each finite z # - d/c, since

.f'(z)=
be - ad # 0.

(cz + d)'

One of the most important properties of these mappings is that they map circles
onto circles (including straight lines as special cases of circles). The proof of this
is sketched in Exercise 16.46. Further properties of Mobius transformations are
also described in the exercises near the end of the chapter.

EXERCISES

Complex integration; Cauchy's integral formulas

16.1 Let y be a piecewise smooth path with domain [a, b] and graph r. Assume that the
integral JY f exists. Let S be an open region containing r and let g be a function such that
g'(z) exists and equals f(z) for each z on 11". Prove that

fi= f g' = g(B) - g(A), where A = y(a) and B = y(b).
Y

In particular, if y is a circuit, then A = B and the integral is 0. Hint. Apply Theorem 7.34
to each interval of continuity of y'.

16.2 Let y be a positively oriented circular path with center 0 and radius 2. Verify each
of the following by using one of Cauchy's integral formulas.

a) f ez dz = 2xi. b) f e3 dz = .in .
zYz yz

c) f ez dz = 31 . d) fy z ez 1 dz = 2nie.

e) ez dz = 2ni(e - 1). f) ez dz = 2ni(e - 2).
fy z(z - 1) y z2(z - 1)

16.3 Let f = u + iv be analytic on a disk B(a; R). If 0 < r < R, prove that
i 2A

f'(a) = - f u(a + reie)e ie d9.
7rr Jo

16.4 a) Prove the following stronger version of Liouville's theorem: If f is an entire
function such that lime... l f (z )/z I = 0, then f is a constant.

b) What-can you conclude about an entire function which satisfies an inequality of
the form Jf(z)I s MIzI' for every complex z, where c > 0?
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16.5 Assume that f is analytic on B(0; R). Let y denote the positively oriented circle
with center at 0 and radius r, where 0 < r < R. If a is inside y, show that

f(a) =
27ri f f(z) i z 1 a z - lra } dz.r 2/

If a = Aea, show that this reduces to the formula

f(a) = 1 2" (r2 - A2)f(ree)
dB.

tic fo r2 - 2rA cos (a - 6) + A2

By equating the real parts of this equation we obtain an expression known as Poisson's
integral formula.

16.6 Assume that f is analytic on the closure of the disk B(0; 1). If jai < 1, show that

f(z)
z

1

- a dz,(1 - Jal2)f(a) =
2Ici fy

where y is the positively oriented unit circle with center at 0. Deduce the inequality
"

Jf(eie)I dB.(1 - lal2)1f(a)! 5
2

2n fo
16.7 Letf(z) = Et o 2"z"l3" if IzI < 3/2, and let g(z) = E o (2z)-" if 1zI > 1. Let

y be the positively oriented circular path of radius 1 and center 0, and define h(a) for
jai 96 1 as follows:

h(a)

= 1 f \

f(z) + a2g(z) )
dz.

21ri y z - a z2-az
Prove that

if Jai > 1.

Taylor expansions

16.8 Define f on the disk B(0; 1) by the equation f(z) _ o z". Find the Taylor
expansion off about the point a = 4 and also about the point a Determine the
radius of convergence in each case.

16.9 Assume that f has the Taylor expansion f(z) = En 0 a(n)z", valid in B(0; R). Let

1
D-1

g(z) = - E f(ze2"tk/D).
P k=O

Prove that the Taylor expansion ofg consists of every pth term in that of f That is, if
z e B(0; R) we have

00

g(z) = E a(pn)z°".
M=O
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16.10 Assume that f has the Taylor expansion f(z) = En o anz", valid in B(0; R). Let
sn(z) = Ek=o akz". If 0 < r < R and if Iz I < r, show that

+1 - +1

ss(z) = 1 f f(w) w" z°
dw,

"+12nt w w - z

where y is the positively oriented circle with center at 0 and radius r.

16.11 Given the Taylor expansions f(z) = Ln o anz" and g(z) = En o bnz", valid for
IzI <_ R1 and IzI < R2, respectively. Prove that if IzI < R1R2 we have

1 f(w)
g ( z/ dw =

0°--a"b"Z",E
27ri y w `w n_0

where y is the positively oriented circle of radius R1 with center at 0.

16.12 Assume that f has the Taylor expansion f(z) _ Y_n=0 an(z - a)n, valid in B(a; R).

a) If 0 <- r < R, deduce Parseval's identity:
2n °°

J
If(a + reie)I2 dB = r Iaal2 r2"

2n 0 n=O

b) Use (a) to deduce the inequality 0 Iant2 r2n <- M(r)2, where M(r) is the
maximum of If I on the circle Iz - al = r.

c) Use (b) to give another proof of the local maximum modulus principle (Theorem
16.27).

16.13 Prove Schwarz's lemma: Let f be analytic on the disk B(0; 1). Suppose that f(0) = 0
and I f(z)I 5 1 if Iz I < 1. Then

If'(0)I <- 1 and If(z)I <- IzI, if IzI < 1.

If I f'(0)I = 1 or if If(zo)I = Izol for at least one z0 in B'(0; 1), then

f(z) = e"az, where a is real.

Hint. Apply the maximum-modulus theorem to g, where g(0) = f'(0) and g(z) = f(z)lz
if z# 0.

Laurent expansions, singularities, residues

16.14 Let f and g be analytic on an open region S. Let y be a Jordan circuit with graph t
such that both I' and its inner region lie within S. Suppose that Ig(z)I < j f(z)I for every
zonI'.

a). Show that

1 fe(z) + g'(z) dz = 1 L(z-) dz.
2ni fy, f(z) + g(z) 2iri Y f(z)

Hint. Let m = inf {If(z)I - Ig(z)I : z e t}. Then m > 0 and hence

If(z)+tg(z)I?m>0
for each t in [0, 1 ] and each z on F. Now let

fi(t) = 1 f'(z) + tg'(z) dz, if 0 < t < 1.
2nt r f(z) + tg(z)

Then 0 is continuous, and hence constant, on [0, 11. Thus, 0(0) = 0(1).
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b) Use (a) to prove that f and f + g have the same number of zeros inside IF
(Rouche's theorem).

16.15 Let p be a polynomial of degree n, say p(z) = ao + a1z + + anz", where
an 76 0. Take f(z) = a"z", g(z) = p(z) - f(z) in Rouche's theorem, and prove that p
has exactly n zeros in C.

16.16 Let f be analytic on the closure of the disk B(0; 1) and suppose If(z)I < 1 if
Iz I = 1. Show that there is one, and only one, point zo in B(0; 1) such that f(zo) = zo.
Hint. Use Rouch6's theorem.

16.17 Let pn(z) denote the nth partial sum of the Taylor expansion ez = Y_,*,° o z"/n!.
Using Rouche's theorem (or otherwise), prove that for every r > 0 there exists an N
(depending on r) such that n >- N implies pn(z) ;4 0 for every z in B(0; r).
16.18 If a > e, find the number of zeros of the function f(z) = ez - az" which lie inside
the circle Iz I = 1.

16.19 Give an example of a function which has all the following properties, or else explain
why there is no such function: f is analytic everywhere in C except for a pole of order
2 at 0 and simple poles at i and -i; f(z) = f(-z) for all z; f(1) = 1; the function
g(z) = f(1/z) has a zero of order 2 at z = 0; and Rest=t f(z) = 2i.

16.20 Show that each of the following Laurent expansions is valid in the region indicated:

1 _
000

Z"
CO

1
+ Z" if 1 < IzI < 2.

a) (z - 1)(2 - z) = n=0 2nt1 n=1

b) 1 =X1-2"-1
(z - 1)(2 - z) n==2 Zn

if IzI > 2.

16.21 For each fixed tin C, define Jn(t) to be the coefficient of z" in the Laurent expansion
OD

e(z-1/z)t/2 = r
Jn(t)Zn

n=`-OD

Show that for n >- 0 we have

n o

and that J_n(t) _ (-1)"JJ(t). Deduce the power series expansion

JJ(t) = LI
(-1)k(lt) n+2k (n

> 0).
kL=o0 k! (n Z+ k)!

The function Jn is called the Bessel function of order n.

16.22 Prove Riemann's theorem: If zo is an isolated singularity off and if If is bounded
on some deleted neighborhood B'(zo), then zo is a removable singularity. Hint. Estimate
the integrals for the coefficients an in the Laurent expansion off and show that an = 0 for
each n < 0.

16.23 Prove the Casorati-Weierstrass theorem: Assume that zo is an essential singularity of
f and let c be an arbitrary complex number. Then, for every e > 0 and every disk B(zo),
there exists a point z in B(zo) such that If(z) - cl < e. Hint. Assume that the theorem is
false and arrive at a contradiction by applying Exercise 16.22 to g, where g(z) _
1/[f(z) - c].

J,(t) = 1 cos (t sin 8 - nO) dB
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16.24 The point at infinity. A function f is said to be analytic at oo if the function g defined
by the equation g(z) = f(1/z) is analytic at the origin. Similarly, we say that f has a zero,
a pole, a removable singularity, or an essential singularity at oo if g has a zero, a pole, etc.,
at 0. Liouville's theorem states that a function which is analytic everywhere in C* must
be a constant. Prove that

a) f is a polynomial if, and only if, the only singularity of fin C* is a pole at oo,
in which case the order of the pole is equal to the degree of the polynomial.

b) f is a rational function if, and only if, f has no singularities in C* other than
poles.

16.25 Derive the following "short cuts" for computing residues:

a) If a is a first order pole for f, then

Res f(z) = lim (z - a)f(z).
z=a z-+a

b) If a is a pole of order 2 for f, then

Res f(z) = g'(a), where g(z) = (z - a)2f(z).
z=a

c) Suppose f and g are both analytic at a, with f (a) 76 0 and a a first-order zero for
g. Show that

f(z) = f(a) Res f(z) _ f(a)g '(a) - f(a)g"(a)Res -
z=a 9(z) 9'(a) z=a [9(Z)]2 [9'(a)]3

d) If f and g are as in (c), except that a is a second-order zero for g, then

Resf(z) 6f'(a)g"(a) - 2.f(a)9(a)

z=a g(z) 3[g"(a)]2

16.26 Compute the residues at the poles off if

zez
a) f(z) = z2 - 1 '

smzc)f(z)=

e) .f(z) =

z cos z

1

I - Z"

b) f(z) =
ex

z(z - 1)2

d) .f(z) =
1

1 - eZ'

(where n is a positive integer).

16.27 If y(a; r) denotes the positively oriented circle with center at a and radius r, show
that

a)

f,(0;4)

3z - 1 dz = 6ni,
(z + 1)(z - 3)

Z
c) - dz = 2ni,Z - 1

y(0;2)
Z4

b) 22z dz = 4ni,
fyo;2) z z + 1

d)
fy2i)

eZ 2 dz = 2ie2.
(z - 2)
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Evaluate the integrals in Exercises 16.28 through 16.35 by means of residues.

2a dt
16 28 2na

.

fo (a + b cos t)2 (a2 - b2)3/2

16.29 f' ft cos 2t dt = 2na2

1 - 2a cost + a2 1 - a2

2, (1 + cos 3t) dt
16 30

n(a2 a +
. 1-2acost+a2fo 1-a

if0<b<a.

if a2 < 1.

if 0 < a < 1.

16.31 f
21t sin 2 t dt - 27c(a - a2 - 62) if 0 < b < a.

o a + b cost b2

16.32 I
1 dx = 2n 3

J x2+x+1 3

16.33 f'4 x6
dx

-3n'
,J J - (1 + x4)2 16

16.34
x2

dx = ft

fo (x2 + 4)2(x2 + 9) 200

477

16.35 a) f
OD

X dx = -/sin 25
.0

Hint. Integrate z/(1 + z5) around the boundary of the circular sector
S = (rei° : 0 S r <- R, 0 <- 9 <- 2x/5), and let R -). oo.

x2m 2m + 1b)
1 + x2n

dx = 2n/ sin ( 2n' x) , , m, n integers, 0 < m < n.
fO'O

16.36 Prove that formula (38) holds if f is the quotient of two polynomials, say f = P/Q,
where the degree of Q exceeds that of P by 2 or more.

16.37 Prove that formula (38) holds if f(z) = eimzP(z)/Q(z), where m > 0 and P and Q
are polynomials such that the degree of Q exceeds that of P by 1 or more. This makes it
possible to evaluate integrals of the form

f a0 eimx P(x)dx
-. . Q(x)

by the method described in Theorem 16.37.

16.38 Use the method suggested in Exercise 16.37 to evaluate the following integrals :

a) Jo x(a2
x2) dx = 2x2 (1 - e ") if m 0, a > 0.

x4 ifm>0,a>0.b)
fo,* `7 1
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16.39 Let w = e2' 113 and let y be a positively oriented circle whose graph does not pass
through 1, w, or w2. (The numbers 1, w, w2 are the cube roots of 1.) Prove that the integral

f
(z + dz
z3 - 1

is equal to 2ni(m + nw)/3, where m and n are integers. Determine the possible values of
m and n and describe how they depend on y.

16.40 Let y be a positively oriented circle with center 0 and radius < 2n. If a is complex
and n is an integer, let

1
zn-leaz

I(n, a) = - dz.

2ni 7 1 - eZ

Prove that

1(0, a) _ 4 - a, I (l, a) _ -1, and 1(n, a) = 0 if n > 1.

Calculate I(-n, a) in terms of Bernoulli polynomials when n >- 1 (see Exercise 9.38).

16.41 This exercise requests some of the details of the proof of Theorem 16.38. Let

n-1

g(z) = E e 1a(z+r)2/n' f (Z)
(z) = 9(z)/(e2aiz - 1),

r=0

where a and n are positive integers with na even. Prove that:

a) g(z + 1) - g(z) = eniaz2In(e2niz - 1) -a-1 e2rzimz
1 m=0

b) Res.=Of(z) = g(0)/(27ri).

c) The real part of i(t + Reni14 + r)2 is R2 + V2rR).

One-to-one analytic functions

16.42 Let S be an open subset of C and assume that f is analytic and one-to-one on S.
Prove that:

a) f'(z) # 0 for each z in S. (Hence f is conformal at each point of S.)
b) If g is the inverse of f, then g is analytic on f(S) and g'(w) = 1/f'(g(w)) if

WEf(S).
16.43 Let f : C -+ C be analytic and one-to-one on C. Prove that f(z) = az + b, where
a 0 0. What can you conclude if f is one-to-one on C* and analytic on C* except possibly
for a finite number of poles?

16.44 If f and g are Mobius transformations, show that the composition f o g is also a
Mobius transformation.

16.45 Describe geometrically what happens to a point z when it is carried into f(z) by the
following special Mobius transformations:

a) f(z) = z + b (Translation).

b) f(z) = az, where a > 0 (Stretching or contraction).

c) f(z) = ei"z, where a is real (Rotation).

d) f(z) = 11z (Inversion).
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16.46 If c t- 0, we have
az+ba+ be - ad
cz+d c c(cz+d)

Hence every Mobius transformation can be expressed as a composition of the special cases
described in Exercise 16.45. Use this fact to show that Mobius transformations carry
circles into circles (where straight lines are considered as special cases of circles).

16.47 a) Show that all Mobius transformations which map the upper half-plane T =
{x + iy : y >- 0} onto the closure of the disk B(0; 1) can be expressed in the
form f(z) = ei8(z - a)l(z - a), where a is real and a e T.

b) Show that a and a can always be chosen to map any three given points of the
real axis onto any three given points on the unit circle.

16.48 Find all Mobius transformations which map the right half-plane

S = {x+iy:x>-0}
onto the closure of B(0; 1).

16.49 Find all Mobius transformations which map the closure of B(0; 1) onto itself.
16.50 The fixed points of a Mobius transformation

f (z) = az + b
(ad - be ;4 0)

cz + d

are those points z for which f(z) = z. Let D = (d - a)2 + 4bc.
a) Determine all fixed points when c = 0.

b) If c 0 0 and D 0 0, prove that f has exactly 2 fixed points z1 and z2 (both
finite) and that they satisfy the equation

f (z) - Zl = Re'° z - z1, where R > 0 and 8 is real.
f(z) - z2 z - z2

c) If c 0 0 and D = 0, prove that f has exactly one fixed point z1 and that it
satisfies the equation

1 = 1 + C for some C : 0.
f(z) - z1 z - z1

d) Given any Mobius transformation, investigate the successive images of a given
point w. That is, let

w1 = f(w), w2 = .f (w1), ... , W. = f(wn-1), ....
and study the behavior of the sequence {wn}. Consider the special case a, b, c, d
real, ad - be = 1.

MISCELLANEOUS EXERCISES

16.51 Determine all complex z such that
OD n

z = E E e2aikz/n.

n=2 k=1
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16.52 If f(z) = E o a,,z" is an entire function such that I f(reie)I < Me'k for all r > 0,
where M > 0 and k > 0, prove that

m
a. 1 < for n >- 1.

(n/k)n1k

16.53 Assume f is analytic on a deleted neighborhood B'(0; a). Prove that lim.,0 f(z)
exists (possibly infinite) if, and only if, there exists an integer n and a function g, analytic
on B(0; a), with g(0) ? 0, such that f(z) = z"g(z) in B'(0; a).
16.54 Let p(z) = Ek_ o akzk be a polynomial of degree n with real coefficients satisfying

ao > a1 >...> an-1 > an > 0.

Prove that p(z) = 0 implies jzi > 1. Hint. Consider (1 - z)p(z).
16.55 A function f, defined on a disk B(a; r), is said to have a zero of infinite order at a if,
for every integer k > 0, there is a function gk, analytic at a, such that f (z) = (z - a)kgk(z)
on B(a; r). If f has a zero of infinite order at a, prove that f = 0 everywhere in B(a; r).

16.56 Prove Morera's theorem : If f is continuous on an open region S in C and if f y f = 0
for every polygonal circuit y in S, then f is analytic on S.
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INDEX OF SPECIAL SYMBOLS

e, 0, belongs to (does not belong to), 1, 32
c, is a subset of, 1, 33
R, set of real numbers, 1
R+, R', set of positive (negative) numbers, 2
{x: x satisfies P}, the set of x which satisfy property P, 3, 32
(a, b), [a, b], open (closed) interval with endpoints a and b, 4
[a, b), (a, b], half-open intervals, 4
(a, + oo), [a, + oo), (- oo, a), (- oo, a], infinite intervals, 4
Z+, set of positive integers, 4
Z, set of all integers (positive, negative, and zero), 4
Q, set of rational numbers, 6
max S, min S, largest (smallest) element of S, 8
sup, inf, supremum, (infimum), 9
[x], greatest integer 5 x, 11
R*, extended real-number system, 14
C, the set of complex numbers, the complex plane, 16
C *, extended complex-number system, 24
A x B, cartesian product of A and B, 33
F(S), image of S under F, 35
F: S -+ T, function from S to T, 35
{F"}, sequence whose nth term is F", 37
U, u, union, 40, 41
n, r), intersection, 41
B - A, the set of points in B but not in A, 41
f -'(Y), inverse image of Y under f, 44 (Ex. 2.7), 81
R", n-dimensional Euclidean space, 47
(x1, . . . , x"), point in R", 47
II x II , norm or length of a vector, 48
uk, kth-unit coordinate vector, 49
B(a), B(a; r), open n-ball with center a, (radius r), 49
int S, interior of S, 49, 61
(a, b), [a, b], n-dimensional open (closed) interval, 50, 52
S, closure of S, 53, 62
S', set of accumulation points of S, 54, 62
(M, d), metric space M with metric d, 60
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d(x,y), distance from x to y in metric space, 60
BM(a; r), ball in metric space M, 61
8S, boundary of a set S, 64

lim , lim , right- (left-)hand limit, 93
X -C+ X- C-

f (c+ ), f (c - ), right- (left-)hand limit off at c, 93
O f(T), oscillation off on a set T, 98 (Ex. 4.24), 170
cof(x), oscillation off at a point x, 98 (Ex. 4.24), 170

f'(c), derivative off at c, 104, 114, 117
Dk f, partial derivative off with respect to the kth coordinate, 115
D,,k f, second-order partial derivative, 116
Y[a, b], set of all partitions of [a, b], 128, 141
Vf, total variation off, 129
Af, length of a rectifiable path f, 134
S(P, f, a), Riemann-Stieltjes sum, 141
f e R(a) on [a, b], f is Riemann-integrable with respect to a on [a, b], 141
f e R on [a, b], f is Riemann-integrable on [a, b], 142
a / on [a, b], a is increasing on [a, b], 150
U(P, f, a), L(P, f, a), upper (lower) Stieltjes sums, 151
Jim sup, limit superior (upper limit), 184
lim inf, limit inferior (lower limit), 184
a = 0(b.), a = o(b ), big oh (little oh) notation, 192
l.i.m. f = f, {f.) converges in the mean to f, 232
11- ao

f e C °°, f has derivatives of every order, 241
a.e., almost everywhere, 172
f / f a.e. on S, sequence { fq} increases on S and converges to f a.e. on S, 254
S(I), set of step functions on an interval 1, 256
U(1), set of upper functions on an interval I, 256
L(I), set of Lebesgue-integrable functions on an interval 1, 260
f + f - positive (negative) part of a function f, 261
M(I), set of measurable functions on an interval 1, 279
Xs, characteristic function of S, 289
µ(S), Lebesgue measure of S, 290
(f, g), inner product of functions f and g, in L2(I), 294, 295
11f 11, L2-norm off, 294, 295
L2(I), set of square-integrable functions on 1, 294
f * g, convolution off and g, 328
f'(c; u), directional derivative off at c in the direction u, 344
T,,, f'(c), total derivative, 347
Vf, gradient vector off, 348
m(T), matrix of a linear function T, 350
Df(c), Jacobian matrix off at c, 351
L(x, y), line segment joining x and y, 355
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det [aj j], determinant of matrix [a; j], 367
JJ, Jacobian determinant of f, 368
f e C, the components off have continuous first-order partials, 371

SI
f(x) dx, multiple integral, 389, 407

c(S), c(S), inner (outer) Jordan content of S, 396
c(S), Jordan content of S, 396

Si
f, contour integral off along y, 436

A(a; rl, r2), annulus with center a, 438
n(y, z), winding number of a circuit y with respect to z, 445
B'(a), B'(a; r), deleted neighborhood of a, 457
Res f(z), residue off at a, 459
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Abel, Neils Henrik, (1802-1829), 194, 245,
248

Abel, limit theorem, 245
partial summation formula, 194
test for convergence of series, 194, 248

(Ex. 9.13)
Absolute convergence, of products, 208

of series, 189
Absolute value, 13, 18
Absolutely continuous function, 139
Accumulation point, 52, 62
Additive function, 45 (Ex. 2.22)
Additivity of Lebesgue measure, 291
Adherent point, 52, 62
Algebraic number, 45 (Ex. 2.15)
Almost everywhere, 172, 391
Analytic function, 434
Annulus, 438
Approximation theorem of Weierstrass,

322
Arc, 88, 435
Archimedean property of real numbers, 10
Arc length, 134
Arcwise connected set, 88
Area (content) of a plane region, 396
Argand, Jean-Robert (1768-1822), 17
Argument of complex number, 21
Arithmetic mean, 205
Arzela, Cesare (1847-1912), 228, 273
Arzela's theorem, 228, 273
Associative law, 2, 16
Axioms for real numbers, 1, 2, 9

Ball, in a metric space, 61
in R-, 49

Basis vectors, 49
Bernoulli, James (1654-1705), 251, 338,

478
Bernoulli, numbers, 251 (Ex. 9.38)

periodic functions, 338 (Ex. 11.18)
polynomials, 251 (Ex. 9.38), 478 (Ex.

16.40)

INDEX

Bernstein, Sergei Natanovic (1880- ),
242

Bernstein's theorem, 242
Bessel, Friedrich Wilhelm (1784-1846),

309,475
Bessel function, 475 (Ex. 16.21)
Bessel inequality, 309
Beta function, 331
Binary system, 225
Binomial series, 244
Bolzano, Bernard (1781-1848),54,85
Bolzano's theorem, 85
Bolzano-Weierstrass theorem, 54
Bonnet, Ossian (1819-1892), 165
Bonnet's theorem, 165
Borel, Emile (1871-1938), 58
Bound, greatest lower, 9

least upper, 9
lower, 8
uniform, 221
upper, 8

Boundary, of a set, 64
point, 64

Bounded, away from zero, 130
convergence, 227, 273
function, 83
set, 54, 63
variation, 128

Cantor, Georg (1845-1918), 8, 32, 56, 67,
180, 312

Cantor intersection theorem, 56
Cantor-Bendixon theorem, 67 (Ex. 3.25)
Cantor set, 180 (Ex. 7.32)
Cardinal number, 38
Carleson, Lennart, 312
Cartesian product, 33
Casorati-Weierstrass theorem, 475 (Ex.

16.23)
Cauchy, Augustin-Louis (1789-1857), 14,

73, 118, 177, 183, 207, 222
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Cauchy condition,
for products, 207
for sequences, 73, 183
for series, 186
for uniform convergence, 222, 223

Cauchy, inequalities, 451
integral formula, 443
integral theorem, 439
principal value, 277
product, 204
residue theorem, 460
sequence, 73

Cauchy-Riemann equations, 118
Cauchy-Schwarz inequality, for inner

products, 294
for integrals, 177 (Ex. 7.16), 294
for sums, 14, 27 (Ex. 1.23), 30 (Ex. 1.48)

Cesaro, Ernesto (1859-1906), 205, 320
Cesiro, sum, 205

summability of Fourier series, 320
Chain rule, complex functions, 117

real functions, 107
matrix form of, 353
vector-valued functions, 114

Change of variables, in a Lebesgue integral,
262

in a multiple Lebesgue integral, 421
in a Riemann integral, 164
in a Riemann-Stieltjes integral, 144

Characteristic function, 289
Circuit, 435
Closed, ball, 67 (Ex. 3.31)

curve, 435
interval, 4, 52
mapping, 99 (Ex. 4.32)
region, 90
set, 53, 62

Closure of a set, 53
Commutative law, 2, 16
Compact set, 59, 63
Comparison test, 190
Complement, 41
Complete metric space, 74
Complete orthonormal set, 336 (Ex. 11.6)
Completeness axiom, 9
Complex number, 15
Complex plane, 17
Component, interval, 51

of a metric space, 87
of a vector, 47

Composite function, 37

Condensation point, 67 (Ex. 3.23)
Conditional convergent series, 189

rearrangement of, 197
Conformal mapping, 471
Conjugate complex number, 28 (Ex. 1.29)
Connected, metric space, 86

set, 86
Content, 396
Continuity, 78

uniform, 90
Continuously differentiable function, 371
Contour integral, 436
Contraction, constant, 92

fixed-point theorem, 92
mapping, 92

Convergence, absolute, 189
bounded, 227
conditional, 189
in a metric space, 70
mean, 232
of a product, 207
of a sequence, 183
of a series, 185
pointwise, 218
uniform, 221

Converse of a relation, 36
Convex set, 66 (Ex. 3.14)
Convolution integral, 328
Convolution theorem, for Fourier trans-

forms, 329
for Laplace transforms, 342 (Ex. 11.36)

Coordinate transformation, 417
Countable additivity, 291
Countable set, 39
Covering of a set, 56
Covering theorem, Heine-Borel, 58

Lindelof, 57
Cramer's rule, 367
Curve, closed, 435

Jordan, 435
piecewise-smooth, 435
rectifiable, 134

Daniell, P. J. (1889-1946), 252
Darboux, Gaston (1842-1917), 152
Decimals, 11, 12, 27 (Ex. 1.22)
Dedekind, Richard (1831-1916), 8
Deleted neighborhood, 457
De Moivre, Ham (1667-1754), 29
De Moivre's theorem, 29 (Ex. 1.44)
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Dense set, 68 (Ex. 3.32)
Denumerable set, 39
Derivative(s), of complex functions, 117

directional, 344
partial, 115
of real-valued functions, 104
total, 347
of vector-valued functions, 114

Derived set, 54, 62
Determinant, 367
Difference of two sets, 41
Differentiation, of integrals, 162, 167

of sequences, 229
of series, 230

Dini, Ulisse (1845-1918), 248, 312, 319
Dini's theorem, on Fourier series, 319

on uniform convergence, 248 (Ex. 9.9)
Directional derivative, 344
Dirichlet, Peter Gustav Lejeune (1805-

1859), 194, 205, 215, 230, 317, 464
Dirichlet, integrals, 314

kernel, 317
product, 205
series, 215 (Ex. 8.34)

Dirichlet's test, for convergence of series,
194

for uniform convergence of series, 230
Disconnected set, 86
Discontinuity, 93
Discrete metric space, 61
Disjoint sets, 41

collection of, 42
Disk, 49

of convergence, 234
Distance function (metric), 60
Distributive law, 2, 16
Divergent, product, 207

sequence, 183
series, 185

Divisor, ,4
greatest common, 5

Domain (open region), 90
Domain of a function, 34
Dominated convergence theorem, 270
Dot product, 48
Double, integral, 390, 407
Double sequence, 199
Double series, 200
Du Bois-Reymond, Paul (1831-1889), 312
Duplication formula for the Gamma

function, 341 (Ex. 11.31)
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e, irrationality of, 7
Element of a set, 32
Empty set, 33
Equivalence, of paths, 136

relation, 43 (Ex. 2.2)
Essential singularity, 458
Euclidean, metric, 48, 61

space R", 47
Euclid's lemma, 5
Euler, Leonard (1707-1783), 149, 192,

209, 365
Euler's, constant, 192

product for C(s), 209
summation formula, 149
theorem on homogeneous functions, 365

(Ex. 12.18)
Exponential form, of Fourier integral

theorem, 325
of Fourier series, 323

Exponential function, 7, 19
Extended complex plane, 25
Extended real-number system, 14
Extension of a function, 35
Exterior (or outer region) of a Jordan curve,

447
Extremum problems, 375

Fatou, Pierre (1878-1929), 299
Fatou's lemma, 299 (Ex. 10.8)
Fej6r, Leopold (1880-1959),179,312,320
Fej6r's theorem, 179 (Ex. 7.23), 320
Fekete, Michel, 178
Field, of complex numbers, 116

of real numbers, 2
Finite set, 38
Fischer, Emst (1875-1954),297,311
Fixed point, of a function, 92
Fixed-point theorem, 92
Fourier, Joseph (1758-1830), 306, 309,

312, 324, 326
Fourier coefficient, 309
Fourier integral theorem, 324
Fourier series, 309
Fourier transform, 326
Fubini, Guido (1879-1943),405,410,413
Fubini's theorem, 410, 413
Function, definition of, 34
Fundamental theorem, of algebra, 15, 451,

475 (Ex. 16.15)
of integral calculus, 162
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Gamma function, continuity of, 282
definition of, 277
derivative of, 284, 303 (Ex. 10.29)
duplication formula for, 341 (Ex. 11.31)
functional equation for, 278
series for, 304 (Ex. 10.31)

Gauss, Karl Friedrich (1777-1855), 17,
464

Gaussian sum, 464
Geometric series, 190, 195
Gibbs' phenomenon, 338 (Ex. 11.19)
Global property, 79
Goursat, Ldouard (1858-1936), 434
Gradient, 348
Gram, Jorgen Pedersen (1850-1916), 335
Gram-Schmidt process, 335 (Ex. 11.3)
Greatest lower bound, 9

Hadamard, Jacques (1865-1963), 386
Hadamard determinant theorem, 386 (Ex.

13.16)
Half-open interval, 4
Hardy, Godfrey Harold (1877-1947), 30,

206, 217, 251, 312
Harmonic series, 186
Heine, Eduard (1821-1881), 58, 91, 312
Heine-Borel covering theorem, 58
Heine's theorem, 91
Hobson, Ernest William (1856-1933),

312, 415
Homeomorphism, 84
Homogeneous function, 364 (Ex. 12.18)
Homotopic paths, 440
Hyperplane, 394

Identity theorem for analytic functions, 452
Image, 35
Imaginary part, 15
Imaginary unit, 18
Implicit-function theorem, 374
Improper Riemann integral, 276
Increasing function, 94, 150
Increasing sequence, of functions, 254

of numbers, 71, 185
Independent set of functions, 335 (Ex. 11.2)
Induction principle, 4
Inductive set, 4
Inequality, Bessel, 309

Cauchy-Schwarz, 14, 177 (Ex. 7.16), 294
Minkowski, 27 (Ex. 1.25)
triangle, 13, 294

Infimum, 9
Infinite, derivative, 108

product, 206
series, 185
set, 38

Infinity, in C*, 24
in R*, 14

Inner Jordan content, 396
Inner product, 48, 294
Integers, 4
Integrable function, Lebesgue, 260, 407

Riemann, 141, 389
Integral, equation, 181

test, 191
transform, 326

Integration by parts, 144, 278
Integrator, 142
Interior (or inner region) of a Jordan curve,

447
Interior, of a set, 49, 61
Interior point, 49, 61
Intermediate-value theorem, for continuous

functions, 85
for derivatives, 112

Intersection of sets, 41
Interval, in R, 4

in R°, 50, 52
Inverse function, 36
Inverse-function theorem, 372
Inverse image, 44 (Ex. 2.7), 81
Inversion formula, for Fourier transforms,

327
for Laplace transforms, 342 (Ex. 11.38),

468
Irrational numbers, 7
Isolated point, 53
Isolated singularity, 458
Isolated zero, 452
Isometry, 84
Iterated integral, 167, 287
Iterated limit, 199
Iterated series, 202

Jacobi, Carl Gustav Jacob (1804-1851),
351, 368 1

Jacobian, determinant, 368
matrix, 351

Jordan, Camille (1838-1922), 312, 319,
396, 435, 447

Jordan, arc, 435
content, 396



489

curve, 435
curve theorem, 447
theorem on Fourier series, 319

Jordan-measurable set, 396
Jump, discontinuity, 93

of a function, 93

Kestelman, Hyman, 165, 182
Kronecker delta, 8;1, 385 (Ex. 13.6)

Ls-norm, 293, 295
Lagrange, Joseph Louis (1736-1813), 27,

30, 380
Lagrange, identity, 27 (Ex. 1.23), 30 (Ex.

1.48), 380
multipliers, 380

Landau, Edmund (1877-1938), 31
Laplace, Pierre Simon (1749-1827), 326,

342,468
Laplace transform, 326, 342, 468
Laurent, Pierre Alphonse (1813-1854),

455
Laurent expansion, 455
Least upper bound, 9
Lebesgue, Henri (1875-1941), 141, 171,

260, 270, 273, 290, 292, 312, 391, 405
bounded convergence theorem, 273
criterion for Riemann integrability, 171,

391
dominated-convergence theorem, 270
integral of complex functions, 292
integral of real functions, 260, 407
measure, 290, 408

Legendre, Adrien-Marie (1752-1833), 336
Legendre polynomials, 336 (Ex. 11.7)
Leibniz, Gottfried Wilhelm (1646-1716),

121
Leibniz' formula, 121 (Ex. 5.6)
Length of a path, 134
Levi, Beppo (1875-1961), 265, 267, 268,

407
Levi monotone convergence theorem, for

sequences, 267
for series, 268
for step functions, 265

Limit, inferior, 184
in a metric space, 71
superior, 184

Limit function, 218
Limit theorem of Abel, 245
Lindelof, Ernst - (1870-1946), 56

Lindelof covering theorem, 57
Linear function, 345
Linear space, 48

of functions, 137 (Ex. 6.4)
Line segment in R", 88
Linearly dependent set of functions, 122

(Ex. 5.9)
Liouville, Joseph (1809-1882), 451
Liouville's theorem, 451
Lipschitz, Rudolph (1831-1904),121,137,

312, 316
Lipschitz condition, 121 (Ex. 5.1), 137 (Ex.

6.2), 316
Littlewood, John Edensor (1885-

312
Local extremum, 98 (Ex. 4.25)
Local property, 79
Localization theorem, 318
Logarithm, 23
Lower bound, 8
Lower integral, 152
Lower limit, 184

Mapping, 35
Matrix, 350

product, 351
Maximum and minimum, 83, 375
Maximum-modulus principle, 453, 454
Mean convergence, 232
Mean-Value Theorem for derivatives,

of real-valued functions, 110
of vector-valued functions, 355

Mean-Value Theorem for integrals,
multiple integrals, 401
Riemann integrals, 160, 165
Riemann-Stieltjes integrals, 160

Measurable function, 279, 407
Measurable set, 290, 408
Measure, of a set, 290, 408

zero, 169, 290, 391, 405
Mertens, Franz (1840-1927), 204
Mertens' theorem, 204
Metric, 60
Metric space, 60
Minimum-modulus principle, 454
Minkowski, Hermann (1864-1909), 27
Minkowski's inequality, 27 (Ex. 1.25)
MSbius, Augustus Ferdinand (1790-

1868), 471
Mobius transformation, 471
Modulus of a complex number, 18
Monotonic function, 94
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Monotonic sequence, 185
Multiple integral, 389, 407
Multiplicative function, 216 (Ex. 8.45)

Index

Neighborhood, 49
of infinity, 15, 25

Niven, Ivan M. (1915- ), 180 (Ex.
7.33)

n-measure, 408
Nonempty set, I
Nonmeasurable function, 304 (Ex. 10.37)
Nonmeasurable set, 304 (Ex. 10.36)
Nonnegative, 3
Norm, of a function, 102 (Ex. 4.66)

of a partition, 141
of a vector, 48

0, o, oh notation, 192
One-to-one function, 36
Onto, 35
Operator, 327
Open, covering, 56, 63

interval in R, 4
interval in R", 50
mapping, 370, 454
mapping theorem, 371, 454
set in a metric space, 62
set in R", 49

Order, of pole, 458
of zero, 452

Ordered n-tuple, 47
Ordered pair, 33
Order-preserving function, 38
Ordinate set, 403 (Ex. 14.11)
Orientation of a circuit, 447
Orthogonal system of functions, 306
Orthonormal set of functions, 306
Oscillation of a function, 98 (Ex. 4.24), 170
Outer Jordan content, 396

Parallelogram law, 17
Parseval, Mark-Antoine (circa 1776-

1836), 309, 474
Parseval's formula, 309, 474 (Ex. 16.12)
Partial derivative, 115

of higher order, 116
Partial sum, 185
Partial summation formula, 194
Partition of an interval, 128, 141
Path, 88, 133, 435
Peano, Giuseppe (1858-1932), 224

Perfect set, 67 (Ex. 3.25)
Periodic function, 224, 317
Pi, a, irrationality of, 180 (Ex. 7.33)
Piecewise-smooth path, 435
Point, in a metric space, 60

in R", 47
Pointwise convergence, 218
Poisson, Sim6on Denis (1781-1840), 332,

473
Poisson, integral formula, 473 (Ex. 16.5)

summation formula, 332
Polar coordinates, 20, 418
Polygonal curve, 89
Polygonally connected set, 89
Polynomial, 80

in two variables, 462
zeros of, 451, 475 (Ex. 16.15)

Power series, 234
Powers of complex numbers, 21, 23
Prime number, 5
Prime-number theorem, 175 (Ex. 7.10)
Principal part, 456
Projection, 394

Quadratic form, 378
Quadric surface, 383
Quotient, of complex numbers, 16

of real numbers, 2

Radius of convergence, 234
Range of a function, 34
Ratio test, 193
Rational function, 81, 462
Rational number, 6
Real number, 1
Real part, 15
Rearrangement of series, 196
Reciprocity law for Gauss sums, 464
Rectifiable path, 134
Reflexive relation, 43 (Ex. 2.2)
Region, 89
Relation, 34
Removable discontinuity, 93
Removable singularity, 458
Residue, 459
Residue theorem, 460
Restriction of a function, 35
Riemann, Georg Friedrich Bernard

(1826-1866), 17, 142, 153, 192, 209,
312, 313, 318, 389, 475

condition, 153
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integral, 142, 389
localization theorem, 318
sphere, 17
theorem on singularities, 475 (Ex. 16.22)
zeta function, 192, 209

Riemann-Lebesgue lemma, 313
Riesz, Frigyes (1880-1956), 252, 297, 305,

311
Riesz-Fischer theorem, 297, 311
Righthand derivative, 108
Righthand limit, 93
Rolle, Michel (1652-1719), 110,
Rolle's theorem, 110
Root test, 193
Roots of complex numbers, 22
Rouch6, Eugene (1832-1910), 475
Rouch6's theorem, 475 (Ex. 16.14)

Saddle point, 377
Scalar, 48
Schmidt, Erhard (1876-1959), 335
Schoenberg, Isaac J., (1903- ), 224
Schwarz, Hermann Amandus (1843-1921),

14, 27, 30, 122, 177, 294
Schwarzian derivative, 122 (Ex. 5.7)
Schwarz's lemma, 474 (Ex. 16.13)
Second-derivative test for extrema, 378
Second Mean-Value Theorem for Riemann

integrals, 165
Semimetric space, 295
Separable metric space, 68 (Ex. 3.33)
Sequence, definition of, 37
Set algebra, 40
Similar (equinumerous) sets, 38
Simple curve, 435
Simply connected region, 443
Singularity, 458

essential, 459
pole, 458
removable, 458

Slobbovian integral, 249 (Ex. 9.17)
Space-filling curve, 224
Spherical coordinates, 419
Square-integrable functions, 294
Stationary point, 377
Step function, 148, 406
Stereographic projection, 17
Stieltjes, Thomas Jan (1856-1894), 140
Stieltjes integral, 140
Stone, Marshall H. (1903- ), 252
Strictly increasing function, 94

491

Subsequence, 38
Subset, 1, 32
Substitution theorem for power series, 238
Sup norm, 102 (Ex. 4.66)
Supremum, 9
Symmetric quadratic form, 378
Symmetric relation, 43 (Ex. 2.2)

Tannery, Jules (1848-1910), 299
Tannery's theorem, 299 (Ex. 10.7)
Tauber, Alfred (1866-circa 1947), 246
Tauberian theorem, 246, 251 (Ex. 9.37)
Taylor, Brook (1685-1731), 113, 241,

361, 449
Taylor's formula with remainder, 113

for functions of several variables, 361
Taylor's series, 241, 449
Telescoping series, 186
Theta function, 334
Tonelli, Leonida (1885-1946), 415
Tonelli-Hobson test, 415
Topological, mapping, 84

property, 84
Topology, point set, 47
Total variation, 129, 178 (Ex. 7.20)
Transformation, 35, 417
Transitive relation, 43 (Ex. 2.2)
Triangle inequality, 13, 19, 48, 60, 294
Trigonometric series, 312
Two-valued function, 86

Uncountable set, 39
Uniform bound, 221
Uniform continuity, 90
Uniform convergence, of sequences, 221

of series, 223
Uniformly bounded sequence, 201
Union of sets, 41
Unique factorization theorem, 6
Unit coordinate vectors, 49
Upper bound, 8
Upper half-plane, 463
Upper function, 256, 406
Upper integral, 152
Upper limit, 184

Vall6e-Poussin, C. J. de la (1866-1962),
312

Value of a function, 34
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Variation, bounded, 128
total, 129

Vector, 47
Vector-valued function, 77
Volume, 388, 397

Index

Well-ordering principle, 25 (Ex. 1.6)
Weierstrass, Karl (1815-1897), 8, 54, 223,

322, 475
approximation theorem, 322
M-test, 223

Winding number, 445

Wronski, J. M. H. (1778-1853), 122
Wronskian, 122 (Ex. 5.9)

Young, William Henry (1863-1942), 252,
312

Zero measure, 169, 391, 405
Zero of an analytic function, 452
Zero vector, 48
Zeta function, Euler product for, 209

integral representation, 278
series representation, 192
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